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Johannes Christoph Miiller — Dissertation abstract

This thesis is divided into two parts dealing with the optimization problems in Markov
decision processes (MDPs) and different neural network based numerical solvers for
partial differential equations (PDEs).

In Part[] we analyze the optimization problem arising in (partially observable) Markov
decision processes using tools from algebraic statistics and information geometry, which
can be viewed as neighboring fields of applied algebra and differential geometry, respec-
tively. Here, we focus on infinite horizon problems and memoryless stochastic policies.
Markov decision processes provide a mathematical framework for sequential decision
making on which most current reinforcement learning algorithms are built. They formal-
ize the task of optimally controlling the state of a system through appropriate actions.
For fully observable problems, the action can be selected knowing the current state of
the system. This case has been studied extensively and optimizing the action selection
is known to be equivalent to solving a linear program over the (generalized) stationary
distributions of the Markov decision process, which are also referred to as state-action
frequencies.

In Chapter 3| we study partially observable problems where an action must be chosen
based solely on an observation of the current state, which might not fully reveal the under-
lying state. We characterize the feasible state-action frequencies of partially observable
Markov decision processes by polynomial inequalities. In particular, the optimization
problem in partially observable MDPs is described as a polynomially constrained linear
objective program that generalizes the (dual) linear programming formulation of fully
observable problems. We use this to study the combinatorial and algebraic complexity
of this optimization problem and to upper bound the number of critical points over the
individual boundary components of the feasible set. Furthermore, we show that our
polynomial programming formulation can be used to effectively solve partially observ-
able MDPs using interior point methods, numerical algebraic techniques, and convex
relaxations. Gradient-based methods, including variants of natural gradient methods,
have gained tremendous attention in the theoretical reinforcement learning community,
where they are commonly referred to as (natural) policy gradient methods.

In Chapter [, we provide a unified treatment of a variety of natural policy gradient
methods for fully observable problems by studying their state-action frequencies from
the standpoint of information geometry. For a variety of NPGs and reward functions,
we show that the trajectories in state-action space are solutions of gradient flows with
respect to Hessian geometries, based on which we obtain global convergence guarantees
and convergence rates. In particular, we show linear convergence for unregularized
and regularized NPG flows with the metrics proposed by Kakade and Morimura and
co-authors by observing that these arise from the Hessian geometries of conditional



entropy and entropy respectively. Further, we obtain sublinear convergence rates for
Hessian geometries arising from other convex functions like log-barriers. We provide
experimental evidence indicating that our predicted rates are essentially tight. Finally,
we interpret the discrete-time NPG methods with regularized rewards as inexact Newton
methods if the NPG is defined with respect to the Hessian geometry of the regularizer.
This yields local quadratic convergence rates of these methods for step size equal to the
inverse penalization strength, which recovers existing results as special cases.

Part [l addresses neural network-based PDE solvers that have recently experienced a
tremendous growth in popularity and attention in the scientific machine learning com-
munity. We focus on two approaches that represent the approximation of a solution of a
PDE as the minimization over the parameters of a neural network: the deep Ritz method
and physically informed neural networks.

In Chapter[5, we study theoretical properties of the boundary penalty for these methods
and obtain a uniform convergence result for the deep Ritz method for a large class of
potentially nonlinear problems. For linear PDEs, we estimate the error of the deep Ritz
method in terms of the optimization error, the approximation capabilities of the neural
network, and the strength of the penalty. This reveals a trade-off in the choice of the
penalization strength, where too little penalization allows large boundary values and too
strong penalization leads to a poor solution of the PDE inside the domain. For physics
informed networks, we show that when working with neural networks that have zero
boundary values also the second derivatives of the solution are approximated where
otherwise only lower order derivatives are approximated.

In Chapter [6| we propose energy natural gradient descent, a natural gradient method
with respect to second order information in the the function space, as an optimization
algorithm for physics-informed neural networks and the deep Ritz method. We show that
this method, which can be interpreted as a generalized Gauss-Newton method, mimics
Newton’s method in function space except for an orthogonal projection onto the tangent
space of the model. We show that for a variety of PDEs, natural energy gradients converge
rapidly and approximations to the solution of the PDE are several orders of magnitude
more accurate than gradient descent, Adam and Newton’s methods, even when these
methods are given more computational time.
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CHAPTER 1

Introduction

This thesis is divided into two parts: In Part|l, we analyse the optimization problem
encountered in (partially observable) Markov decision processes in state-action space us-
ing tools from algebraic statistics as well as information geometry, which can be viewed as
adjacent fields of applied algebraic and differential geometry, respectively. Part|ll|is con-
cerned with the optimization problems encountered in neural network based approaches
for solving partial differential equations. We describe the content as well as the relation
between these topics in more detail below.

Part . Geometry of Markov decision processes. Markov decision processes were
established as a mathematical framework for sequential decision making in the late 1950s
and early 1960s with Richard Bellman, Ronald A. Howard, David Blackwell and Cyrus
Derman being among the early pioneers of this field [46| 45| 142, 55| 94, |54, 56, 93]. Since
their introduction they have received considerable attention from the theoretical side.
They also lie at the heart of many modern algorithms that led to important advancements
in the field of robotics [232] and reinforcement learning [276] which was lately also used
in the development of ChatGPT [227]. The task in a Markov decision process (MDP) is to
control the state s; of a system through suitable actions a; in such a way such that the
states sg, s1,... evolve optimally in some notion. An action-selection strategy, which is
commonly referred to as a policy, consists of the specification of the probability m(a|s)
to select action a when the system is currently in state s. Following a policy n yields
random sequences Sy, S1, ... and Ag, A1, ... of states and actions. A common criterion
for optimality is the infinite horizon reward, which in the mean reward formulation takes
the form

=

(L) R(n) = Ex Tlgrgof;ust,m),
where (s, a) describes how good the action a is when in state s and E,; denotes the expec-
tation when the actions are selected according to the policy 7. For the maximization of
the reward function R over all policies, a variety of now classic methods have been devel-
oped, most notably value iteration, policy iteration and linear programming approaches,
see Section Gradient based methods, including variants of natural gradient methods
for reward maximization, were pioneered in [277, 40} 39,153, 206, 208] and have recently
gained fast growing attention from the theoretical reinforcement learning community. In
Chapter |4 we provide an overview of policy gradient methods and study them from a
stand point of information geometry.

Karl Johan Astrom extended the framework of MDPs to model for sequential decision
problems with uncertainty about the state s, which led to the notion of partially observable
Markov decision processes (POMDPs) [22]. Here, the action a; is selected based on an
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observation o; that is made from the state s;. Intuitively, it is harder to make optimal
decisions when there is uncertainty about the underlying state [180]. This is also reflected
in the computational complexity of the optimization problem, which is NP-hard [228)
286] whereas fully observable MDPs can be solved in polynomial time [309]. In many
applications the underlying state is not known exactly when selecting an action. For
example a human or a robot has to act purely on its sensations or rather the history
of sensations. In partially observable environments it is beneficial to base the decision
on all previous observations, or a sufficient statistic thereof, as they might reveal more
information about the current state of the system compared to the most recent observation.
Various techniques for the optimization of such decision rules have been proposed, which
are often based on the formulation of the underlying belief state MDP, see for example
articles [272, |254] for surveys of these approaches. However, the storage of the entire
sequence of observations would require infinite memory, which is infeasible to implement
in practice and the optimization of history dependent policies is known to be undecidable
for infinite horizons [186| 73]. Therefore, the maximization of the reward function in
POMDPs within the smaller class of policies with finite or no memory|T| was posed as an
important open problem at the 29th Conference on Learning Theory (COLT 2016) [25].
When optimizing memoryless policies in a POMDP the methods developed for believe
state MDPs and MDPs in general are not applicable and very few approaches exist, see
Section2.4, Chapter[]is dedicated to the study of exactly this optimization problem from
the standpoint of algebraic statistics.

Throughout this thesis we analyse Markov decision processes via their state-action
frequencies, which generalize the concept of stationary distributions of the underlying
Markov process. For example, the mean reward R(m) of a policy m can be computed
according to

(12) R(r) = )" r(s,a)n™(s, ),

s,a
where 1™ is the stationary distribution over states and actions, referred to as the state-
action frequency, which is given by

T-

(13) Ts,0) = Jim = Z(; BU(S = 5,4s = a),

where P™(S; = s, A; = a) denotes the probability that at time ¢ the system is in state s
and action a is selected when following the policy 7. Since the reward of a policy is a
linear function of the stationary distribution induced by the policy, the maximization of
the reward R can be studied and solved over the stationary distributions. We refer to this
ansatz as reward optimization in state-action space (or shortly ROSA) as the stationary
distributions are probability distributions over pairs of states and actions. The objective
in state-action space is linear and hence the complexity of the optimization problem is
determined by the geometry of the set of stationary distributions. The geometry of this
set was first studied in systematic fashion by Cyrus Derman who showed that for fully
observable MDPs it is given by a polytope [93]]. For partially observable problems a

Note that finite memory can be augmented into the environment and hence often memoryless policies
are studied, see for example [[179} 231} 145]



decomposition of the set of feasible stationary distributions into infinitely many convex
pieces with dimensions controlled by the degree of observability of the model has been
given in [203], however, a more explicit description remained elusive.

In Chapter [2, we provide a self-contained introduction and overview over existing
solution methods; in addition we perceive the reward function as a rational function
in the entries of the policy and bound the degree of this rational function in terms of
the observation mechanism where the degree essentially corresponds to the number
of states that can lead to a particular observation, see Theorem We use this to
establish an explicit version of the line theorem due to [81], see Theorem and to
provide an algebraic proof for the existence of optimal policies, which are deterministic
on all observations that identify the state, which has previously been shown in [203], see
Theorem [2.30} In Section 2.4 we give an overview of classical solution methods of MDPs
with emphasis on value iteration, policy iteration and linear programming. In particular,
we bound the number of iterations required by value iteration and policy iteration to
generate an optimal policy in terms of the minimum distance of the value function of
suboptimal deterministic policies to the optimal value function, see Theorem and
Theorem respectively. This bound depends on the geometry of the set of value
functions rather than the size of the Markov decision process, as is the case with existing
bounds, and cannot be derived from, nor does it imply, such bounds.

In Chapter 3} we study the geometry of the set of (generalized) stationary distribution,
i.e., state-action frequencies, of a partially observable Markov decision process. In Sec-
tion[3.2lwe extend the classic result by Cyrus Derman [93] who characterized the stationary
distributions of fully observable MDPs as a polytope and the analysis in [203] by providing
a characterization based on polynomial inequalities of the feasible state-action frequen-
cies inside this polytope. This characterization is formulated for general polynomially
constrained policy models, see Theorem[3.18] where we derive explicit expressions of the
defining polynomial inequalities under a rank assumption on the observation kernel, see
Subsection For deterministic observations we show that the feasible state-action
frequencies are given by the intersection of a product of determinantal varieties of rank
one matrices with the polytope of state-action frequencies, see Theorem 3.25 Further, we
study the feasible state-action frequencies of multi-agent problems and provide explicit
characterizations via polynomial conditions, see Subsection [3.2.4] Our description of fea-
sible state-action frequencies yields a reformulation of the reward optimization problem
as a linear objective problem over a polynomially constrained subset of the simplex, which
can be regarded as a generalization of the linear programming formulation of MDPs. Us-
ing tools from applied algebraic geometry we describe the combinatorial and algebraic
complexity of the optimization problem. We obtain upper bounds on the number of
critical points of the reward function over the individual faces of the domain of the opti-
mization problem, see Section Further, we demonstrate that this reformulation of the
reward optimization problem as a linear objective polynomially constrained program can
be used to solve POMDPs effectively by the means of interior point methods, numerical
algebraic approaches and convex relaxations, see Section We find that using interior
point methods in state-action space is fast and stable even for large discount factors where



many optimizer relying on the policy suffer from instability. A benefit of numerical alge-
braic techniques and convex relaxation is that they are able to provide globally optimal
solutions.

Chapter {4 is concerned with natural policy gradient methods for fully observable
Markov decision processes where once again we choose to work in state-action space. We
show that the dynamics of Kakade’s NPG and Morimura’s NPG solve a gradient flow
with respect to the Hessian geometries of conditional entropic and entropic regulariza-
tion of the reward (Sections and and Proposition [4.13). Leveraging results on
gradient flows in Hessian geometries, we derive linear convergence rates for Kakade’s
and Morimura’s NPG flow for the unregularized reward, which is a linear and hence not
strictly concave function in state-action space, and also for regularized reward, see The-
orems and and Corollaries and Further, for a class of NPG methods,
which correspond to f-divergences and which generalize Morimura’s NPG, we show sub-
linear convergence in the unregularized case and linear convergence in the regularized
case, see Theorem and Corollary respectively. For an overview of the conver-
gence rates established in this work see Table [4.1] in Section We complement our
theoretical analysis with experimental evaluation, which indicates that the established
linear and sub-linear rates for unregularized problems are essentially tight. For discrete-
time gradient optimization, our ansatz in state-action space yields an interpretation of
the regularized NPG method as an inexact Newton iteration if the step size is equal to the
inverse regularization strength. This yields a relatively short proof for the local quadratic
convergence of regularized NPG methods with Newton step sizes, see Theorem
This recovers as a special case the local quadratic convergence of Kakade’s NPG under
state-wise entropy regularization previously shown in [71].

Part[IIl} Neural network based PDE solvers. The second part of this thesis is devoted
to both the theoretical aspects of as well as development of a natural gradient method for
neural network based numerical solvers for partial differential equations (PDEs). Here,
we consider the so called deep Ritz method (DRM) as well as physics informed neural networks
(PINNs) [110, 237]. For both methods, it is the goal to approximate the solution u* of a
PDE by a function #g computed by some neural network with parameters 6. Consider
the Poisson equation

—Au=f inQ

(14 u=0 onodQ,

where Q € R? and f: Q — R is a square integrable function. The objective function used
in the deep Ritz method for the optimization of the parameters 0 of the neural networks
is given by

(1.5) Lprm(0) = 1/‘|Vug|2dx - / fugdx + A - / uéds
2 Ja Q oQ
for some A > 0. PINNs work with the following objective function

(1.6) Lpinn(0) = / |Aug + f]*dx + A / ujds.
Q Q
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The deep Ritz method is inspired by the variational formulation of the PDE that charac-
terizes the solution u” of (1.4) as the unique minimizer of

(1.7) EDRM(u)zé/QWulde—/qudx

over all (sufficiently smooth) functions with zero boundary values. In contrast, PINNs
use that u* is uniquely characterized by Ep;yn (1) = 0, where

(1.8) EPINN(M) = 1‘/lAM +f|2dx + A/ Ll2
2 Ja P

Q

for any A > 0. In the last years these approaches have enjoyed tremendous attention
as they offer the promise of performing well in the numerical approximation of high
dimensional problems, which arise in optimal control, financial mathematics and quan-
tum mechanics [129]. However, it has been documented that they often fail to produce
highly accurate solutions even for simple problems as (stochastic) gradient descent meth-
ods saturate, which limits the adhoc applicability of these approaches for settings that
require reliable solutions. This observation is what sparked our interest in this topic
and therefore it is our main motivation to contribute to the theoretical understanding of
the different factors influencing the error of these method as well as the development of
efficient optimizers.

In Chapter [5, we study theoretical properties of these methods and obtain a uniform
convergence result for the deep Ritz method for a large class of potentially nonlinear
problems, see Theorem For linear PDEs, we establish an error estimate, which
informally reads as

(1.9) luo — vl 3 \/opt. error +A - appr. error + AL

where opt. error denotes the error of the optimization process of the parameters of the
neural network and appr. error denotes the approximation error of the used network, see
Theorem[5.3] This reveals the trade-off in the choice of the penalization strength A where
too little penalization allows large boundary values and too strong penalization leads to a
poor solution of the PDE inside the domain. If f is r-times differentiable for this implies
that for n € N, there is a ReLU network with O(log%(n(”z)/ 4. n) parameters such that if

An ~n? for 0 = 22 one has for any p < 23 that
(1.10) luo, — usllmq) 3 \/opt.error +n=2° +n~P forall 0, € ®,,

see Theorem Note that the solution uy € H *2(Q)) can be approximated at a rate
of O(n=(r+1/4) see Theorem which is a faster rate than the rate O(n~F) in the
bound for the deep Ritz method with successful training. For physics informed
networks, we show that when working with neural networks that have zero boundary
values also the second derivatives of the solution u* are approximated where otherwise
only lower order derivatives are approximated at the same rate, see Theorem and
Theorem 5.6 respectively.

Since the theoretical results ensure that successful optimization yields approximate
solutions of the PDE we turn towards the design of efficient optimization schemes in
Chapter [fl Here, we draw inspiration from natural policy gradient methods, which
provide a locally quadratic convergence (for regularized reward). In the context of the
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deep Ritz method and PINNSs this leads to a natural gradient induced by the Hessian
geometry of the function space objective, which is often referred to as the energy. We
call this method, which can also be interpreted as a generalized Gaufs-Newton method,
energy natural gradient descent and show it mimics Newton’s method in function space
except for an orthogonal projection onto the tangent space of the model, see Theorem 4.2}
We demonstrate that for a variety of PDEs energy natural gradients converge fast and
produce approximations to the solution of the PDE several orders of magnitude more
accurate than gradient descent, Adam and Newton’s method, see Section As the low
accuracy of these methods when directly optimized is regarded as a major challenge we
believe that energy natural gradients can represent an important step in the development
of neural network based PDE solvers.

Outlook and open questions. At the end of most sections and chapters we provide a
conclusion and collect directions for future research. Here, we collect the most important
directions for future research.

In Chapter 3, we describe the state-action frequencies of a POMDP as a polynomially
constrained subset within the probability simplex connecting POMDPs to algebraic statis-
tics. We use this description to describe the combinatorial and algebraic complexity of the
optimization problem and to solve POMDPs using interior point methods and numerical
algebriac techniques. During our work a number of natural questions arose where we
list the ones we consider most important here. First, a study for finite memory policies
would nicely complement our results and could provide guidelines for the design of
memory. While the set of value functions of fully observable problems has been studied
and used to design optimal representation, an analysis of the value functions associated
to a POMPD remains elusive but would nicely complement our results. Our bounds on
the number of critical points could be improved by studying the polar degrees of products
of determinantal varities. Where we have described the feasible state-action frequencies
of multi-agent MDPs, the optimization problem arising in multi-agent problems has not
been studied conclusively. In particular, studying the number of critical points could
yield insight into the role of the degree of decentralization for the algebraic complexity
of the problem. Further, our analysis of POMDPs could be extended to cover informa-
tion theoretic objectives like (conditional) entropy and mutual information that play an
important role in regularized MDPs and unsupervised pre-training. In our experiments,
we observed that the sequence of convex relaxations given by the moment-SOS hierarchy
provided exact global solutions in the first order relaxation. We believe that this observa-
tion deserves a closer theoretical analysis. Our description of the state-action frequencies
of POMDPs with deterministic observations via products of varieties of rank one matrices
could provide a starting point for a Riemannian optimization technique for POMDPs

In Chapter 4} we study the geometry of a variety of natural policy gradient methods
for fully observable problems, describe the evolution of their state-action frequencies
by gradient flows with respect to Riemannian geometries on the state-action polytope
and obtain global convergence guarantees for regularized and unregularized problems.
Although, this offers a general framework that recovers known results as special cases,
there are a couple of future directions that deserve further attention. First, our linear con-
vergence guarantees for regularized problems degrade when the regularization strength



decreases, however our experiments indicate that the actual convergence remains linear.
This gap could be filled with an improved theoretical analysis. Our experiments indicate
that various NPG methods suffer from plateaus, which are induced by the Riemannian
geometry on the state-action polytope. The design of methods that reduce the influence
of these plateaus could have a great impact in the field of reinforcement learning where
policy gradient methods are currently among the most popular approaches. Where we
have studied convergence behavior under the assumption of exact gradient evaluations
it would be interesting to characterize the number of samples required to estimate the
respective notions of natural policy gradients. Finally, a better understanding of the con-
vergence of (natural) policy gradient methods for partially observable problems remains
elusive.

Our theoretical analysis of the boundary penalty method in the context of the deep Ritz
method and physics informed networks in Chapter 5| depends on the boundary values
required to approximate a function where we show that ReLU networks can approximate
functions with exact zero boundary values. Hence, a systematic study of the approxima-
tion rates of ReLU networks with zero boundary values and required boundary values.
Based on our theoretical analysis of the deep Ritz method we suggest a coupling of the
penalization strength with the approximation capabilities of the respective network. This
suggestion remains to be complemented with an empirical study of different penaliza-
tion strategies. Where our results describe the error made by the deep Ritz method and
physics informed neural networks in terms of the optimization error a conclusive analysis
of the convergence behavior of different optimizers remains open.

In Chapter [p| we propose energy natural gradient descent (E-NGD), a natural gradi-
ent method with respect to a Hessian-induced Riemannian metric as an optimization
algorithm for physics-informed neural networks (PINNs) and the deep Ritz method and
demonstrate its ability to produce highly accurate approximations of the solution of the
PDE. Important steps in the pursue of efficient neural network based PDE solvers that
can be applied at an industrial scale include the following. An efficient implementation
of energy natural gradients — possibly in matrix-free fashion — would vastly improve the
applicability of physics informed neural networks to large scale and industrial problems.
Since the convergence of energy natural gradient descent is sensitive to the initialization
we believe that it is important to gain a better understand the behavior of different ini-
tialization schemes. We observed Levenberg-Marquardt type modifications of energy
natural gradient to reduce the plateaus of the energy natural gradient. Where our choices
seemed to work well in practice a systematic procedure for the choice would improve the
applicability of energy natural gradients.

1.1 NOTATION AND CONVENTIONS

Throughout the thesis we highlight new notation by typesetting it in blue color and italic
and recall our notation where appropriate. We denote the real numbers by R and the
non-negative and positive real numbers by R and R, respectively. For two sets X and
Y we denote the set of mappings from X to Y by Y%, in particular, we denote the free
vector space over X by

RY = {(vy)rex : vy € Rforall x € X}.
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When X is finite we denote the Euclidean inner product of two vectors v,w € R by
(v, W)x = Y yex VxWyx and write ||v|[> for its Euclidean norm given by +/(v, v)x, where we
sometimes omit the subscript. More generally, for p € [1,00) the p-norm of v € RX is
given by |[v][, = {/X cx|vx|? and the co-norm is given by ||v||e = maxyex|vy|. When
H is a vector space with a scalar product (-, -), i.e., a positive definite symmetric bilinear
form, we denote the orthogonal complement of a subset S € Hby A :={v € H: (v,w) =
0 forall w € S}. For a subset A C X of a topological space we denote its closure, interior
and boundary by A, int(A) and dA. For a subset A C X of a metric space (X,d) and a
point x € X we denote the distance of x to A by dist(x, A) = infyea d(x,y). Note that
dist(-, A) is Lipschitz continuous with constant one.

For a matrix A € R™", we denote its transpose by A" and a pseudoinverse by
A* € R™"  Note that if A" is the Moore-Penrose inverse then AA* is the orthogonal
(Euclidean) projection onto the range range(A) = {Ax : x € R"} and A" A is the orthogo-
nal (Euclidean) projection onto the kernel ker(A) = {x € R™ : Ax = 0}. We denote the set
of symmetric and positive definite matrices by Si‘g".

For functions f, ¢ we write f(f) = O(g(t)) for t — t if there is a constant ¢ > 0 such
that f(t) < cg(t) for t — ty, where we allow t( = +co.

We denote the simplex of probability distributions over a finite set X by

AX::{HER{;O:Zszl}-

xeX

We refer to Ay as the probability simplex and for u € Ax we sometimes write u(x) = uy for
themassat x € X. The probability simplex is the convex hull of the Dirac measures {0y }rex
that place the entire mass on individual x € X and hence correspond to the unit vectors,
ie., 0x(y) = O0xy = 1if and only if x = y. A Markov kernel from a finite set X to another
finite set Y is a mapping Q € A§ i.e., it corresponds to a stochastic mapping Q: X — Ay.
Anelement Q € A§ is a |X| x | Y| row stochastic matrix with entries Q., = Q(y|x), x € X,
y € Y and can be interpreted as conditional probability distributions. We call the set A%
the conditional probability polytope as it is indeed polytope given as a Cartesian product of
probability simplices. Given QW e Ag and Q® ¢ A% their composition into a kernel
Q@ o QW e AZ from X to Z is given by

QW o QM)(zlx) = > QP(ly)QM(ylx) forallx e X,z € Z.
yey
Givenp € Axand Q € A§ we denote their composition into a joint probability distribution
by p * Q € Axxy given by
(p*Q)(x, y) = px)Qylx).
The support of a vector v € R¥ is the set supp(v) = {x € X: v, # 0}.
For a vector u € R)z(o we denote its Shannon entropy by

H(p) =~ ) p(x)log(u(x)),

with the usual convention that 01og(0) := 0. For u € R’;’gy we denote the X-marginal by

Uux € R‘ZYO, where ux(x) = 2y p(x, y). Further, we denote the conditional entropy of u
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conditioned on X by

pxy) _
px(x)

(1.11) H(ulux) = = " p(x,y)log H(p) - H(ux).

X,y

For any strictly convex function ¢: O — R defined on a convex subset QQ C RY, the
associated Bregman divergence Dy : Q) X () — R is given by

Dg(x,y) = ¢(x) = p(y) = (VP(y), x — ).

The Bregman divergence of the Shannon entropy is given by the Kullback-Leibler divergence
or shortly KL-divergence that we denote by

Dir(u,v) = Z ux log (?) for u,v € Ax,
xeX *

which is well defined whenever supp(v) C supp(u).

Given two smooth manifolds M and N and a smooth function f: M — N, we denote
the differential of f atp € M by df,: T, M — T, N. We denote the gradient of a smooth
function f: M — R defined on a Riemannian manifold (M, g) by Véf: M — TM
and denote the values of the vector field by VEf(p) € T,M for p € M. When the
Riemannian metric is unambiguous we drop the superscript. In the Euclidean case, we
write Df(p) for the Jacobian matrix with entries Df(p);; = d;fi(p). For a univariate
differentiable function we write D?f(p) or V2f(p) for the Hessian matrix with entries
Df(p)ij = V2f(p)ij = 9i9; f(p).

A closed basic semialgebraic set is a set described by finitely many polynomial inequal-
ities lets say S = {x € R" : pj(x) > Ofori =1, ..., k} for some polynomials p;. We call
F C S a face or boundary component of S if it is of the form F = {x € S : p;(x) =0 fori € I}
for some index set I C {1,...,k}. We denote the set of faces of S by #(S), which is a
partially ordered set (or shortly poset) with the partial order of inclusion. We endow the
poset ¥ (S) with the join and meet operation

FAG=FNG and FVG:= () H

HeF(S)

F,GCH
These turn 7 (S) into a lattice as the join and meet satisfy the absortionlaws FV(FAG) = F
and FA(FVG) = FforallF, G € ¥. A morphismbetween two lattices ¥ and G is a mapping
@: F — G that respects the join and the meet, i.e., such that ¢(F A G) = ¢(F) A ¢(G)
and ¢(F vV G) = @(F) vV @(G) for all F,G € F. A lattice isomorphism is a bijective lattice
morphism where the inverse is also a morphism. We say that two basic semialgebraic
sets with isomorphic face lattice are combinatorially equivalent.

We denote the space of functions on Q C R? that are integrable in p-th power by L7 (Q)),

where we assume that p € [1, c0). Endowed with

lull?, . = / jul?dx
L (Q) 0

this is a Banach space, i.e., a complete normed space. If u is a multivariate function with
values in R” we interpret || as the Euclidean norm. We denote the subspace of LP(Q)
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of functions with weak derivatives up to order k in L (Q) by W*7(Q), which is a Banach
space with the norm

k
11 ey = DD U -
=0

This space is called a Sobolev space and we denote its dual space, i.e., the space consisting of
all bounded and linear functionals on W*?(Q) by Wk?(Q)*. The closure of all compactly

supported smooth functions C°(Q2) in W*?(Q) is denoted by Wok'p (Q). If Qhas a Lipschitz
continuous boundary the operator that restricts a Lipschitz continuous function onto the
closure Q to the boundary admits a linear and bounded extension tr: W7 (Q) — LF(9Q),
which we call the trace operator. Its kernel coincides with WO1 P(Q). We write |Jul| 17(0Q)

whenever we mean ||tr(u)||1r(9q) and for p = 2 we write H ("())(Q) instead of W(’B’)Z(Q).
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Part1

Geometry of Markov decision processes



CHAPTER 2

Background on Markov decision processes

Markov decision processes (MDPs) constitute an important mathematical framework
for sequential decision making and originated in the late 1950s and early 1960s [46) 45|
142,155,154, 56, 93]. We work with the more general concept of partially observable MDPs,
which were introduced by Karl Johan Astrém [22] and allows to incorporate uncertainty
about the state of the Markov process. In this chapter we provide a self contained
introduction to the fundamental concepts in the theory of Markov decision processes and
restrict ourselves to time discrete infinite horizon problems with finite state, action and
observation space and to large extend to memoryless stochastic policies. In particular, we
introduce visitation frequencies, which are the central object of interest in this dissertation.
For more comprehensive introduction to the field of Markov decision processes including
a collection of historical references we refer to [298, 235 236|116, (135, 136].

We begin by giving the definition of a partially observable Markov decision process.

Definition 2.1 (Partially observable Markov decision process). A partially observable Markov
decision process or shortly POMDP is a tuple (S, O, A, a, B, r), where

e 5,0 and A are finite sets called the state, observation and action space respectively,
e 0 € Agx’q is a Markov kernel, which we call transition mechanism,

e e Ag is a Markov kernel, which we call observation mechanism and
e r € RS*A which we call instantaneous reward vector.

We call the system fully observable if the supports of {B(-|s)}ses are disjoint subsets of O,
in which case the POMDP simplifies to an MDP, i.e., a POMDP with O = § and = ids.
We denote the cardinatlities of the sets S, O and A by ng, np and ng respectively.

Throughout this part of the thesis, we will always assume that (S, O, A, a, B, r) denotes
a POMDP and we will not always repeat this when stating theorems or other results.

Example 2.2 (Crying baby). To illustrate the abstract concept of partially observable
Markov decision processes we consider the problem of optimally feeding a baby based
where we have to base our decision of feeding it or not on whether it is crying. For this we

non

model the baby to be in either of the two states S = {s1,s2} = {"hungry", "not hungry"}.
There are two possible observations O = {01,02} = {"crying", "not crying"} and two pos-
sible actions A = {ay,a,} = {"feed", "don’t feed"}. For the transition of the states of the
baby we make the following assumptions: After being fed, the baby is never hungry, i.e.,
a(sa|s1,a1) = a(sa|s2, a1) = 1. When hungry and not being fed, the baby remains hungry,
i.e., a(s1]s1,a2) = 1. When not hungry and not being fed, the baby will be hungry with
probability 10% at the next time step, i.e., a(s1|sz,a2) = 0.1. See also Figure for a
visualization of the transition mechanism. Further, we assume that the baby always cries

when itis hungry, i.e., f(01]s1) = 1, and cries with probability 50% when it is not hungryT}

10f course this only meant as a didactic example and not an attempt to realistically model a baby.
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an, 0.1
Ficure 2.1. Transition model for the crying baby example.

i.e., B(01]s2) = 0.5, and hence obtain the following observation kernel

01 02
S1 1 0 S
= € A2,
p 52 ( 05 0.5 ) 0
Finally, for the instantaneous reward we assume that we obtain no reward when we feed
the baby when it is hungry or when we don’t feed it when it is not hungry, we assume
that we obtain a negative reward of —1 when we feed the baby when it is not hungry and
a negative reward of —10 when we don’t feed the baby when it is hungry. Overall, we
obtain the reward vector
ai an

_s1 (0 -10 SxA
r = (_1 O)ER .

52
We will revisit this example throughout the thesis.

The goal in Markov decision processes is to optimally control the state s; of the system
through suitable actions a;. In a partially observable setting only partial information
about the true state s; is revealed through the observation o; made from s;. The rule how
to choose the next action a; is usually referred to as a policy or action selection mechanism
and typically denoted by 7. The following classes of policies are common in Markov
decision processes and reinforcement learning.

Memoryless stochastic policies. A memoryless policy, reactive policy or Markov policy
selects the action a; at time ¢ purely based on the observation of the most recent observation
o¢. In general it can do so in a stochastic way in which case it is modelled by a Markov
kernel n; € A% from the observation space O to the action space A. The sequence
1 = (1o, 11, . . . ) is referred to as the policy. The stochastic process of the states Sy, Sy, . ..
arising through actions selected according to a policy 7 satisfy the Markov property

(2.1) P(St+1 = st+11S0 = 80, - - ., St = 8t) = P(St41 = 54415t = 5¢)

justifying the term Markov policies. When the action selection 7 at is independent of ¢
we call the policy stationary and associate it with a single Markov kernel t € A%. We refer
to the family A% of memoryless stochastic policies as the policy polytope. As a product of
simplices it is indeed a polytope, which in a general context is sometimes referred to as
the conditional probability polytope. The optimization of memoryless stochastic stationary
policies in POMDPs is known to be NP-hard in general [286].
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Memory based policies and internal state controller. A more general class of policies
is described by policies with finite memory. Here, the next action a; is based on a finite
horizon window

hgk) = (Oll s 21,0141, 141, -+ -, Ot) € 7_{t(k) = (O X ﬂ)maX(t_k/O) x O

for some horizon length k € N and I = max(t — k,0). Mathematically finite memory
policies can be modelled as a sequence 1 = (7o, 71, . . . ) of Markov kernels
(k)
Tt € A;{t .
Note that the stochastic process of the states Sp, S1,... arising from a memory based
policy do not in general satisfy the Markov property (2.1) but rather

P(St+1 = 5t411S0 = 50, ..., St = 5t) = P(St41 = St41|Smax(t—k,0) = Smax(t—k,0)s - - - » St = 5¢t)

A class of policies, which allows for more general memories than sliding windows is
given by the family of finite state controllers. Here, the policy or controller is based on
an internal state i € 7, where I is a finite set. More precisely a policy is a sequence
= (1, 71, . . . ) of Markov kernels mt; € Aé. In addition there evolution of the internal
states are described by Markov kernels 1; € A?XI where Y(iz41|0¢+1, 1) describes the
probability that the internal state transitions from i; to iz if the observation o; is made.
At time t = 0 the kernel 1y only depends on the observation oy, i.e., Yo € A?. One can
either fix the internal state transitions or interpret them as flexible and a second search
variable — next to the policy —in the optimization of Markov decision processes. It is easy
to see that the framework incorporates memoryless stochastic policies, where the internal
state i; simply agrees with the observation o; and also policies with finite memory where
the internal state i; agrees with the history hgk).

History and belief state policies. In theory one can allow for infinite memory and
consider policies selecting actions based on the full history

hy = (09, a9, 01,4a1,...,0¢) € Hy == (0 x A)! xO.

Here, a policy corresponds to a sequence © = (1, 71, . . . ), where 7t; € A;{‘.

Instead of working with the full history one often works with the corresponding belief
state MDP (B, A, w,r,y). The state space of this MDP is given by the set 8 = Ag
of probability distributions b over the state space of the original POMDP, which are
commonly referred to as beliefs. The action space remains the same. In slight abuse of
notation the reward of a belief b € Ag and an action a € A is given by

r(b,s) = Z b(s)r(s, a).
seS
The transition of the belief state b to a new belief state b’ under action a € A is given by
b'=b'(b,a) = Z b'(s’|b,a,o) Z b(s)a(s’|s,a),
0€0 s

where the belief update when taking action a € A and observing 0 € O afterwards is
given by Bayes rule

V'(s'|b,a,0) Z b(s)a(s'|s, a)p(o]s’).
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The belief serves as a sufficient statistics [38] and solving the belief state MDP is equivalent
to computing an optimal history dependent policy 7 = (m, 71, .. .), which is known to
be PSPACE-complete for finite horizons [228] and undecidable for infinite horizons [186,
73].

Comparison between the policy classes. It is a classic result that every fully observ-
able MDP admits a deterministic stationary memoryless policy that is optimal under all
(possiblty) history dependent policies [93} 236, 276]. We provide a proof for the reduction
from history based policies to stationary memoryless policies for fully observable prob-
lems in Theorem 3.16|and the existence of deterministic optimal policies in Theorem

For partially observable problems memoryless neither of these two results hold. In-
deed, memoryless policies sometimes perform strictly worse compared to history depen-
dent policies and deterministic memoryless policies perform in general worse compared
to memoryless stochastic policies [267]. Although they are more restrictive than policies
with memory, memoryless policies are attractive as they are easier to optimize and are ver-
satile enough for certain applications [278, 182,299, 157]. Further, finite memory policies
and finite state controllers with fixed internal state transition can be cast as memoryless
policies by augmenting the state space with the space of histories of length k or the space
of internal states respectively [179, 231} [145]. The mathematical equivalence of finite state
controllers and memoryless policies — with different underlying POMDPs — motivates us
to restrict our analysis to memoryless stochastic policies.

State-action Markov process. Let us now introduce the Markov processes induced by
the policies of a POMDP. A policy 7 € A% gives rise to transition kernels P, € AS*% and

SxA
pr € Ag by

(2.2) Pr(s’,a’|s,a) == a(s’|s,a)(r o B)(a’|s")

and

23) prls’ls) = ) (o B)(als)a(s’ls, a)
aceA

Definition 2.3 (State-action Markov process). For any initial state distribution u € Ag, a
policy 1t € A‘;{ defines a Markov process on § X A with transition kernel P;; and we induce
the associated probability measure on (S X A)N by P, P™(-|Sy ~ u) or P(:|Sp ~ so) if
U = 0s,. In general, for any policy 7, which is not necessarily memoryless or stationary
we denote the resulting stochastic process on § x A by P™*. Note that this process is in
general not Markovian.

Notation for MDPs. With 1 € As we denote the initial state distribution. Following a
policy 7t yields a series of states and actions, which we denote by s, a9, s1, . . .. In contrast
to the specific states and actions visited in one trajectory we denote the random variables
at the different times by Sg, Ag, S1,.... We denote the expectation with respect to the
probability measure P™* on (S x A)" by Enu or Ex[-[So ~ u] or Ex[|So = s] when the
initial distribution is the Dirac y = 0, concentrated ats € S. Further, when considering the
expectation of the Markov process with transition kernel P, with an initial distribution
over states and actions v € Agx# we denote the expectation by E.[-|(So, Ag) ~ v] and
P7(-|(Sp, Ag) ~ v) for the corresponding measure on (S x A)N. If the initial distribution
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is deterministic, i.e., v = (s 4), then we write E[:|Sg = 5, Ag = a] and P™(:|Sg = a, Ag = a)
for the associated measure on (S x A)Y. For POMDPs we sometimes denote state based
policies by 7 € A; to distinguish them from observation based policies 7t € A;.

The reward function. Every policy leads to a stochastic process over states and actions
and we require a criterion scoring these processes and thus providing an objective for
policy optimization. Here, we work with the infinite horizon accumulated reward.

Definition 2.4 (Infinite horizon reward). Consider a discount factor y € [0, 1]. We define

1-y)- En,y Z Vtr(st, Ap)| ifyel0,1)
1 t=0
R(n) = R}(n) := .
.1 .
Eru Th_Ii}oftZ:(;r(St’At) ify =1,

called the (infinite horizon) expected discounted reward for y € [0, 1) and the (infinite horizon)
expected mean reward for y = 1. Further, the case y = 0 is sometimes referred to as the
bandit case and the expected reward is also called the return in the literature [276].

Although not changing the resulting optimization problem we choose to work the fac-
tor (1 — y) for the discounted reward, which is not commonly done in the literature. The
reason for this is that the factor normalizes the weights ;79! = (1 - y)~! and thus the
discounted reward can be interpreted as a weighted average of the rewards of the individ-
ual time steps. This allows us to develop a common frame work for discounted and mean
reward optimization in state-action space later on. Another effect of working with the
normalized discounted reward is that we have R,, — R for y — 1, see Proposition
We only use the sub- and superscripts when we want to highlight the dependence on the
discount factor and initial distribution. The expected and mean reward exist without any
assumptions and are continuous with respect to y as we show in Proposition [2.13]

The reward optimization problem (ROP). In Markov decision processes it is the goal
to maximize the reward over all policies. In our case, we study the optimization problem

(ROP) maximize R(n) subjecttom € Agl

of maximizing the infinite horizon reward over all memoryless stochastic policies.

Example 2.5 (Crying baby example continued). In order to illustrate the concept of the
infinite horizon reward we compute the reward for the deterministic policies in the crying
baby Example For this we fix an initial distribution u € Ag and a discount factor
y € [0,1) where the computations for y = 1 can be carried out analogously. With two
observations and two actions there are four deterministic policies corresponding to the
four vertices of the policy polytope Ag( = [0,1]%. We begin by computing the reward of
the policy 1, where we choose to always feed the baby no matter whether it is crying
or not. If the baby is hungry at the beginning, which happens with probability us, then
a reward of 0 is obtained at time 0. After this the baby is never hungry but always fed
and hence we obtain a reward of —1 at every future time. If the baby is not hungry at the
beginning, which happens with probability us, then we obtain a reward of —1 at every
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time step. Hence, the reward is given by

R(r) = —psy (1= ) DV =1 =) D v' = =ypey = sy
t=1 t=0

Let us now consider the policy 7> of never feeding the baby. When the baby is hungry at
time t = 0 it stays hungry and we collect a reward of —10 at every time step and hence a
reward of =10-(1-y) X,;2, ¥' = —10. If the baby is not hungry at time t = 0 and is hungry
for the first time at time + > 0 then we collect a reward of —10 - y!, which happens with
probability 0.1 - 0.9'~!. Hence, when the baby is not hungry at time ¢ = 0 we collect an
overall reward of },;2(-10) - ! - 0.1-0.97! = —ﬁ. Overall, for an initial distribution
u € As we obtain an overall reward of

Vs
1-09y°
Let us now consider the deterministic policy 73, which is the most intuitive one of feeding
the baby when it is crying and not feeding it when it is not crying. When the baby is
hungry at the beginning it will cry and we will feed it and obtain a reward of 0. After one
time step the baby will not be hungry and hence from the on we receive the same reward
- but discounted with a factor of y — as in the case where the baby was not hungry in the
first place. When the baby is not hungry at the beginning there is a 50% chance that it will
cry and we feed it in which case we receive a reward of —1, which we normalize by 1 -y,
and the baby will remain not hungry and hence after time 0 we obtain the same reward
but discounted with y. When the baby is not crying we don’t feed it in which case we
receive a reward of 0 and the baby will be not hungry with probability 90% and hungry
with probability 10% at the next time step. When we denote the reward obtained when
the baby is hungry at t = 0 by V;, and the reward obtained when the baby is not hungry
by Vs, our considerations lead to the following system of linear equations:

Vo =7 Vs,
Vs, = 0.5(-(1 - )/) + )/VSZ) + 0.5(0.9)/V52 + 0.1)/V51).

R(RZ) = _10”51 -

(2.4)

The unique solution to this system is given by
-0.5(1 - 10
= 1= -1 and Vi, = — L
1-0.95y — 0592 y +20 y +20

Overall, we obtain the reward according to

VS 2

100y ps, + pis,)

R(T(3) = Hslvsl + ‘uSzVSZ = - )/ + 20

For the fourth deterministic policy 74 where we feed the baby when it is not crying and
don't feed it when it is crying we can compute the reward in similar fashion and obtain a

reward of
10us,

20-19y°

We have seen that it is convenient to consider the reward obtained when starting in a
given state. This leads us to the important concept of value functions where the recurrence
relationship is formalized in the Bellman equations, see Theorem Further, we
see in this example that the reward function is a rational function of the discounted factor.

R(ﬂ4) = —10[.131 -
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In Section[2.3|we obtain a general expression of the infinite horizon discounted reward as
a rational function of the entries of the policy as well as the discounted factor and y, 8, a.
Finally, we note that our expressions extend to the mean reward case y = 1 in which case
we obtain R(7t1) = =1, R(12) = R(ry) = =10 and R(73) = —%. Where with policy m;
we end up feeding the baby all the time and with policies m; and 714 we end up never
teeding the hungry baby, with the policy 713 we adapt our choice in a meaningful way
to the crying of the baby. We will see later however, that we can obtain a higher reward

deciding randomly whether to feed the baby when we hear it crying, see Example

Value functions and Bellman’s equation. Value functions encode the reward that is
obtained when starting in a given state. They play an important role for the design of
various solution algorithms for Markov decision and their theoretical analysis. In order
to keep our introduction to Markov decision processes short we restrict our attention in
this chapter to discounted value functions and refer [187] for the suitable generalizations
for the mean reward case.

Definition 2.6 (Value function). For a policy 7= € Agl and y € [0,1) we define the (state)
value function V™ = V. € RS via

ZVtT(St,At)lso =s| forseS.

t=0

(2.5 V7(s) = Ry (m) = (1~ y) - Er

Note that R(1) = Y ;es (s)V™(s) = (u, V) for any policy 7 € A%.

Definition 2.7 (State-action value function). For a policy 7 € A; and y € [0, 1) we define
the state-action value function or Q-value function Q™ = Qy € RS via

Zytr(St,At)ISO:s,AO:a fors € S,a e A.

t=0

26)  Q7(s,a) = (1-7)-Bq

The state and state-action value functions are closely related by the following two
formulas, which are elementary to verify

27) VT(s) = ) (nop)als)Q(s,a) and
aeA
(28) Q™(s,a) = (1= p)r(s, ) +7 ) als'ls, )V (s").
s’eS

Further, for both value functions determine the reward in the following way
(29) R(m)= Y ps)Vi(s) = > p(s)m o B)als)Q™(s, ),
seS s€S,aeA
where we again leave the proof to the reader.
Definition 2.8 (One step reward). For m € A% we define the one step reward r,, € RS as
Fals) = > r(s,a)(m o B)(als).
aeA

The classic algorithm of value iteration and also Q-learning are based on the following
characterization of the value functions as fixed points of contracting operators.
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Theorem 2.9 (Bellman equation). For y € [0, 1) the value functions are uniquely determined
by the Bellman equations

(2.10) VE=yp V" + (1 —-y)rr and
(2.11) Q" =yPr Q" +(1-y)r.

Proof. Using the dominated convergence theorem and the Neumann series we compute

[o¢]

Q™(s,a) = (1- )/)Z y! Z PYS; =", A =a’|So=5,A0 = a)r(s’,a’)

t=0 s’eS,a’eA

=(1=y) Y y'Phr=(1 =) - yPx)'r.

t=0
Multiplication with (I — yPy) and rearranging yields the Bellman equation for Q™. Note
that uniquely determines Q™ as I — y Py, is invertible.
For the state value function (2.10) can be shown with an analogue computation or
deduced from using the relation 2.7). m

The Bellman equations characterize the value functions as the solutions of a system of
linear equations. Since the solution of such a system is a rational operation by Cramer’s
rule we obtain the following result expressing the reward function as a rational function.

Proposition 2.10 (Reward as a rational function). Consider y € [0, 1). It holds that
det(I - ypn + Trpt")
det(I — ypr)

In particular, the entries of the value function are given by
det(I — Vpn)fs —(1 det(I — ypr +rr0J)
et = yp) T T et - ypa)

where (I — ypn)gs denotes the matrix that is obtained by replacing the s-th column of I — yp with
the unit vector 5 € RS.

(2.12) RY(m) = (1-7) ~1+y.

(2.13) Vis)=(1-y) -1+,

Proof. By the matrix determinant lemma [99, Lemma 1.1] it holds for an invertible matrix
A € R and vectors v, w € R¥ that det(A +uv™) = (1+0vT A~'u) det(A). Applying this to
the reward function R;f(n) =u'VT=uT(1-y)I - ypr)try yields 2:12). The expression
for the value function follows from Cramer’s rule and by setting p = 0, respectively. O

2.1 STATE-ACTION FREQUENCIES

The reward arising from a policy is determined by the time the Markov process spends
at the individual states while selection specific actions. Hence, instead of optimizing the
policy directly one could try to optimize the time spent at favorable states doing favorable
actions. The time spent at these are encoded by the so called state-action frequencies,
which turn out to be generalizations of stationary distribution incorporating the discount
factor. They have appeared in linear programming formulations of Markov decision
processes [189, 86, 80, |139] and have been studied systematically under this name by
Cyrus Derman [93] who showed that they form a polytope. Apart from their use in
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linear programming approaches these frequencies appear naturally in the analysis of
other solution algorithms like policy gradient methods [2].
By the dominated convergence theorem the discounted reward satisfies

PREIEN

t=0

=(1-y) Z yt Z PYH(S; =s,Ar = a)r(s, a).

t=0 seS,aeA

R(n) = (1 - V) : En,p

= (1-9) ) Bnu[r(St, An)]
(2.14) =0

Hence, the reward is determined by weighted averages of the visitation probabilities
P™H (St = s, Ay = a) of the state-action Markov process at time t € N. This motivates the
definition of the state-action frequencies, which can be interpreted as a measure of how
much time the state-action process spends at the different states and actions.

Definition 2.11 (State-action frequencies). For a policy = we define the (discounted) state-
action frequency or (discounted) state-action distribution n™ € Agya by

(1—)/)Zy PUH(S; =s,A; =a) ify€[0,1)

t=0
(2.15) n"(s,a) =n5(s,a) = -
.1 pr .
— o = = =
Ylmgo T _EO (St =s,A; =a) ify=1.

We denote the set of all state-action frequencies in the fully and in the partially observable
cases by

N = {n“:neA;} CAsxn and NP = {n”:neA%} C N CAsxa-

The name state-action frequency dates back to the seminal work [93]; other common
names of state action frequencies include (discounted) visitation/occupancy measure, or on-
policy distribution [276].

The reward optimization problem in state-action space. An analogue computation
to (2.14) holds for the mean reward case and hence

(2.16) R(n) =(r,n")sxa forallme A;.

Hence, the reward optimization problem (ROP) has the same optimal value as the reward
optimization problem in state-action space

(ROP-SA) maximize (r,n)sx# subjectton € NE.

Indeed, we see later that these two problems are equivalent in the sense that a solution
7* of can efficiently be computed from an optimizer n* of through condi-
tioning, see Lemma Note that these two optimization problems are rather different,
where (ROP) is a linearly constrained problem with non-linear objective and is
a linear objective problem with a possibly non-linear constraint set. The complexity of
the problem lies in the feasible region N¥ and Chapter 3[studies to the geometry of N¥.
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Analogously to state-action frequencies we can introduce state frequencies, which
play an important role as they appear in the iteration complexity of gradient based
methods for reward optimization. Further, they appear naturally when computing a
policy corresponding to a state-action distribution.

Definition 2.12 (State frequencies). For a policy 7= we define the (discounted) state frequency
or (discounted) state distribution p™ € Ag by

(1-y) Y y'P™H(Si =s) ify€[0,1)
(2.17) p(s) = pi(s) =

t=0
=
1 nuc oo
Th_r)rc}oTZP (St =s) ify =1
t=0
It is elementary to check that p™(s) = >,,c4 1" (s, a), i.e., that p™ is the state-marginal
of the joint probability disitrbution n™.

Existence and continuity of reward and frequencies. Before we continue we convince
ourselves that the discounted frequencies always exist even without requiring the ergod-
icity of the system. In particular this implies the well-definedness of the infinite horizon
reward function. For this we follow the reasoning in [142]. In order to show that the
expected state-action frequencies exist without any assumptions, we recall that for a (row
or column) stochastic matrix P, the Cesdro mean is defined by

~
—_

Pt

=l =

P*:= lim
T—oo ‘

I
o

and exists without any assumptions. Further, P* is the projection onto the subspace of
stationary distribution [103]. For y € [0, 1) the matrix

P, = (1- V)Z y'P' =1 —-y)I-yP)!
=0

is known as the Abel mean of P, where we used the Neumann series. By the Tauberian
theorem, it holds that P}, — P~ for y /" 1, see for example [120, |144].

Proposition 2.13. The frequencies 17, p}, and the reward R, (n) exist for every m € A% and
u € Ags and are continuous in y € [0, 1] for fixed  and p.

Proof. The existence of the state-action frequencies as well as the continuity with respect
to the discount parameter follows directly from the general theory since

;= (Pr)y(u* (10 )
for y € [0,1) and nf = (PL)*(u * (1 o B)). With an analogue argument, the statement
follows for the state frequencies and for the reward. m]
For y = 1 we work under the following standard assumption in the (PO)MDP literature.

Assumption 2.14 (Uniqueness of stationary distributions). If y = 1, we assume that for
any policy 7 € A% there exists a unique stationary distribution n € Agx# of Pr.
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Note that this assumption is weaker than ergodicity and is satisfied whenever the
Markov chain with transition kernel P™ is irreducible and aperiodic for every policy T,
e.g., when the transition kernel satisfies @ > 0. The following theorem shows in particular
that for any initial distribution y, the infinite time horizon state-action frequency nf’“ is
the unique stationary distribution of Pr. For y € [0, 1) the ergodicity Assumption[2.14]is
not required, since the discounted stationary distributions are always unique since I -y P
is invertible because the spectral norm of P, is one. The result can be interpreted as a
characterization similar to the Bellman equation for the value functions.

Theorem 2.15 (Characterization via discounted stationarity). Fix y € [0,1] and 7t € A%.
Then the state and state-action frequency p™ € Ag and N € Agx.# satisfy

(2.18) P = yprp™ + (L= y)u and
(2.19) n" = yPIn™ + (1 - y)(u* (o p)).

Further, let Assumption hold then p™ and n™ are the unique elements in Ag and Asxa
satisfying (2.18)) and (2.19) respectively.

Proof. By the general theory of Cesaro means, (PL)* projects onto the space of stationary
distributions and hence the 7 = (PL)*(u * (1 o B)) is stationary; this can also be verified
through explicit computation. Hence, by Assumption ny is the unique stationary
distribution. For y € [0, 1) we have

= (PR (u* (o p)) = (I—yPH) (o p)),

which yields the claim. For the state distributions p;’“ the claim follows analogously or
by marginalization. m]

Properties of frequencies. Since P™*(S; =5, Ay = a) = P™*(S; = s)(rt o f)(als) it holds
thatn™(s, a) = (moB)(a|s)p™(s) forall policiestand s € S, a € A. Our main motivation for
studying state-action frequencies was the identity R(n) = (r,™)sx#, which also implies
the identity

(220) R(7) = (1, N™sxa ), p7(5) D (o B)(als)r(s,a) = (ra, p)s.

seS aeA
Where the frequencies can be used to compute the reward of a policy we can also inter-
pret frequencies as rewards allowing us to transfer many statements for infinite horizon
rewards to frequencies. Indeed, if we choose 7(s”, a") := 055044’ then R(1t) = n™(s, a) and
similarly if r(s’,a’) := 05 then R(n) = p™(s). With this interpretation Proposition 2.10]
implies

det(I = ypr + (o B)(als)dsuT)

(2.21) n"(s,a)=(1-y) det(I — ypr) 1+
and
(2.22) p(s)=(1-y)- det(l — ypr +dsit7) _ 1+y.

det(I — ypr)
In addition, the following consequences of Cramer’s rule are useful.
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Proposition 2.16. Consider y € [0, 1) and consider 7t € A%. It holds that

(1o )(als) det(T — ypl)!

(2.23) " (s,a)=(1-7) det(I — ypr)
and

ﬂ det(I — ypI)¥
.20 P = (1= y)- et(I - ypx)

det(I — ypn)

where (I — ypy) denotes the matrix that is obtained by replacing the s-th column of I — yp,, with
the initial distribution i € RS.

Proof. Applying Cramer’s rule to p™ = (1 —y)(I — ypl)~lpand n™(s, a) = (o B)(als)p™(s)
yields the result. o

2.2 THE ADVANTAGE FUNCTION AND BELLMAN OPTIMALITY

Here, we review the fundamental principle of Bellman optimality for fully observable
MDPs. This implies the existence of deterministic optimal policies and lies at the heart of
the two classic algorithms of value and policy iteration. Further, the advantage function
and the performance difference lemma are powerful tools in Markov decision processes.

Definition 2.17 (Advantage function). For a policy € Agl we define the advantage function
as A™(s,a) = Q™(s,a)—V™(s)fors € Sand a € A.

The value A™(s, a) of the advantage function encodes how much better it is to fix the
first action to be a4 when starting in state s compared to choosing it according to 7 given
that all future actions will be selected according to 7. The concept and name advantage
function dates back to [30J7 and yields an elegant expression of the difference of the
reward of two policies in terms of a state-action frequency and an advantage function.

Lemma 2.18 (Performance difference, [152]). Let y € [0, 1) and consider 1, ' € A%. It holds
that

<77n/ An, >S><ﬂ

R(mt) = R(') = =

Proof. We compute
7, A )sxan = (1, Q7 )sxaa = (7, V¥ ) s

The second term equals

Vs = Y p )mals)V™ () = (", V).

2Here, an advantage function A* assuming optimal actions after the first action was considered.

23



Using (2.8) and the discounted stationarity (2.18) the first term equals

Y, TeaQ = Y s a)|A-prs,a)+y Y alls, V()

seS,aeA seS,aeA s’eS

=(1=-PRE)+y Y V() Y ps)mlals)a(s'ls,a)

s’eS seS,aeA
= (1= )R + (yprp™, V" )s
= (1= )R+ (p", Vs = (1= )N, V")s
= (1= y)R(n) +(p", V)s = (1 = y)R(1).

Combining the computations we obtain

(1", A% )sxa = (1 = Y)R(1) = (1 = y)R(7).
o
Theorem 2.19 (Bellman optimality criterion). Consider a fully observable Markov decision

process (S, A, a, r) and a discount factor y € [0,1) and 7t € A‘;{. Then the following statements
are equivalent:

(i) It holds that V™ > V™ forall ' € A‘;.
(#1) It holds that Rg(n) > Rg(n')for all v’ € A; and 11 € Ag.
(iif) For some p € int(Ag) it holds that Rg(n) > Rg(n’)for all v’ € A;.
(iv) It holds that A™(s,a) <0 foralls € S,a € A.
(v) It holds that

(2.25) V() = max Q™(s,a) foralls € S.
ae

Proof. We first prove that[(7) implies This follows as
Rﬁ(n) =y Vi TV = Rgﬁ(n’)

forany i’ € A*;{ and p € Ag.

It is clear that[(i7)| implies
Now we show that [(#i7)] implies For this we assume that

0 < A™(s0,a0) = Q™(s0,a0) — V™(s0)

for some sy € S,ap9 € A. Let ' € A; denote a greedy improvement of 7 € AS  ie., let
1': 8§ — A be a deterministic policy satisfying

Q7(s, ' (s)) = max Q™(s,a) 2 V™(s) foralls €S,
ae
which implies A™(s, 7’(s)) > 0. By the performance difference lemma we have

L= PRUT) =R = Y p () (als)A™(s,a) = 3 p (5)A™(5,7(5)) > O

seS,aeA seS

since p;/’“(s(]) > (1 -y)u(so) > 0and A™(so, 7’(50)) = A™(s0, a0) > 0.
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Let us now proof the equivalence of and Lethold, ie.,0<Q7(s,a)—V7™(s)
forall s € S,a € A. Then clearly V" (s) > maxzeq Q" (s, a) for all s € S. On the other

hand by it holds
(2.26) V(s) = Z nt(als)Q™(s,a) < max Q" (s, a).
aeA
aeA

Let now|[(v) hold, then we have A™(s, a) = Q™(s, a) — V™(s) < maxzeqn Q™(s,a)—V7(s) =0
foralls € S,a € A.

It remains to show that [(7v)] implies For this we assume that A™(s,a) < 0 for all
s€S,aeA Forn' € A‘;{ the performance difference lemma implies that

R(') = R(m) = (1= y) 0™, A™)s < 0
for an arbitrary initial distribution p € Ag, which shows V7 > 748 ]

Definition 2.20 (Bellman optimality). We call a policy 7* € A‘;[ satisfying the equivalent
statements from Theorem [2.19)a Bellman optimal policy. For any Bellman optimal
policy 7" it holds that

V™ (s) = max V™(s) and Q™ (s,a) = max Q™(s,a) forseS,aeA

neAﬂ T(EAﬂ

and we write V* and Q* for V™ and Q™ .

The Bellman optimality criterion states that a policy is optimal if and only if the value
of every state is the best possible value over all actions. This is precisely the case if

(2.27) L;ln(als)Q (s,a)= l;l:léi%(Q (s,a’) forallsesS,

where we used equation (2.25) using (2.7). Hence, a policy is Bellman optimal if and only
if it selects only actions with positive probability that maximize the Q value function.
Often, the optimality criterion (2.25) is stated as

(2.28) V™(s) = max(1 —y)r(s,a) +y Z a(s’|s,a)V™(s’) foralls €S,
aeA IS
which is due to (2.8). This formulation lies at the core of the value iteration algorithm as
we will see later.
Definition 2.21 (Greedy policies). We call a policy 7t € A;
(i) greedy with respect to Q € RS*A if

(2.29) Z m(als)Q(s,a) = maxQ(s,a) foralls €S,
aeA aeA
(ii) greedy with respect to 7' if it is greedy with respect to Q™ and
(iii) greedy with respect to V € RS if it is greedy with respect to QV € RS*# defined
by
QV(s,a) =1 —-y)r(s,a)+y Z a(s’|s, a)V(s’).
s’eS
With this terminology Theorem states that a policy is Bellman optimal if and
only if it is greedy with respect to itself. The following result implies the existence of
deterministic Bellman optimal policies in and is useful in the analysis of policy iteration.
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Lemma 2.22 (Policy improvement). Let 1’ € A; be greedy with respect to m € A;. Then it
holds that R(n’) > R(m) for all initial distribution u € Ag. Further, if R(r") = R(m) for some
strictly positive initial distribution u € int(Ag) or equivalently V™" = V™ then 1 (and therefore
') is Bellman optimal.

Proof. By the performance difference Lemma it holds that

(1-))RE)=R@)= > 1%(s,a)A™(s, a)

seS,aeA
(2.30) =076 (Z 7 (al$)Q™(s, @) = V(s)
seS aceA

= Z p”/(s) (max Q™(s,a) — V”(S)) >0,
seS acA

where we used (2.26) in the last step. Assume now that R(n") — R(n) = 0 for some
initial distribution u € int(Ag) then p™(s) > (1 — y)u(s) > 0. Now (2.30) implies that
V7™(s) = maxzen Q7 (s, a) for all s € § and thus 7 is Bellman optimal. O

Theorem 2.23 (Existence of deterministic optimal policies in MDPs). Consider a fully ob-
servable Markov decision process (S, A, a, r) and consider a discount factor y € [0,1). Then
there is a deterministic Bellman optimal policy t* € A;.

Proof. Fix a positive initial distribution u € int(A‘;). The discounted reward R: A; - R
is a continuous function over a bounded set and hence admits a maximizer 7 € A;, which
is Bellman optimal by Theorem[2.19] Now any deterministic greedy policy 7 induced by
7t is a deterministic optimal policy by Lemma o

s We will see in Example that in a POMDP the optimal memoryless policy might
be required to be stochastic and might depend on the initial distribution.

2.3 RATIONAL STRUCTURE OF THE REWARD AND AN EXPLICIT LINE THEOREM

The reward optimization problem is a linearly constrained problem and hence
the complexity of this problem depends on the objective function. It is known that the
reward function is non concave [50] and in the mean reward case it was shown to be a
rational function of degree at most |S| [123]. We have seen in Proposition that the
reward function for discounted problems obtains an explicit expression as the fraction
of two determinantal polynomials. We use this to establish an interpretable connection
between the rational degree of the reward function and the observations available from
the Markov decision process. We postpone the proofs to the later subsections and only
discuss the consequences of the results here.

Definition 2.24 (Degree of a rational function). We say that a function f: Q — R™ is a
rational function if it admits a representation of the form f; = p;/gq; for polynomials p; and
gi. We say that f is of degree at most k if the polynomials p; and g; have degree at most k.
Finally, we say that f: Q0 — R™ is a rational function with common denominator if it admits
a representation of the form f; = p;/g for polynomials p; and g.
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We use the expression of the reward function R as a rational function to bound
its rational degreein terms of the observation kernel . The result follows from the general
result regarding the degree of determinantal polynomials in Proposition[2.37] In fact, this
proposition can be used to establish a tighter bound , where we choose the looser bound
as it offers a functional interpretation.

Theorem 2.25 (Uniqueness of stationary distributions). Considera POMDP (S,0, A, a, B, 1)
and y € [0,1). Let mp € A?{ and O C O be a subset of observations and let

Mo = {n € A9 : (|0 = mo(-Jo) forall 0 € O \ o} c A9

denote all policies that agree with o on all observations o € O \ O. The rational degree of R|r1,
is upper bounded by

(2.31) deg(R|m,) < ‘{s € S : B(ols) > 0 for some o € O}‘

Remark 2.26 (Degree of the value function and the frequencies). Where Theorem is
formulated for the reward function the bound also holds for the value functions V"
as well as for the state and state-action frequencies n™ and p™. Note that by (2.13),
and these are rational functions with common denominator. In particular, this
implies that the bound also holds for Q™(s, a) = Yycg a(s’|s, a)VT(s).

By (2.31) the degree of the reward when varying the policy on an observation o € O is
upper bounded by the number of states that can cause 0 € O with positive probability.

Definition 2.27 (Compatible states and identifying observations). We call a state s € S
compatible with the observation o € O if B(o|s) > 0. If o € O is compatible with at most
one state we refer to it as identifying.

For the case of an fully observable system implies that the rational degree of the

reward when varying the policy on a single state s € S is one. In Subsection we
study the properties of rational functions with common denominator of degree one. As
a direct consequence we obtain the following result that shows that the value functions
and state-action frequencies obtained by varying a policy on one state lie on a line, which
was first observed and shown in [81]. We use a different proof strategy, which relies
on properties of rational functions that provides us with an explicit and interpretable
formula for the interpolation speed between the two endpoints of the line.
Theorem 2.28 (Explicit line theorem for MDPs). Consider an MDP (S, A, a, r)and y € [0, 1).
Further, let 19, 11 € A‘;{ be two policies that differ on at most k states. For any A € [0,1] let
Vi € RS andny € Asxa, pa € As denote the value function and state-action frequency belonging
to the policy 1o + A(1t1 — 110) with respect to the discount factor y, the initial distribution . Then
the rational degrees of A /— V) and A v n, are at most k. If they differ on at most one state 5 € S
then

Vi=Vo+cA)-(Vi=Vo) and ny=no+c(A)-(m1—no) forall A €l0,1],

where
() = Adet(I = yp1) _ Adet(I - yp1) o pa(3)
det(I —ypa)  (det(I —yp1) —det(I — ypo))A + det(I — ypo) p1(8)
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The theorem above describes the interpolation speed c(A) in terms of the discounted
state distribution in 5. This expressions extends to the case of mean rewards — note that
the determinants vanish — and the theorem can be shown to hold in this case as well, if we
set 0/0 := 0. Note that the interpolation speed does not depend on the initial condition p.

Remark 2.29. Refinements on the upper bound of the rational degree of A — V), and
A 1, can be obtained using Proposition Indeed, if we write ni(s, a) = gsa(A)/q(A)
like in Proposition those degrees can be upper bounded by

deg(qsa) < rank(p1 — po)] + 1s(s) < rank(p1 —po) and  deg(q) < rank(p1 — po),

where S C § is the set of states on which the two policies differ; see also the proof of
Theorem for more details. Hence, the degree of the two curves A — V) and A + 1,
is upper bounded by rank(p1 — po) < ns.

Theorem 2.30 (Location of reward optimizers). Let (S,0, A, a, B, r) bea POMDP, u € Ag
be an initial distribution and y € [0,1) a discount factor and let 7 € A% and denote the set of
observations o such that |{s € S : B(o|s) > 0}| < 1 by O. Then there is a policy 7, which is
deterministic on every o € O and agrees with mon all o € O \ O such that R(7t) > R(m).

Proof. For 0 € O, the reward function restricted to the o-component of the policy is a
rational function of degree at most one. By Corollary degree one rational function
with common denominator are maximized at a vertex (see Subsection and hence
there is a policy 7, which is deterministic on o and satisfies R(77) > R(m). Iterating over
o0 € O yields the result. m|

A similar result showing the existence of optimal policies that are deterministic on
O was obtained in [203]. In contrast to our algebraic argument their proof relies on a
decomposition of the set of state-action frequencies into infinitely many convex pieces.

Remark 2.31 (Semialgebraic structure of level and superlevel sets for POMDPs). Consider
aPOMDP (S, A, O, a, B, r) and fix a discount rate y € (0, 1) as well as an initial condition
u € As. The levelset

L, = {n € A% :R(n) = a}
of the reward function is the intersection of a variety generated by determinantal poly-
nomials of degree at most |S| with the policy polytope A%. Indeed, by Theorem the
reward function R is the fraction f /g of two determinantal polynomials f and g of degree

at most |S|. The level set L, consists of all policies, such that f(n) = ag(n). Thus, the
levelset is given by

L, = A% N {x € ROXA tf(x)—ag(x) = 0} .
Analogously, a superlevel set is the intersection
{n € A2 : R(m) > a} = A9 n {x e RO f(x) - ag(x) > 0}

of a basic semialgebraic generated by a difference of two determinantal polynomials
of degree at most |S| with the policy polytope A%. In particular, both the levelset
and superlevel sets of POMDPs are semialgebraic sets defined by linear inequalities and
equations (corresponding to the conditional probability polytope A%) and a determinantal
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(in)equality of degree at most |S|. This description can be used to bound the number
of connected components, which captures important properties of the loss landscape of
an optimization problem [33, 69]. By a theorem due to Lojasiewicz, level and superlevel
sets possess finitely many connected (semialgebraic) components [245, 37] and there
exist algorithmic approaches to computing the number of connected components [122]
as well as explicit upper bounds, which involve the dimension, the number of defining
polynomials as well as their degrees [36, 35]. Those results are generalizations of the
classic result due to Milnor and Thom, which bounds the sum of all Betti numbers of a
variety. If we apply the Milnor-Thom theorem to the variety

V= {x e R f(x) —ag(x) = O}

we obtain that there are at most |S|(2|S| — 1)/OIMI-1 many connected components of
V. This bound neglects the determinantal nature of the defining polynomial and might
therefore be coarse.

Example 2.32 (Crying baby example continued). We return to the crying baby Exam-
ple2.2land compute optimal policies in this case in order to contrast the case of partially
observable models to the strong results on Bellman optimal policies for MDPs. Recall,
that s corresponds to the baby being hungry, 01 corresponds to the baby crying and a;
to feeding the baby. We begin by considering the underlying fully observable model.
Here, the Bellman optimal policy 7 € A‘;I is to feed the baby when it is hungry and not
feed it when it is not hungry. In this case the reward — irrespective of the discount factor
and initial distribution — i¥| R(7*) = 0, which shows that this policy is indeed optimal as
r(s,a) <0foralls € S,a € A and hence R(t) < 0forall T € A‘;. This reward is however
not achievable with observation based policies. In order to see this we assume first that
mt(ai]o1) > 0 then
p"(s2) = (1 = y)(us, + ym(arlor)us,) > 0.

Hence, we find that

1
R(m) = (1=, p™)s < rr(s2)p™(s2) = =35 (m(ar]o1) + m(ar]o2)) p™(s2) < 0.
If on the other hand 7t(a1]0o1) = 0 then

b _ 7/“52
p(s1) = (1 y)(u51+ 5 )>0

and consequently
R(m) = (rm, p)s < rals2)p™(s2) = —10m(az|o1)p™(s1) < 0.

In order to study the optimal policies of the POMDP we choose y = 1/2. We can use the
expression of the reward function as a rational function in the entries of the policy.
In order to simplify the expression we write 1t(ai|o1) = p, m(ailo2) = g and substitute
n(azlo1) = 1—p and n(az2]|02) = 1— 4. Hence, we consider the parameter dependent policy

class
01 07

a1 p q o
Ty g = e A7
P g, (1—p 1—q) A
3Here, in slight abuse of notation we write R(7t) and R(7) for observation-based and state-based policies.
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Carrying out these computation we obtain in slightly informal notation

—20p? — 20pq + 210us,p + 20p + 10us,q + 200u;, — 20
19p —gq+22 '

We see that the degree of the reward function R(p, q) in the parameter p corresponding
to the observation 01 is 2 = |[{s € S : B(01]s) > 0}|, which agrees with the number of
compatible states. On the other hand the degree in the parameter q corresponding to
observation 0, is 1 = |{s € S : B(02s) > 0}|. Both degrees meet the upper bound (3.21).

By Theorem there exists an optimal policy with g € {0,1}. In order to compute
the optimal observation based policy we make the ansatz of we never feeding the baby
when it is not crying since it is never hungry in this case, which corresponds to setting
g = 04 In this case the reward function simplifies to

~20p? + (210ps, + 20)p — 200;, — 20
19p +22 '

The critical points p € (0, 1) are the parameters p satisfying R’(p) = 0, which is equivalent
to

R(p,q) = R(np,q) =

R(p) = R(mp) =

19p + 44p — 421, — 41 = 0.
Solving for p yields the two solutions

—44 + \[31996y5, +5052  +V421/19p;, + 3 — 22

38 - 19 '
where the first solution is surely negative and hence not in the feasible domain p € [0, 1].
The second solution is surely positive since 421 - 3 = 1263 > 484 = 222 and is at least
2 if ps, < 2% and hence we make the choice y = 8s,. In this case the critical point of

consideration becomes
V3-421-22
p* = 3T ~ 0713,

which achieves a reward of

R(my) ~ —0.448.
We computed the reward of the four deterministic policies in Example 2.5, which where
-1,-19 -2 and -2 and hence the optimal reward achievable with a deterministic policy
is given by —% ~ —(.488.
Remark 2.33 (Optimality in POMDPs). We collect the lessons learned from the example
above. The optimal reward achievable with memoryless stochastic policies in a POMDP
might be strictly smaller than the optimal reward of the underlying MDP [180].

In contrast to MDPs the optimal policy in a POMDPs the optimal policy might be
required to be stochastic [180]. However, with a similar approach to the proof of Theo-
rem[2.23]it is possible to strengthen Theorem and to show that there always exists an
optimal policy n* € A% such that

[{a € A : m*(alo) > 0}| < |{s € S: B(o]s) > 0}

7

i.e., there always exists an optimal policy that randomizes between at most as many
actions as there are states leading to the observation with positive probability [203,204].

“We do not justify this ansatz here; however, one can also compute the optimal value of p under the
assumption g4 = 1 in analogous fashion an see that it leads to a suboptimal reward.
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In POMDPs the optimal policy depends on the initial distribution, which is in contrast
to MDPs where there always exists a Bellman optimal policy.

2.3.1. FORMULAS FOR THE DEGREE OF DETERMINANTAL POLYNOMIALS. Determinantal rep-
resentation of polynomials play an important role in convex geometry [131, 217] , but
often the emphasis is put on symmetric matrices. We complement existing results by
studying the non symmetric case here. We call p a determinantal polynomial if it admits a
representation

m
Ay + Z x;A;| forall x e R"”,

i=1

(2.32) p(x) = det

for some Ao, ..., A, € R™", Let us use the notations
m m
(2.33) A(x) = Ag + Z x;jA; and B(x) = Z XiA;.
i=1 i=1
Proposition 2.34 (Degree of monic univariate determinantal polynomials). Let A, B € R™*"

and let A be invertible and let A1, ..., A, € C denote the eigenvalues of A~'B if repeated according
to their algebraic multiplicity. Then,

p:R—>R, t> det(A+tB)
is a polynomial of degree
deg(p) = |{] €{l,...,n}:A; # O}| < rank(B).
The roots of p are given by {—/\].‘1 : j € J} € C. If further A7'B is symmetric, then we have
deg(p) = rank(B).
Proof. Let ] C {1,...,n} denote the set of indices j such that A; # 0. For x # 0 we hav
p(t) = det(A) det(I + tA™'B) = x" det(A) det(A™'B + t ') = x" det(A) x415(~t"1)
n
_ -1 _ - -1
=t [t = a0 = o T Jeap - [ (£+477).
i=1 Jel jel
which is a polynomial of degree |]|. Note that || is upper bounded by the complex rank of
A~!B. Since the rank over C and R agree for a real matrix, we have deg(p) < rank(A~!B) =

rank(B). Assume now that A~!B is symmetric, then the rank of A™!B coincides with the
number |]| of non zero eigenvalues. Further, the rank of B and A™!B is the same. O

Remark 2.35. Note that the degree of p can be lower than rank(B), for example if

1 -1 1
A=1 amdB:(1 _1)2(1)(1 —1).
Then we have rank(B) = 1, but

p(A) = clet(l ;/\ 1—_2\/\) —A+AN)A-A)+A2=1

and therefore deg(p) = 0. Note that in this case A™'B = B has no non-zero eigenvalues.
We use the following Lemma to obtain result for the multivariate case.

SHere, xc(A) = det(C — AI) denotes the characteriztic polynomial of a matrix C.
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Lemma 2.36 (Degree of polynomials). Let p: R" — R be a polynomial. Then there is a
direction x € R" such that t — p(tx) is a polynomial of degree deg(p). Moreover, for any x € R",
the univariate polynomial t — p(tx) has degree at most deg(p).

Proof. Let without loss of generality p be non trivial. Decompose p into its leading and
lower order terms p = p1 + p2 and choose x € R" such that p1(x) # 0. Let k := deg(p),
then we have p1(tx) = t*p1(x) for all u € R. Since the degree of t > p,(tx) is at most k — 1,
the degree of t > p(tx) = p1(tx) + pa(tx) is k. O

The following result generalizes Proposition to multivariate determinantal poly-
nomials.

Proposition 2.37 (Degree of determinantal polynomials). Let 0 # p: R" — R be a non
trivial determinantal polynomial with the representation and fix xo € R™ with p(xg) # 0.
Then A(xo) is invertible and for x € R™ we denote the number of non zero eigenvalues counted
with (algebraic) multiplicities of the matrix A(xo) 'B(x) by N(x) € {0,...,m}. Then

deg(p) = max N(x) < maxrank(B(x)).
xeR™ xeR™

Proof. By Lemma the degree of p is the maximum of the degrees of the univariate
determinantal polynomials
t = p(xo + tx) = det(A(xp) + tB(x)),
which by Propostion [2.34]is equal to N (x). m]
Now we come to the proof of Theorem 2.25|that we restate here for convenience.

Theorem 2.25 (Uniqueness of stationary distributions). Considera POMDP (S,0, A, a, B, 1)
andy € [0,1). Let mp € A% and O C O be a subset of observations and let

ITp = {71 € A?{ : 1t(-]o) = mo(-|o) forall o € O \ O} c A%

denote all policies that agree with o on all observations o € O \ O. The rational degree of R|r1,
is upper bounded by

(2.31) deg(R|m,) < ‘{s € S : B(o|s) > 0 for some o € O}‘
Proof. Recall that R(rt) = (1 —y)p(nt)/q(t) — 1 + y where
p(n) = det(1 — ypr +rap’) and q(n) = det(I - ypz),
see (2.12). When restricting g to
Mo = {n € A2 : (o) = mo(-]o) forall 0 € O\ o} c A9
the matrix I — yp admits the representation

(I=ypass =0 =y y.  pll)molalo)a(s’ls,a) =y Y. plols)rlalo)als'ls,a),

aeA,0€0\0 aeA,0€0

where we denote the last sum by B(m) according to the notation (2.33). It remains to
estimate rank(B(m)). For this we note that B(m)sss = 0 if f(o|s) = 0 for all 0 € O. By
Proposition[2.37| we obtain

deg(g|r,) < max B(n) < ‘{s € S : B(o]s) > 0 for some o € O}‘
s
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The argument for
deg(plm,) < maxB(n) < ‘{s € S :B(os) > 0 for some 0 € O}‘
T

follows analogously. m]

2.3.2. A LINE THEOREM FOR DEGREE-ONE RATIONAL FUNCTIONS. First, we show that degree-
one rational functions with common denominator map lines to lines, which implies that
they map polytopes to polytopes. Further, the extreme points of the range lie in the image
of the extreme points, which implies that degree-one rational functions are maximized in
extreme points —just like linear functions.

Recall that we have seen that the state-action frequencies, the reward function and the
value function of POMDPs are rational functions of degree at most |S| with common
denominator. In the case of MDPs and if a policy is fixed on all but k states, it is a rational
function with common denominator of degree at most k.

Proposition 2.38 (A line theorem). Let Q C R? be convex and f: Q — R™ be a rational
function of degree at most one with common denominator with fi(x) = pi(x)/q(x) for affine linear
functions p;, q. Then, f maps lines to lines. More precisely, if xo, x1 € Q, then

o q(x1)A _ g(x1)A
g(xa)  (q(x1) = q(x0))A + g(x0)

c:[0,1] = [0,1], A

is strictly increasing and satisfies

(234)  f((1=A)xg+ Ax1) = (1= c(A))f(x0) + c(A)f(x1) = f(x0) + c(A)(f(x1) = f(x0)).

Further, c is strictly convex if |q(x1)| < |q(xo)|, strictly concave if |q(x1)| > |q(x0)| and linear if
g (x0)| = [q(x1)l.
Proof. We set x; := (1 — A)xo + Ax; and compute

1-A A 1-A A
Noting that
Aq(x1) Ag(x1) B
200 @ Mgt + g
and
1-Mq(xo)  Agx1) _
q(xa) q(x1)
yields (2.34). Finally, we differentiate and obtain
soay _ q(x0)q(x1)

Since g has no root in Q it follows that g(xp) and g(x1) have the same sign and hence
c’(A) > 0. Differentiating a second time yields

c"(A) = =2q(x0)q(x1)(g(x1) = 9(x0)) - g(x2)>.
Using that sgn(g(x,)) = sgn(g(xp)) = sgn(g(x1)) yields the assertion. O
Remark 2.39. The formula (2.34) holds for all A € R for which x) = Axp + (1 —A)x; € Q.
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Proposition 2.40 (Level sets of degree one rational functions). Let Q C R¥ be convex and
f:Q — R be a rational function of degree at most one. Then, L, = {x € Q: f(x) = a} is the
intersection of an affine space with Q).

Proof. For any x,y € L, theray {x +t(y — x) : t € R} N Q is contained in L, by the line
theorem. O

2.3.3. EXTREME POINTS OF DEGREE-ONE RATIONAL FUNCTIONS. It is well known that linear
functions obtain their maxima in extreme points. We show that this is also the case for
rational functions of degree at most one.

Definition 2.41. Let Q C R?. Then we call x € Q an extrene point of Q if x is not the strict
convex combination of two other points in (), i.e., if x = (1 — A)x¢ + Ax; for x¢, x; € Q and
A € (0,1) implies xg = x1 = x. We denote the set of extreme points of Q by extr(Q).

Proposition 2.42. Let Q C R be convex and f: Q — R™ be a rational function of degree at
most one with common denominator. Then f(Q) is convex. If in addition ) is compact then

extr(f(Q)) C f(extr(C2)).

Proof. Let yo = f(x0), y1 = f(x1) € f(Q). Then by the line theorem, the line connecting vy
and y; agrees with the image of the line connecting xo and x; under f, in particular, it is
contained in f(Q), which shows the convexity of f().

Assume now that Q is compact and pick an extreme point y = f(x) € extr(f(Q)). If
x € extr(Q), there is nothing to show, so let x ¢ extr(Q). By the Krein-Milman theorem a
convex and compact set is the closed convex hull of its extreme points [8] and hence by
the Carathéodory theorem [318] we can write x as a strict convex combination ),/ ; A;x;
for some A; > 0,n > 2 for some extreme points x; € extr(Q2) (in fact, Carathéodory’s
theorem ensures that n < d + 1). In particular, it is possible to write x as the strict convex
combination x = (1 - A)xo + Ax1, A € (0, 1) by setting xo := Y., Aix;. By the line theorem
we have

y =1 =c(A)f(x0) + c(A)f(x1),

where c(1) € (0, 1); here we use the strict monotonicity of c. Since y is an extreme point
it holds that f(xg) = f(x1) = y. In particular, this shows that y = f(x1) € f(extr(Q2)). O

Corollary 2.43 (Maximizers of degree-one rational functions). Let ) C RY be a convex
and compact set and let f: () — R be a rational function of degree at most one with common
denominator. Then f is maximized in at least one extreme point of Q. In particular, if Q is a
polytope, f is maximized in at least one vertex.

Proof. Since Q is compact and f is continuous, f(Q) is a compact interval f(Q) = [a, B].
By the preceding proposition we have {«a, B} = extr(f(Q))) C f(extr(€)), which shows that
f is maximized in at least one extreme point. m]

Corollary 2.44. Let P C R¥ be a polytope and f : Q — R™ be a rational function of degree at most
one with common denominator. Then f(P) is a polytope and we have vert(f(P)) € f(vert(P)).

Proof. By the preceding proposition, f(P) is convex. Further, f(P) has finitely many
extreme points since extr(f(P)) C f(extr(P)) = f(vert(P)), which implies the assertion. O

Since the policies form a product A‘; of simplices we now study products of polytopes.
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Proposition 2.45. Let f: P — R™ be defined on the Cartesian product P = Py X --- X Py of
polytopes, which is a degree-one rational function with common denominator whenever all but one
components are fixed. Then f(P) has finitely many extreme points and it holds that

extr(f(P)) C f(vert(P)) = f(vert(P) X - - - X vert(Py)).

In particular, if m = 1 this shows that f is maximized in at least one vertex of P.

Proof. Let now x = (xM, ..., x®) € P; x --- x Py be such that f(x) € extr(f(P)). If
x € vert(P;), there is nothing to show. Hence, we assume that x') ¢ vert(P;). Let
us denote the restriction of f onto P; by g, where we keep the other components fixed
to be x). Then we have g(x(i)) € extr(g(P;)) and hence by Proposition there is
%) € vert(P;) such that g(¥?) = g(x) = f(x). Replacing x'") by #?) and iterating over i
yields the claim. m]

We have seen that both the value function as well as the discounted state-action fre-
quencies are degree-one rational functions in the rows of the policy in the case of full
observability. Hence, the extreme points of the set of all value functions and of the set
of discounted state-action frequencies are described by the proposition above. In fact we
will see later that the discounted state-action frequencies form a polytope; further, one
can show that the set of value functions is a finite union of polytopes [81]].

2.4 SOLUTION METHODS FOR MARKOV DECISION PROCESSES

A variety of exact and approximate solution methods for Markov decision processes have
been developed. Here, we provide an overview over classic approaches where we first
focus on solution methods for fully observable problems and discuss value iteration, pol-
icy iteration, linear programming approaches and policy gradient methods. We conclude
this section by reviewing some solution methods for partially observable problems. In
order to keep our introduction to Markov decision processes short we restrict our atten-
tion within this chapter to discounted value functions and refer [187] for the suitable
generalizations for the mean reward case.

2.4.1. VALUE ITERATION. Value iteration is a classical solution method and dates back
to [256] for stochastics games and was generalized to fully observable Markov decision
processes in a series of works [46, 45} 55,297, 54,273, 91| 56,[284]. We limit our discussion to
the infinite horizon discounted problems and refer to the classic references as well as [235),
135, 236] for variants of value iteration for finite horizon and undiscounted problems.

Definition 2.46 (Bellman optimality operator). Inspired by the principle of Bellman opti-
mality we define the Bellman optimality operator by
(2.36) T, =T: RS - RS, TV(s):=max(1—y)r(s,a)+y Z a(s’|s,a)V(s’).
aeA
s’eS
By the Bellman optimality criterion (2.28) a policy 7 € A“;{ is optimal if and only if the
value function V" is a fixed point of T, i.e., if TV™ = V.

Theorem 2.47 (Convergence of value iterates). The operator T), is a y-contraction, i.e., for all
V,W e RS it holds that I,V = T,Wlle < yIIV = W|lw. Hence, T, possesses a unique fixed
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point V* € RS, which agrees with the value function of a Bellman optimal policy. For any Vo € RS
the sequence Vi = T)f( Vo convergence to V* and it holds that

k
V=Vl < 2 Vo= Villo and Vi~ Vo < 0¥ %0 = Ve

Proof. Once the y contraction is established everything else is a direct consequence of
Banach’s fixed point theorem [118]. Note that in general it holds that

< sup|x; — yil.
iel

sup x; —sup y;
iel i€l

Hence, we can estimate

y > als'ls, a)(V(s') = W(s')

s’

T,V(s)-T,W <
| y (s) y (5)| _raréajl)l(

< ’ n _ ’

< ymax 3 a(s'ls,a)|V(s') - W(s)|
s’eS

<YV = W|leo.

Taking the maximum over s € § yields the assertion. m]

The fixed point iteration V} := T*V; described in Algorithm [1|is commontly referred
to as value iteration and converges exponentially quickly to the optimal value function.

Algorithm 1 Bellman'’s value iteration (VI)

Require: V) € RS, number of iteration steps N € N
fork=1,...,Ndo

Vi < TV > Requires né - ng operations
end for N
return 7t greedy with respect to Vi > Guaranteed to be O(f_—y)—optimal

The next lemma bounds suboptimality of a policy that is greedy with respect to V by
the distance of V to the optimal value function V*.

Lemma 2.48. Let 7t € A% be a greedy policy with respect to V € RS and let R* := uTV* denote
the optimal reward. Then it holds that

V" = Ve

(2.37) R*=R(1) < ==— .
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Proof. Recall that Q* > Q™. By the performance difference Lemma we can estimate
(1-y)R(") - R(n)) = Z N (s,a) (Q"(s, @) = V7(s))

seS,aeA

=D 0" () (Z ' (als)Q™ (s, a) — V'(s)

seS aeA

<7 E) | D) T @ls)Q(s,a) = V()

seS aeA

= P (5) (V'(s) = V™(s))
seS

< VT = Vlo.

Compare the bound (2.37) to the estimate

1=y
which is often used in the literature [301, 268, 3], which is tighter for y < 1/2 and looser
for y > 1/2. Combining Lemma and Theorem yields the following result.

Corollary 2.49. Consider Vj € RS and let Vi = TkVy € RS be the k-th iterate of the value
iteration and m € A; a corresponding greedy policy and let u € Ag be an arbitrary initial
distribution. Then it holds that

R*—R(n) <

7

k

1-y
k

(2.38) R* — R(my) < NVo -Vl and

(239) R* - R(ﬂk) < m

In particular, for ¢ > 0 we have 0 < R* — R(mty) < € if

1 —11_ -1 _ *oo
L Log (11— )M Vo - V)

Vo = Vil -

2.40 S

o log(y1)

(2.41) p > 2108 (71 =) Vo ~ Vills)
log(y~1)

The computational cost of one application of the Bellman operator T is né -ngx. Hence,

from Corollary we can deduce that the computational cost to obtain an accuracy of
¢ > 0 via value iteration is upper bounded by

O(n2 na- log<i‘1(1 ;7/)_1)) -0 (né g 0B
og(y™) 1=y

for ¢ — 0 where we used the standard estimate log(t) < t — 1. Hence, the cost to compute

an approximately optimal policy with value iteration is polynomial in size of the problem

ns,na and Hy, . = W, which has only recently been proven in [114]. The quantity

H, . is sometimes referred to as the (discounted approximate) horizon corresponding to y

37



and ¢. Note that the complexity of an algorithm solving an MDP up to accuracy ¢ < 4(1}—1)/)
is lower bounded by Q(n\zS -na) [75].

Corollary guarantees that value iteration produces an approximately optimal
policy in a number of operations, which is logarithmic in the desired accuracy ¢ when y
is fixed. We can use this in order to show that value iteration produces a Bellman optimal
policy in finitely many steps.

Theorem 2.50 (Iteration complexity of value iteration). Consider a vector Vy € RS and let
Vi := T*V € RS be the k-th iterate of the value iteration and 1ty € A‘; a corresponding greedy
policy. Further, iff|

6= min{llV* — VM w:m € A; is deterministic and V™ # V*} >0,
then Tty is a Bellman optimal policy if
log(6~'(1 =) IV" = Vollo)

(2.42) k> o)

Proof. By Theorem [2.47]it holds after
log(6(1 = YIIV* = VollQ)
log(y)

iterations that ||V* — V™|, < 0 and hence by the definition of 6 the deterministic policy
7 is Bellman optimal. m]

k >

The upper bound on the iteration complexity for value iteration required in order to
return a Bellman optimal policy depends on the horizon H, = bgl(_ﬁ as well as the
quantity 6, which captures geometric information about the set of value functions of the
MDP. Bounds similar to depending not on the geometry of value functions but
rather on the number of bits required to describe the MDP and hence on the size of state
and action space have been established in [282, 181].

In addition to the upper bound on the required iterations to return an optimal policy

in Theorem 2,50l one can construct an MDP where value iteration takes
log((1-y)™) _ log((1 =)
log(y=) —  2(0-y)
iterations to return an optimal policy [181] as well as an MDP with three states and k
actions that requires ek=3/ log(y~!) iterations to produce an optimal policy [115]. The
examples providing lower bounds rely on the existence of almost optimal deterministic
policies in which case the constant 6 — 0 in Theorem [2.50and our bound grows to +co.

2.4.2. Povricy ITERATION. Value iteration approximates the optimal value function V* and
then returns a greedy policy with respect to the approximation. In contrast, Ronald A.
Howard proposed to work with policies rather than value functions and improve them
iteratively through greedy updates [142, 55, 285]. For this a policy evaluation step com-
puting the value function of a policy is required. This method is called policy iteration
and formalized in Algorithm 2| An attractive property of policy iteration is that a pol-
icy returned by Algorithm [2| surely is Bellman optimal due to the policy improvement
Lemma If the greedy policies are chosen to be deterministic then policy iteration is

®Note that 6 > 0 whenever there is at least one suboptimal deterministic policy.
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Algorithm 2 Howard’s policy iteration (PI)

Require: 7 € A”;

Vo« V™o

k<0

while true do
Choose mtj11 greedy with respect to 7y >Uses V = VT
Viey1 « VT > Requires O(n?sn A+ n%) operations
if Vi1 = Vi then

break

end if
k—k+1

end while

return 7ty > Guaranteed to be Bellman optimal

terminate to converge in at most n jf steps since it can at visit every deterministic policy at
most once. Where this naive upper bound ensures a convergence in exponentially many

steps we can deduce another convergence result by comparing policy to value iteration.

Lemma 2.51 (Policy vs. value iteration). Consider a policy @ € A“; and let ' € A; be a
greedy improvement of 7. Then it holds that V™ > TV™ componentuwise.

Proof. By the policy improvement Lemma we have Q™ > Q™ and for s € S we can
estimate

V7T (s) = Z ' (a]s)Q™ (s, a) > Z 7' (als)Q™ (s, a) = max Q™(s,a) = TV™(s).

aceA aeA

This lemma lets us borrow from the convergence analysis of value iteration.

Theorem 2.52 (Iteration complexity of policy iteration). Let mg, 711, ... € A‘;{ be a sequence
of deterministic policies produced by policy iteration, see Algorithm [2| Then policy iteration
terminates in at most n_';f steps. Further, z]ﬂ

min{||V* V™| :m € A; is deterministic and V™ # V*}
A=

>0,
max{HV* - V| :m € A; is deterministic}

then policy iteration terminates in at most

log(A(1 = ))
24) |2

steps.

Proof. Policy iteration requires at most n; — 1 steps to visit all ngl deterministic policies
and requires one additional step to certify the Bellman optimality of the policy and to
terminate.

"Note that A > 0 whenever there is at least one suboptimal deterministic policy.
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By Theorem and Lemma the policy 7ty is Bellman optimal for

S log(6~'(1 = ) MIV* = Vollo)

k
log(y~1)

Now we estimate
IV* = Volleo = IV = V0l < sup{IIV* = V7l 70 € A .

It remains to show that the supremum is attained at a deterministic policy. The supremum
however is attained at the value function V* corresponding to a deterministic Bellman
optimal policy corresponding to the reward vector 7 := —r, which satisfies V* < V™ for
any 7 € A‘;. Consequently we have

IV = V|0 = max V*(s) — V7(s) < max V*(s) = V*(s) = |V = V"||e.
seS seS

This shows that the policy 7y is optimal after at most

log(A(1 - y))}
{ log(y) 1

and terminates after one additional step. m]

Note that the upper bound from Theorem [2.52] does not directly depend on the size of
the state and action space but rather on the constant A encoding geometric information of
the set of value functions of the MDP. Note that the required number of iterations
can be upper bounded by

.41 Fogm—la - w-lw

1=y
This is on contrast to most bounds in the literature that depend on the problem size
including the tightest known upper bound

nalog((1—y)™
o ( alog((1-y) ))
1-y
thatis due to [309,248]]. Note that this bound can neither recover our upper bound nor can
it be recovered by our upper bound since A can decrease towards 0 for fixed n.# but also
remain bounded away from 0 even when n 4 is growing to +oco. For non fixed discount

factor lower bounds on the iteration complexity of policy iteration that are exponential in
the problem size have been established [137, 21].

2.4.3. LINEAR PROGRAMMING FOR MDPs. Linear programming methods for the solution
of Markov decision processes have been developed since the early 1960s [189, 86, 94, 302,
117,/80, 92} 140, 139] see also [154, 236,|310] for more contemporary overviews. We shortly
present the linear program associated to MDPs since it both is connected to the geometry of
value functions [304] and its dual formulation recovers the state-action frequencies [154]
as its variables, see also Theorem The linear programming approach played an
important role in the study of the computational complexity of Markov decision processes
as a carefully designed interior point method was the first algorithm that was shown to
run in polynomial time for fixed discount factor [308|]. Further, the simplex method
applied to the linear programming formulation is closely related to policy iteration [309].
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Recall the definition of the Bellman optimality operator defined in (2.36). The linear
programming approach is based on the following observations, see [236, Theorem 6.2.2].

Lemma 2.53 (Order relations of the Bellman operator). Denote the optimal value function by
V* € RS. The following statements hold:

(i) IfV < W componentwise for V, W € RS then TV < TW componentwise.
(i) If TV >V componentwise for V € RS then V > V* componentuwise.
(iii) If TV <V componentwise for V € RS then V < V* componentuwise.

Proof. The statement|(7)|is immediate from the definition of the Bellman optimality oper-
ator. To prove (i) we use((i)]as well as Theorem and find that

V>TV>TW >--->T"V - V* fork — .

Finally, follows with an analogue argument. O

Theorem 2.54 (Linear programming formulation of MDPs). The optimal value function
V* € RS is the unique solution to the following linear program

(LP) minimize u'V  sbj. to V(s) > r(s,a)+y Z a(s’|s,a)V(s’) fors € S,a € A,
s’eS
where 1 € (0, 00)S isa positive vector.

Proof. Note that the linear constraints of the linear program (LP) are equivalent to

V(s) > maxzen (s, a) + y Z a(s’|s,a)V(s’) =TV(s) forallse€S
s’eS

and hence equivalent to TV > V. In particular, this shows that the optimal value function
V* € RS is a feasible point as TV* = V*. Further, for any feasible point of Lemma
guarantees that V > V*. This shows that V" is a solution of (LP). Assume now that
V € RS is a solution of the linear program Then by Lemma the feasibility TV > V
yields V > V* and by the optimality we have u"V = uTV*. The positivity of u implies
that V = V*, which shows that has V* as its unique solution. m

The dual problem to was studied in the classical works [189, 80, 154] and is given
by
(D-LP)

maximizer'n sbj. to Z n(s,a) =1 -y)u(s)+y Z a(s|s’,a’)n(s’,a’) fors € S

aeA s’,a’

and n(s,a) > 0foralls € S,a € A.

It is no coincidence that we use the symbol 7 for the variables of the dual linear program-
ming formulation. Indeed, we will see in Chapter [3| that the feasible region of is
precisely the set of state-action frequencies of the Markov process [93, (154, 236]. In other
words describes the reward optimization problem in state-action space
for the case of fully observable models. In Chapter 3| we give a characterization of the set
of feasible state-action frequencies of a partially observable Markov decision process via
polynomial inequalities, which yields a generalization of the linear program (D-LP).
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2.4.4. PoLicy GRADIENT METHODS. In machine learning it is a fundamental paradigm
to parametrize search variables and use variants of gradient based optimizers to obtain
approximate solutions of the original problem. This approach can also be taken when
optimizing the policy of a Markov decision process in order to maximize the reward
leading to so called policy gradient methods that were pioneered in [277, 40, 39]. Here, we
model the policy 119 as a smoothly element in the polytope A‘;{ of conditional probability
distributions of actions given states, with 1g(a|s) specifying the probability of selecting
action a € A when currently in state s € S, for the parameter value 0. Using the slightly
sloppy notation R(0) = R(mg) the vanilla policy gradient update

Ore1 = O + At - VR(@k).

Inspired by the seminal works of Amari [13,16], various natural policy gradient methods
have been proposed [153| 206, 208]. In general, they take the form

Oks1 = O + At - G(Ox)"VR(6y),

where At > 0 denotes the step size, G(0)" denotes the Moore-Penrose pseudo inverse
and G(0);; = g(dPge;, dPgej) is a Gram matrix defined with respect to some Riemannian
metric ¢ and some representation P(60) of the parameter. Where the most popular choice
is given by the mixture of Fisher information matrices [153]

Gk(8)ij = ), pals) D mo(als)de, log(ma(als))de; log(mo(als))

other choices are possible, see also Chapter E] for a more detailed discussion. In general,
policy gradient methods converge globally when applied to fully observable problems
where vanilla policy gradient methods converge at a rate of O(t '), which can be increased
to an exponential convergence O(e™°") for suitable choices of G(0); for a more detailed
discussion of existing results we refer to Chapter 4]

2.4.5. SoLutioN METHODS FOR POMDPs. Now we turn towards solution methods for
partially observable Markov decision processes. Reward optimization with history de-
pendent policies is equivalent to a belief state MDD, i.e., an MDP with continuous state
space. Hence, the solution methods presented above like value and policy iteration can
be applied to the belief state MDP and we refer to the survey articles [272, 254] for an
overview of belief state methods. Here, we focus on methods for solving the reward
optimization problem for memoryless stochastic policies although these methods extend
to finite memory policies for example by augmenting the state space with an external
memory [179} 231, 145]. From the approaches presented for MDPs only policy gradient
methods can be applied to POMDPs without significant adjustments, however, without
the global convergence guarantees that are available in the fully observable case. We
present two other methods for MDPs: Bellman constrained programming, which has
been proposed in [17] as well a polynomial programming approach to POMDPs general-
izing the dual linear program of MDPs, which we established in [211]. These approaches
both reformulate reward optimization as a polynomially constrained linear objective op-
timization problem and can be combined with any solver designed for such problems.
The choice of the solver will crucially influence the convergence properties where many
approaches will only yield locally optimal solutions. Note however that (global) reward
optimization in POMDPs is NP-hard in general [286].
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Bellman constrained programming. It is immediate to see that R¥(nt) = (u, V™)s for
any policy 7 € A?{ and any initial distribution u € A#. In the light of the Bellman equation
V™ = ypaV™ + (1 - y)ry (see Theorem 2.9), the reward optimization problem (ROP) is
equivalent to the following quadratically constrained linear program

(BCP) maximize (i, v) subjecttom € A% and v = yprv+ (1= y)ry,
as pointed out by [17]]. We call this optimization problem the Bellman constrained program
(BCP), which can be approached with any constrained optimization method. Here, the

search variable is the tuple (7, v) of a policy and its value function that are coupled by the
quadratic constraint given by the value function.

Reward optimization in state-action space and polynomial programming. Motivated
by the fact that R¥(mt) = (r, n™)sx# we have in general introduced the reward optimization

in state-action space (ROP-SA)
(ROP-SA) maximize (r,)sxa Subjectton e N B,

For fully observable problems the set of state-action frequencies agrees with the feasible
region of the dual linear program and the reward optimization problem in state-action

space (ROP-SA) is precisely given by the dual linear program (D-LP). The main contribu-
tion of Chapteris the characterization of the set N* of feasible state-action frequencies by

polynomial inequalities. In particular, this generalizes the dual linear program of MDPs
to a polynomial program describing reward optimization in POMDPs.
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CHAPTER 3

State-action geometry of partially observable MDPs

The state-action frequency n™ describes the relative (discounted) time the individual
states and actions are visited in a Markov decision process when following a given policy
71t. The reward of a policy can be computed by weighting the reward r(s, a) of a state-action
pair with the state-action frequency 1™, see (2.16). Hence, reward optimization can be
studied and carried out over the state-action frequencies where the resulting optimization
problem

(ROP-SA) maximize (r,N)sxa subjectton e NE.
is a linear objective problem with the state-action frequencies
NE={n":meAQ} C Asxa

as a feasible set. For the reward optimization problem of maximizing R(m) subject to
T € Ag( much of the complexity lies in the objective R as the feasible set is given by
a polytope and hence described by linear constraints. In contrast, the complexity of
the the reward optimization problem lies in the geometry of the feasible set
NE. The first systematic study of the geometry of the set of state-action frequencies was
carried out by Cyrus Derman who showed that for fully observable problems they form a
polytope N. that we refer to as the state-action polytope [93]. In particular, this polytope
coincides with the feasible region of the dual linear programming formulation (D-LP)
that was previously studied [189, 94, 80]. For partially observable systems however, a
decomposition of the set of state-action frequencies N* into infinitely many convex pieces
was obtained in [203].

In this chapter we obtain an explicit description of the set N* of feasible state-action
frequencies via polynomial constraints for which we give explicit expression under some
conditions, see Section 3.2} For a deterministic observation process we show that the fea-
sible state-action frequencies are described by a product of varieties of rank one matrices.
In particular, this yields a description of the reward optimization problem as a poly-
nomially constrained linear objective problem and establishes a connection of POMDPs
to the field of (semi-)algebraic statistics and applied algebraic geometry. In Section
we use the explicit characterizations of the feasible region Nf of the reward optimiza-
tion problem as a polynomially constrained set to gain insight regarding the
properties of the reward optimization problem. More precisely, we use the theory of
the algebraic degree of an optimization problem to bound on the number of critical points
of the optimization problem over the individual faces of the policy polytope A%. In
Section we demonstrate that the reward optimization problem in state-action space
can be solved with different approaches like interior point methods, numerical algebraic
software and a convex relaxation as a semidefinite program. We find that solving the
reward maximization problem in state-action space is more stable. A further benefit is
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that convex relaxations are able to provide globally optimal solutions. Before we study
the geometry of the set N¥ of feasible state-action frequencies of a POMDP we present
the fully observable case in Section

Recall that we work under the following ergodicity assumption.

Assumption 2.14 (Uniqueness of stationary distributions). If y = 1, we assume that for
any policy 7 € A% there exists a unique stationary distribution n € Agx# of Pr.

3.1 THE STATE-ACTION POLYTOPE OF FULLY OBSERVABLES SYSTEMS

The set of all state-action frequencies is known to be a polytope in the fully observable
case [93, 154]. We generalize the approach of [203] to incorporate the discounted case
for a proof of this result and show that the polytope of state-action frequencies is com-
binatorially equivalent to the policy polytope A% under mild assumptions. We do so
by computing the derivative of the state-action distributions, which also yields the well
known policy gradient theorem as a consequence.

Let v;f’“ = 1™ € Agxs denote the expected number of transitions from s to s’ given by

00 T-1
: 1 ,
1=y ; y'P"#(Sy =5,S41 =5’) and Tlgr.}o T ; P™H(S; =5,S141 = 5)
respectively. Note that we have
(3.1) vi(s,s') = > (s, a)als']s, a),

aeA
which can be seen through explicit computation, e.g., in the discounted case as

vi(s,8") = (L=7) D Y F(St = $)pals’,s)
t=0

= (1-y) Y Y'P(S =5) Y (o p)(als)als'ls, a)
t=0

aeA

= (1-7) D Y'PH(S, = 5, A = a)als']s, a)
t=0

= D (s, a)als'ls,a)

aeA
and similarly for the mean reward case.
Hence, v™ is the image of ™ under the linear transformation

(32) fDé: ASX?[ - ASXS/ T] = (Z n(S,ﬂ)OK(S,ls,ﬂ)) .
aceA s,s’eS

Therefore, we can hope to obtain a characterization of N using this mapping. In order
to do so, we would like to understand the structural properties of v;" '. For y = 1 those
distributions have equal marginals since we can compute

Wy , 1
(3.3) z;wf H(s,s") — ngf(s 5) = lim = (B*#(So = 5) = P"#(Sr41 = 5)) = 0.
s’e s’e
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Note that Y, cs v?’“(s,s’) = Yoes vf’“(s’,s) = p?’“(s) is the (unique) stationary state
distribution. In the discounted case, we compute similarly

D Vi) =y Y Vi s) = (=) | Y Y BTHS = 5) = Yy TTF (S = 5)
=0 t=0

s’eS s’eS t

= (1 =y)uls).
If we perceive fo(n)) = v} € Agxs C RS*S as a matrix, we have shown that
(") s = y(ry s + 1=y,

which motivates the following definition.

(3.4)

Definition 3.1 (Discounted Kirchhoff polytope). For a distribution u € Ag and y € [0,1]
we define the discounted Kirchhoff polytope (this is a generalization of a definition by [296])

Eg = {v € Asxs € RS*S vilg = yvilg+(1- y)[,t},
where 15 € RS is the all one vector.

So far, we have observed that fa(n;’” ) € Eﬁ and we will see that f,(n) € Eg already
implies that there is a policy 7 such that n;’“ = 1. This is based on the fact that for n €
fil (85) a policy t with state-action frequency r];’* ' = 1) can be constructed by conditioning,
which is well known in the context of linear programming [93, [139].

Lemma 3.2. Let y € [0,1] and n € Asxn and let p € Ag denote the state marginal of n and

assume that v = fo(n) € _gf. Setting

n(-Js) = { nCls) = (s, )fp(s) — iFpls)>0

(3.5) , . .
arbitrary element in Az if p(s) =0,

we have n;’“ = 1. In particular it holds that N)il = fa‘l(E‘; .

Proof. By and (34), it holds that f,(N}) C E) and thus N € f71(8)).
In order to show that ™ =1 for t € A; defined in (3.5) we calculate
y(P'n(s,a) =y ) alsls’, a')m(als)n(s’, a')
s’,a’
= yn(als) ) asls’,a)n(s’, a')

s’,a’

= yn(als) ) v(s',9)

n(als) [ > vis,s") = (1= y)uls)

n(als)p(s) = (1 = y)m(als)u(s)
(s, a) = (1= y)(p=m)(s, a).

The unique characterization of n;’“ as the discounted stationary distribution from Theo-
rem yields the n;’” = 11. We have shown that for every n € f; 1(EV) there is a policy
T € A% such that " = 1) and hence it holds that f; 1(31;) c N;u . i
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It will be convenient later to work under the following assumption in which ensures
that policies in A‘; are one-to-one with state-action frequencies.

Assumption 3.3 (Positivity). For every s € S and € A9, we assume that 3, 7, > 0.

Note that this positivity assumption holds in particular, if either « > 0 and y > 0 or
y < 1and p > 0 or componentwise. Indeed, if a > 0, then the transition kernel p, is
strictly positive for any policy since

pr(s’ls) = Y (o )(als)a(s'ls, a) > 0,

since (of)(als) > 0 for some a € A. Using that p;”l is discounted stationary with respect
to pr (see Theorem 2.15), it holds that

Py (5) =y ) py (s pr(sls)) + (1 = p)uls) > 0

since p;’“(s’) > 0 for some s’ € S. If p > 0and y < 1, then p;’”(s) > (1-y)u(s) > 0.
Assumption 3.3/ is standard in linear programming approaches and necessary for the
convergence of policy gradient methods in MDPs [154, 200].

Proposition 3.4 (Inverse of state-action map). Under Assumption the mapping
W:AS SN, neon"

is rational and bijective with rational inverse given by conditioning

- (s, a)
vl NS AS, - 7, whererc(als)zn—.
A 1 Za’ 77(Sf a,)
Proof. We have seen in Remark that W is a rational map. By Lemma 3.2]it is one to
one under Assumption 3.3| with conditioning as an inverse. m]

As a consequence of Lemma we obtain the following characterization of Nf as a
polytope, which dates back to the work of Cyrus Derman on state-action frequencies [93].

Theorem 3.5 (State-action polytope). Let (S, A, a,r) be an MDP, u € Ag be an initial
distribution and y € [0,1]. The state-action frequencies of the MDP form a polytope given by
N = N)fl = Asxa N L, where

(3.6) L= {n e RS 4. ()= 0fors € S}

is an affine space defined by the functions

(37) L) =Y na=y Y newalsls’,a) = (1 -y
aeA s’eS,a’eA

Fory €0, 1), it holds that N = N;l = Rggﬂ nL.
Proof. It remains to spell out the characterization N;f = fy l(E)‘f) explicitely. For n € Agxa
the statement 1 € N)fl is equivalent to ) € Agx gz and v == f,(n) € E;l Using the definition
of Eg this equivalent to
D ov(s,s) =y Y (s, s) + (1= p)uls)
s’ s’
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for all s € S. Plugging in the definition of f, we see that the term on the left hand side is
equivalent to

DD nls,macs’ls,a) = > n(s,a) = (55 ® L, )sxn

and the first term of the right hand side equals
Y >0, a)a(sls’, a)
s’ a

Hence, we have seen that f,(1) € E’; is equivalent to the condition
(B8 L= -y Y newalsls’,@)=(1-y)u(s)=0 forallseS,
aeA s’eS,a’eA

which shows that N = Agxq N L.
For y € [0,1) and n € L it holds that

0= > k) =1-y) Y (s a) =1 -yus,

seS

which implies 3, ,»1(s’, a’) = 1. Hence, it holds that N' = Agxa N L = R‘ggﬂ nZL. O

Example 3.6 (A fully observable baby). We continue the crying baby example and compute
the state-action frequencies of the underlying MDD, i.e., that we could achieve when we
knew whether the baby is hungry or not at the time of our decision. The affine linear
functions ¢s; from take the form

ls, (77) = Ns1ay + Nsyap — y(nﬁﬂz + 0'17752112) -(1- 7/)[’[5]
ls, (77) = Nspaq + Nspay — V(’?sm + Nspay + 0'97752612) -(1- )/)}lsz-

For the specific choice y = 1/2 the state-action frequencies are described by

201s,4, + 107514, — N5y, — 100, =0 }

(3.9) N =A5 N {neRA:
_101751[11 + ].OTISZal + 111752(12 - 10[.152 = O

Hence, the reward optimization problem in state-action space (ROP-SA), which corre-
sponds to the dual linear program (D-LP) of the MDP takes the form

201510y + 100510, = spa, = 105, = 0
(3.10) maximize —101s,4,—7s,a; Subjectto { —107s,4, + 101,40, + 117554, — 10us, =0

Ns1a1, Ns1a2, Nspar s Nspay = 0

We can use this formulation to solve the MDP that underlies the crying baby example in
state-action space. This is in contrast to the solution based on state policies given in
Indeed, it is clear from the formulation that 0 is an upper bound of the optimal value
and hence, it suffices to construct a feasible point n such that 15,5, = 75,4, = 0. Setting
Ns1a, = Ns,a; = 0 and solving for 1,4, and 1s,,, we obtain

Msqar| _ 20 -1 - 10 _l 11P51+xu52
Noan)  \=10 11]  F 7 21 \10p,, +20u,,
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and hence a feasible point 7 > 0. In particular, this yields the deterministic Bellman
optimal state policy

S1 S2
*_[?] 1 0 S
T_[Zz(o 1)€Aﬂ

that feeds the baby if and only if the baby is hungry.

Improvement paths. We have seen in Subsection that MDPs can be solved by
means of linear programming. However, Proposition and Theorem together
imply the stronger statement that the reward optimization problem in MDPs is up to
reparametrization a linear program. In particular, this implies that the non existence of
bad strict local minima, which we make precise now.

Theorem 3.7 (Existence of improvement paths in MDPs). For every policy = € AS,, there
is a continuous path connecting m to an optimal policy along which the reward is monotone. If
further v 1™ is injective, the reward is strictly monotone along this path, if m is suboptimal. In
particular, the superlevel sets L, = {1 € A% : R(m) > a} of MDPs are connected.

Proof. Let us fix 1 € A; and set 1o := 1™ and 11 be a global optimum and 7; be the linear
interpolation and p; be the corresponding state marginal. Note that for s € S it holds that
either pi(s) > Oforall t € (0,1) or ps(s) = 0 for all £ € [0,1]. In the latter case, we can set
7¢(-|s) to be an arbitrary element in A#. For the other states and ¢ € (0, 1) we can define
the policy through conditioning by m¢(a|s) := (s, a)/pt(s) and will continuously extend
the definition to t € {0, 1} in the following. If po(s) > 0 or pi(s) > 0, then the definition
extends naturally. Suppose that pyo(s) = 0, then we now that p1(s) > 0 since otherwise
pt(s) =0 forallt € [0,1]. Now for t > 0 it holds that

(s, a) = ni(s,a) _ (1=B)no(s, a) +tm(s,a) _ tm(s,a) _mls,a)
we pi(s) (1=t)po(s) + tpi(s) tpi(s) p1(s) ’

which extends continuously to t = 0. If p1(s) = 0, then like before, 7(:|s) does not depend
on t and we can extend it to t = 1. Now we have constructed a continuous path m¢, such
that n™ = 1, and by Lemma[3.2]

R(m) = (r,ne) = (1= )(r, no) + £(r,m) = R(mo) + (R = R(p)),

which is strictly increasing if g is suboptimal. It remains to construct a continuous path
between 7o and 7t. Note that if po(s) > 0, the policies g and 7 agree on the state s and so
does the linear interpolation between the two policies. Now, by Lemma [3.2| we see that
every linear interpolation between 7 and 7 has the state-action distribution 779. Gluing
the two paths, we obtain a path that first leaves the state-action distribution unchanged
and then increases the reward strictly up to optimality. m]

Derivative of the discounted state-action frequencies. In this paragraph we discuss
the Jacobian of the parametrization = +— 1™ of the discounted state-action frequencies.
One motivation for this is that this Jacobian plays an important role in the relation of
critical points in the policy space and the space of discounted state-action frequencies.
Note that (1 —y)(1 — yPL)~}(u = ) is well defined, whenever ||P,||» < 7. Hence, we can
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extend 7t — n™ onto the neighborhood

3.11) U = {n € RS . |IPyll < y-l}

of A“; and consider the mapping to state-action frequencies on this open set
W=w:U—R™, s (1-y)1 - yPl) N (uxm)

and compute the Jacobian of \I/’;

Lemma 3.8 (Jacobian of W). For any policy ©t € A; and s € §,a € A it holds that

(3.12) Is,) V(1) = p™(s)(I = yPr) ™ (85 © b0).

Hence, d(s,q)¥ () is identical to the (s, a)-th column of (I — yPL)™ up to the scaling factor of
p™(s). In particular, if p™(s) > O forall s € S, the Jacobian DV has full rank.

Proof. Recall that for invertible matrices A(t), it holds that
QAR = A A A))A(L) L
We compute
(1= )" 0,0 Wi (1) = 5,0 (I — yPL) (p * 0)
= Qs 0)(I = yPr) ) * 70) + (I = yPr) ™ 95 (4 * 70)
= (1= ) "I~ yPR) 90T = yPR) "
+ (I = yPr) ™ (% s m0)
= (=PI (=9 Y @ PI™ + i Aoy

Further, direct computation shows

(s PRIy ) (s, ) = 95 ymals) Z a(sls’,a"yn(a’|s")p3 " (s")

s’,a’
= (PEPV * a(s,u)7_()(5r a).

Using the fact that p;’y is the discounted stationary distribution, yields

(1= )Y@ Pomy ™ + i x s m = (L= y) " yplpl® + ) % 95
= (1 - y)—lp;'/l,}l * a(s,a)T(/
which shows (3.12). We compute
Py * e y(s’, a') = p3*(s")Os (@’ |s") = P} (5) (05 ® 8a)(s”, ).

Note that (I — yPL)™1(6s ® ,) is precisely the (so, ag)-th column of the matrix (I — yPL)~1.
Those columns are linearly independent, and so are the partial derivatives 8(5,@‘1/;(71),
given that the discounted stationary distribution p;’” vanishes nowhere. m|

Corollary 3.9 (Dimension of N). Assume that p;’“ > 0 entrywise for some policy Tt € int(A‘;).
Then we have dim(N) = dim(A%)) = |S|(|A| - 1).
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Proof. By Lemma 3.8/ the mapping ‘Iféf is full rank in a neighborhood of 7 and hence, we
have

dim(N) = dim(¥}(A3)) = dim(A3).
O

Let us consider a parametrized policy model I1lg = {mg : 6 € ®} C A‘;{ with differen-
tiable parametrization 0 — 19 where ® C R?. When unambiguous, we drop the policy
in the notation of reward, state(-action) frequncies and value functions, i.e., simply write
R(0),n6, Qp etc. instead of R(mg), n™e, Q™.

Lemma 3.10 (Parameter derivatives of discounted state-action frequencies). It holds that
do,n5) = (= yPr,) (po * do,me),
where
(po * dg;mo)(s, a) = po(s)de;ma(als).
Proof. This follows directly from the application of the chain rule and (3.12). O

Using this expression, we can compute the parameter gradient with respect to the
discounted reward and recover the well known policy gradient theorem.

Theorem 3.11 (Policy gradient theorem, [277, 190, 2]). It holds that
(1-7)6,R(0) = > po(s) Y domo(als)Qo(s,a) = " no(s, a)do, log(mo(als))Qo(s, ).

Proof. Using the preceding lemma, we compute
9o,R(0) = (I = yPr,) " po * do,7i6, s
= (po * do,mo, (I = YPry) "' T)sxa
= (1-y)po * do,m0, Qo)sx
= (1= po(s) > do,mo(als)Qols, a)

= (1=)™" > n6(s,8)9g, log(rmo(als))Qa(s, a).

O

The policy gradient theorem can be used to estimate the gradient of the reward function
by estimating the state frequency and the Q-value function [40} 39} 207, 276] where the
derivative of the policy model dg, 7 is often relatively cheap to compute.

Remark 3.12 (Policy gradients for POMDPs). The case of partial observability can be
regarded as a special case of parametrized policies. In fact the observation mechanism
p induces a linear map 7 + m o . This interpretation shows that the policy gradient
theorem is also valid for partially observable problems.

Corollary 3.13 (Lipschitz continuity of the reward). It holds that

lI7lleo - 199, 0lloo

. o <
(3.13) IVRO)Il [max T—y
In particular, it holds that
(3.14) |R(1t) = R(')| < ||t = 7|1 - gr_”(; forall i, 7’ € A‘;
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Ficure 3.1. Transition graph of the example.

and
[l — 7'|lx
1-—

Proof. The estimate (3.13) follows directly from the policy gradient Theorem since
|1Qolle < |I7]lo and [|pgllcc < 1. Note that (3.13) holds for any parametrization ® — U
for the neighborhood U of A; defined in (3.11). For it, v’ € A; the mean value theorem
implies the existence of 7t € A% such that R(nr) — R(7’) = VR(#)T(rt — ) and hence we
can estimate

’ ’ S
(3.15) ™ —n"lle < forall m, " € A

: ~ / : . i Il

IR(m) = R(n)| = [VR(®) " (n = )| < ||t = 7'll1 - IVR(A) oo < [l = 7[l1 - -y
The statement about the state-action frequencies follows when we perceive the entry
n"(s, a) as the reward for r = 55 4) € RS, o

Example 3.14 (Blow up of Lipschitz constant). We convince ourselves that the bound on
the Lipschitz constant can be attained. Consider a Markov decision process with two
states and two actions and deterministic state transitions as depicted in Figure Asa
reward vector we choose 7(s, a) = 855, and hence the reward equals the first entry of the
state frequency, i.e., R(1) = p™(s1). Hence, the reward is given by

y(ailsz)
1—y +yn(alsy)’
where we omit the explicit computation. Hence, the reward only depends on p = m(a1]s2)
and we write R(p) instead of R(7). Note that

R(r) = p7(s1) = 64, (1 = p)(I = ypl)u = ps, + s, -

1-7
=y +ypp
and hence R'(p) — (1 —y)7! for p — 0if u = &s,. Hence, the Lipschitz constant of the
reward R is (1 — y)~!, which shows that the bound (3.13) can be attained.

R/(p) = [152 .

The face lattice in the fully observable case. So far, we have seen that the set of
state-action frequencies form a polytope in the fully observable case. However, not all
polytopes are equally complex and thus we aim to describe the face lattice of Ni,, which
describes the combinatorial properties of a polytope, see [318].

Theorem 3.15 (Combinatorial equivalence of N)fl and A;). Let (A, S, a,r) be an MDP and
y €[0,1]. Then W: A;, 7 — "™ induces an order preserving surjective morphism between the
face lattices of A; and N, such that for every I € S X A it holds that

(3.16) {7’( € A‘;( :7t(als) =0forall (s,a) € I} —{neN:n(s,a)=0forall (s,a) el}.
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If in addition Assumption 3.3 holds, this is a dimension preserving isomorphism.

Proof. First, we note that the faces of both A; and )V;,[ have the structure of the left and
right hand side of respectively, which follows from Theorem Denote now the
left and right hand side in by F and G respectively, then we need to show that
W(F) = G. For 7t € F it holds that

n"(s,a) = p™(s)m(als) =0 forall (s,a) €I

and hence n™ € G. On the other hand for n € G we can set 7t(:|s) := n(-|s) whenever
defined and any other element such that mt(a|s) = 0 for all (s, a) € I otherwise. Then we
surely have € F and by Lemma 3.2|also ™ = 1. To check that the mapping described
in (3.16) is a morphism, consider two faces Fj, F» of A*;. It holds that W(F; A Fp) =
W(F1 N Fp) = W(F) NW(F,) = G1 A Gy, where G; := W(F;). Further, we have that

WEVE) =Y () Fl= (] YH= (] G=GiVvG,
FeF (A3) FeF (AS) GeF(N)
F1,F2£y;" Fl,FzgﬂF G1,G2CG

which shows that the join and meet are respected.

In the case that p™ > 0 entrywise for all policies 7 € int(A;), the mapping n +— 1(:|-)
defines an inverse to W, which shows that the mapping defined in (3.16) is bijective. The
assertion on the dimension follows from basic dimension counting, from the fact that the
rank is preserved by a lattice isomorphism or by virtue of Lemma m]

State-action frequencies of history dependent policies. Consider an MDP with arbi-
trary history dependent policies. In order to study the state-action frequencies that can
be achieved with this larger policy class we follow the same approach like for memo-
ryless policies. This shows that in MDPs history dependent policies achieve the same
state-action frequencies as memoryless policies.

Theorem 3.16 (State-action frequencies of history policies). Consider an MDP (S, A, a, r).
The set of state-action frequencies that can be achieved by history dependent policies agrees with
the state-action frequencies induced by memoryless policies. In particular, they form a polytope
with explicit expression given in Theorem This shows that memoryless policies achieve the
same optimal reward for fully observable problems.

Proof. For a history dependent policy © we consider the state-state transition frequencies
V™ = fo(n™). Revisiting and reveals that they do not require the policy to be
memoryless and hence it holds that f,(n™) € Eg By Lemma 3.2 there is a memoryless
policy i’ € A; such that n" = n™. This shows that the state-action frequencies that can
be achieved by history and memoryless policies agree for fully observable MDPs. m|

The approach of using state-action frequencies for the reduction to memoryless (sta-
tionary) policies can be traced back to [93] see also [236| 167] for further discussions
of history dependent policy classes and the reduction to memoryless policies for fully
observable systems.
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Beyond finite MDPs. The state-action frequencies of countable MDPs have been stud-
ied in [10] and were shown to form a compact and convex set where the extreme points
correspond to memoryless deterministic policies. This complements the results that for
finite MDPs the state-action frequencies form a polytope with vertices corresponding to
the deterministic policies. The reduction of history dependent policies to memoryless
policies like in Theorem for general state and action spaces can be found in [167].

3.2 STATE-ACTION GEOMETRY OF PARTIALLY OBSERVABLE SYSTEMS

Now that we have revisited the classic characterization of the state-action frequencies of
an MDP as a polytope we study partially observable systems. We have seen in Proposi-
tion[2.16|that the mapping from policies to state-action frequencies is a rational function.
By the Tarski-Seidenberg theorem the image of a semialgbraic map under a rational func-
tion is again semialgebraic, i.e., the finite union of polynomially constrained sets. Since
the set of policies Agl is a polytope the set of state-action frequencies N is a semialgebraic
set, however, the Tarski-Seidenberg theorem does not provide an explicit description of
the range. In this section we provide an explicit characterization of the set N of feasible
state-action frequencies via polynomial inequalities. In particular, this shows that feasible
state-action frequencies of a POMDDP form a (semi)algebraic statistical model.

3.2.1. GENERAL DESCRIPTION OF STATE-ACTION FREQUENCIES. We start with a general de-
scription of the state-action frequencies associated to a constrained policy class of a an
MDP. Note that POMDPs can be considered as a special case of constrained MDPs with

the policy class being the effective policies AS# , which form a polytope inside A*;.

Proposition 3.17 (General characterization of state-action frequencies). Consider an MDP
(S, A, a,r), an initial distribution u € Ag and a family of policies IT = X N A% and denote the set
of feasible state-action frequencies by Nit = {n™ : m € I1}. Under the ergodicity Assumption[2.14]
and the positivity Assumption |3.3|it holds that

(3.17) Nit = {n e RS (| € X} AN,
where N is the state-action polytope, see Theorem|3.5
Proof. This is a direct consequence of Lemma o

For polynomially constrained policy classes this general principle implies that also the
state-action frequencies are polynomially constrained.

Theorem 3.18 (State-action frequencies of polynomially constrained policy models). Let
(8,0, A,a,B,r) be a POMDP and let both the ergodicity Assumption and the positivity
Assumption |3.3|hold and consider a polynomially constrained policy set

H:A;m{neRSXﬂ:ﬁ(n)zOfori:L...,k}

with defining polynomials

S ()
(3.18) filn) = Z b;l) l_l n(s, )" .
s,a

j=1
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Then the corresponding state-action frequencies form a polynomially constrained set given by

(3.19) NH:Nn{qeRSXﬂ hi(m) = 0fori=1,. k},
where
i al s,a (')—am s
(3:20) i) = Z b [ Tts, o) [ o™
j=1 s,a

and p(s) = >, n(s,a), a(.i)(s) =, a?i)(s, a) and dgi) ‘= max; a@(s). It holds that

(3.21) deg(h;) < Zd() Z max Z ()(s,a).

seS ses!T " aeA
Finally, Nt is a basic semialgebraic set and Ny is combinatorially equivalent to IT.

Proof. In order to use Proposition we set
X = {neRSXﬂ : fi(r) > O for i = 1,...,k}.

By (3.17) the feasible state-action frequencies are described by the inequalities

gi(n) = fi(n(-|-)) = 0.

When f; is polynomial then g; is a rational function and takes the form

a(.i)(s,a) n a (s a)
1 I HS a
2i() = Z ()l—[( ;()S(s;l)) _Zb ns, a7

a'(s)
j=1 [1s p(s)"

where a(i)(s) = DpeaA a(i)(s a) and p(s) = X ,c4 1(s, a) denotes the state marginal. Taking

dgl) = max; 4, a! “(s) we can multiply g by [, p(s)d~ to obtain a polynomial / given by

; (i) (i)__(i)
h(n) — Z b;l) l_l T](S, a)ﬂ/ (S,H) I_I p(s)ds 11]. (S)
j=1 s,a s

such that {n € RSXﬂ gi(n) =0}={ne Rsxy‘ hi(n) = 0}.
Note that the degree of the polynomlals h; is bounded by

deg(h;) < max Z ()(s a) + Z(d(l) (i)(s))

.....

= max Zd(l) Zd(l) Zmaxz ;i)(s,a).

.....

Regarding the combinatorial equivalence, we note that Proposition implies that
the mapping W': A“;[ — N, 1 +— 1" induces a bijection of the face lattices of IT and My
according to

F ::nm{neRSXﬂ:ﬁ(n):Oforiel} - G ::Nnm{neRSXﬂ hi(n) = 0forie1}

forI € {1,...,n}. It remains to show that this bijection respects the join and meet, i.e.,
that W(F; A Fj) = Gi A Gyaswellas W(F; V Fj) = GV G forany I, ] € {1,...,n} where
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Fi AFj = FinFjand F; V Fj is the intersection over all faces containing F; and Fj. First,
we note that

\P(F[ A F]) = ‘I’(F[ N F]) = ‘I’(F]U]) = G]U] =GN G] =Gy A G].
Further, let us denote the faces of IT and Ny by ¥ (IT) and ¥ (Np1) then we have

G/ VG = ﬂ G = ﬂ W(F) =W ﬂ Fl=w(E v ).

GeF (M) FefF (IT) FeF (IT)
G[,G[QG F[,F]QF F},F]QF

O
In general, the degree of h; can be higher than the degree of f;. For example we will see
later that for linearly constrained policy models IT the resulting state-action frequencies

N1 do not necessarily form a polytope, see Example However, in the case that
2.04j(s,a) =max; Y, aj(s,a) forallj =1,...,n it holds that

. (1) _ (1) _ .
(3.22) deg(h;) < Zsl m]axza: a; (s,a) = m]axsz’a: a (s,a) = deg(fi).

Let us now come to the case of partially observable models. By virtue of Theorem it
suffices to characterize the set of state policies that can be realized for a given observation
kernel S.

Definition 3.19 (Effective policies). For an observation policy 7 € A% we call the state
policyt=mof € A‘; defined via t(a|s) = Y ,c0 T(alo)B(o]s) the corresponding effective
policy. We denote the set of effective policies by

S.B
AﬂF:{TcOﬁ:neA%} QA;
and refer to it as the effective policy polytope.

Note that A;jﬁ isindeed a polytope since it is the image of the policy polytope Agl under
the linear mapping 7 +— 7 o 5. Hence, the effective policy polytope has a description by
linear inequalities

S,
(3.23) AP = {1 e RO fi(1) = ¢y n AS,
for suitable linear functions f;(1) = 3 , bg,) Tsq-

Corollary 3.20 (State-action frequencies of POMDPs). Let (S,0, A, a, B, 1) be a POMDP,
u € As and y € [0,1] and let Assumption hold. Then we have the feasible state-action
frequencies Ny form a polynomially constrained subset of the state-action polytope N that is com-

binatorially equivalent to the effective policy polytope A“;’ﬁ . Further, if with the description (3.23)
we have
(3.24) Ny ={neR"N: gi(n) 20} NN
for the multi-homogeneous polynomials
(3-25) 81(77) = Z Z bggnsu l—l Z Ns'a? — Ci I_I Z Ns'a’,
seS; a s’eSi\{s} @’ s’eS; a’
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where S' = {s € 8 : b # 0 for some a € AY. It holds that
(3.26) deg(g) < |S| = Hs €S: bélu) # 0 for some a € ﬂH

Proof. The statement is a direct consequence of the general characterization in Theo-
rem To see the statement about the degree we use (3.21) in combination with

maxz a;i)(s,a) - {1 if b&) # 0 for some a € A

i~ 0 otherwise.

O

According to the preceding corollary, a linear inequality in the state policy polytope
A; involving actions of k different states yields a polynomial inequality of degree k in
the set of state-action frequencies N. In particular, for a linearly constrained policy model
IT ¢ A‘;, where every constraint only addresses a single state, the set of state-action
frequencies induced by these policies will still form a polytope. This shows that this
type of box constraints are well aligned with the algebraic geometric structure of the
problem. The linear constraints arising from partial observability never exhibit this box
type structure — unless the system is equivalent to its fully observable version. This is
because the projection of the effective policy polytope A“;’ﬁ onto a single state always gives
the entire probability simplex Az, which is never the case, if there is a non trivial linear
constraint concerning only this state.

A polynomial programming formulation of POMDPs. We have seen that the feasible
state-action frequencies of a POMDP - and of a MDP with polynomially constrained
policy class — are described by polynomial inequalities within the state-action polytope.
In particular, this shows that the reward optimization problem in state-action space

maximize (r,N)sxa subjectton e N

becomes a linear objective polynomially constrained program. This polynomial opti-
mization problem can be seen as a direct generalization of the dual linear programming
formulation (D-LP) of MDPs to partially observable problems.

3.2.2. ExpriciT FORMULAS FOR POMDPs witH INJECTIVE . By Corollary it suffices

to find the describing linear inequalities of the policy polytope ASP which is the image of
the policy polytope A% under the linear map  — mopf. Obtaining inequality descriptions
of the images of polytopes under linear maps is a fundamental problem that is non-trivial
in general. It can be approached algorithmically, e.g., by Fourier-Motzkin elimination,
block elimination, vertex approaches, and equality set projection [[150]. We characterize
the image of a polytope under a linear map x — Ax for the special case where the linear
map is injective, corresponding to the case where the matrix A has linearly independent
columns. As a polytope is a finite intersection of closed half spaces H = {x : vIx > a}, it
suffices to characterize the image AH. It holds that

(3.27) AH = {y erangeA:vI Aty > oc} = {y ANy > a} Nker(AT)*,

where A™ is a pseudoinverse and where we used that for y € range A the injectivity of A
implies that A*y is the unique pre-image of y.
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Let us now come back to the mapping  + m o 5. When the Markov kernels 7= and
B are expressed as row stochastic matrices, i.e., when m,, = m(alo) and Bs, = B(0]s)
the mapping takes the form m +— pmn. In vectorized form, this map corresponds to
vec(nl) = (IT ® B) vec(rt) [244, 4]. Hence the linear map is represented by the matrix
B =1® . We observe that (I ® )* = 1 ® f* [166| Section 2.6.3]. Notice that B =1® p
has linearly independent columns if and only if § does, which leads us to the following
assumption.

Assumption 3.21. The matrix € A‘g C RS*9 has linearly independent columns.

The assumption above does not imply that the system is fully observable. Recall that
if B has linearly independent columns, the Moore-Penrose takes the form g+ = (878)187.
An interesting special case is when f is deterministic but may map several states to the
same observation, which is often referred to as state aggregation. In this case,

(3.28) " =diag(ny", ..., ng)p",

where 1, denotes the number of states with observation o. Here, B, agrees with the
conditional distribution f(s|o) with respect to a uniform prior over the states; however,
this is not in general the case since f* can have negative entries.

Now we elaborate the implications of our general discussion above for the effective

policy polytope.
Theorem 3.22 (H-description of the effective policy polytope). Let (S, 0, A, a,p,r) be a
POMDP and let Assumption hold. Then it holds that

(3.29) A =uncnD=aSnUNC,

where U = ker(I ® BT)* is a subspace, C = {t € RS : Bt > 0} is a pointed polyhedral
coneand D = {t € R*A . ¥ (B T)os = 1 forall o € O} an affine subspace. Further, the face
lattices of Agl and A‘;’ﬁ are isomorphic.

Proof. Under Assumption the mapping A?{ - A;jﬁ , T+ 1o fis linear and bijective.
In particular, this map induces an isomorphism between the face lattices, see [318].

By the above discussion, if § has linearly independent columns, then an inequality
(mr,v) > 0 in the policy polytope A% corresponds to an inequality (t, (87)Tv) > 0 in the
polytope A*;.

We recall the defining linear (in)equalities of the policy polytope A2, which are given
by

1(alo) = (0o ® 04, M)oxa = 0 forallae A,0€ O and
Zrc(a|o) = (6, ® T, Whoxa =1 forallo € O.

a

Hence, by the general discussion from above, namely by (3.27), it holds that
ASE = ker(T® BT): N {r: p*r > 0} {T - > (B"0)on = 1orallo € 0}.
a
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Note that the linear inequalities },(8 7)o, = 1 are redundant in A‘;‘. To see this, we note
that *1g = 1o by the injectivity of f and 1o = 1s. Now we can check that

Z(ﬁ*”[)oa = Z Z,BgsTsa = Zﬁ; Z Tsqg = Zﬁ;s =1.

This together with ﬁ(Ag{) c Af; shows that

A;;ﬁ = A3 nker(I ® 1) n{r: p*r > 0}.

O

Explicit formulas for the feasible state-action frequencies of POMDPs. Corollary[3.20]
provides a description of the set of feasible state-action frequencies as a polynomially con-
strained set. The constraints can be computed explicitly by Theorem Indeed, the
linear inequalities describing the cone C in Theorem [3.22|are are indexed by a € A, 0 € O
and correspond to polynomial inequalities p,,(17) > 0 given by

(3.30)  pao(n) Z=Z(ﬁo+snsa [ Zns'a')= D, ( D ﬁZsf)l_[ﬂsﬂs)f

S€S, s’e€So\{s} @ f:So—=A Nsef-1({a}) S€S,

where S, = {s € § : B}, # 0}. The polynomials depend only on  and not on y, u
nor a, and have |S,||A[/SI=1 monomials of degree |S,| of the form [1ses, Nsf(s) for some
f: S, = A. In particular, we can read of the multi-degree, i.e., the vector of the degree
in the individual blocks, of p,, with respect to the blocks (15, )sca, which is given by 15, .
Note that in the fully observable case we have |S,| = 1 for each 0. Hence, each of the
polynomial inequalities has a single term of degree 1. Indeed, in this case the inequalities
are simply ns, > 0, for each g, for each s. In the case of a deterministic f3, implies
that B3, # 0 if and only if f(0[s) > 0 and hence we have S, = {s € S : f(o|s) > 0} in this
case. For each o, 4, there is an inequality Zf: S, —A |f~Y(a)| [Tses, Nsfs) = 0 of degree [S, |
equal to the number of states that are compatible with o.

Analogously to the defining inequalities, we can compute the defining polynomial
equalities in the following way, which arise from the linear equations defining U in
Theorem These linear equations occur when ker(I®B7) # {0} isnon trivial. Note that
I®B7 isinjective if and only if 7 is injective, which is again equivalent to 8 being surjective.
First, we need to compute a basis {b/}¢; of {fm : 7 € RO*AYL = ker(I ® pT) ¢ RS,
which can easily be done using the Gram-Schmidt process. Note that the defining linear
equalities of the effective policy polytope within in the state policy polytope A; are given
by (b, T)sxa = 0. Hence, by Theoremmthe corresponding polynomial equality inside
the state-action polytope N is given by g;(n) = 0, where

(331) aim =Y Y b [ D) nows

SESj a€A s’eSi\{s} a’€A

where S/ := {s € S : b}, # 0 for some a € A}.

A complete description of the set N? via (in)equalities follows from the description
of the state-action polytope N via linear (in)equalities given in Theorem (3.5). In Sec-
tion |3.3| we discuss how the degree of these polynomials controls the complexity of the
optimization problem.
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Example 3.23 (Crying baby example continued). We revisit our running example and
compute the polynomial constraints defining the feasible state-action frequencies of the
POMDP within the state-action polytope for which we have given the defining inequalities
in (3.9). In the case of the crying baby example the observation kernel takes is given by

01 02
_ S5 1 0 S
F=., (0.5 0.5) € o/

which is invertible with inverse
1 0
-1 _
=4

Let us first compute the effective policy polytope for which we apply Theorem Recall
that U = ker(I ® BT) = {0} if B is surjective and hence the effective policies are given by

—1(a1|s1) + 27(a1|s2) > 0 }

Sh _ S .p1- s = S .
A {teAy 120} {TEAﬂ. (1s1) = 21(a]s) +1 > 0

where we made the substitution 7(az|s) = 1 — 7(a1]s), see also Figure Hence, with
the observation kernel § we have the restriction of selecting an action a in state s; at least
with the probability 7(a|s1)/2 since with probability 1/2 we will hear the baby crying and
will act like we the baby was hungry.

Let us now turn towards the feasible state-action frequencies. Again, there are no ad-
ditional polynomial equalities compared to the fully observable case but only polynomial
inequalities p,,(n) > 0 with p,, given in (3.30). Note that p,.,(1) = 715, and hence the
condition p,, (1) > 0 is satisfied for a € A and any state-action frequency n € N' C Asxa
of the underlying MDP. The two remaining polynomials are given by

Pao, () = Zﬁ;llsnsa l_[ Z Near fora e A.

seS s’eS\{s} a’eA

Hence, the feasible state-action frequencies are given by

(3 32) Nﬁ - NN ne Rsx;}[ X Nsia1Msza1 — Tsya1Mspa0 + 2775111277525!1 20
277511117752ﬂ2 ~ Ns1a2Ms2a1 + Ns1a27s002 =20

see also Figure Together with the linear conditions describing the state-action poly-
tope given in the reward optimization problem in state-action space of the
POMDP takes the form
20ms,a, + 10ns,0, — Nspa, — 10ps; =0
=10ns,4, + 10154, + 111554, — 10ps, =0
maximize —107s,4, — 15,0, Subject to NsyayNsaay — NsyayNsaan + 2Ms1axNsyay = 0
25101 s, = NsraxNszar + NsyaNspa, 2 0
Nsiar Ms1a2s Nszars Nsaar 2 0.
This polynomial program can be seen as an extension of the dual linear program

describing reward optimization in the fully observable case, which is given by (3.10) in
this specific example.
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Observation policies State policies State-action frequencies

1 A | A |
o o s ,
. - TT 5 . Aﬂ o Tr Asxa
I TIH—T(O u‘;‘
B R e :
b linear i e A rationa n
I > I > Nﬁ N
0 H(ﬂ1|01) 1 0 T(a1|51) 1

Ficure 3.2. Shown are on the left the observation policies A9 in the mid-

dle the effective policy polytope A;jﬁ inside the polytope of state policies
A‘; and on the right the corresponding state-action feasible state-action
frequencies N? inside the state-action polytope N inside the probability
simplex Agx#, which is a tetrahedron in this case.

3.2.3. STATE-ACTION FREQUENCIES FOR DETERMINISTIC OBSERVATIONS. Here, we study de-
terministic observations, i.e., the case where the observation kernel § € Ag N {0,1} has
binary entries. This case is often referred to as state-aggregation and is a classic way to
reduce the size of the state space of MDPs [42, 241} 173]. If  has no zero column — a zero
column would correspond to an observation that is observed with zero probability — it
satisfies the rank Assumption[3.21} We first elaborate the implications of our general anal-
ysis for this important case. Then we provide an alternative characterization describing
the feasible state-action frequencies via products of varieties of rank one matrices.

In the case of deterministic observations f§ corresponds to a mapping ¢ = gg: S — O
satisfying B(o|s) = 0,¢(s) and we can compute all polynomial constraints in closed form.
Let us again write S, == {s € S : B(o]s) > 0} = gﬁl({o}) C S, then by Theorem@a

p if and only if

policy 7 € A; belongs to the effective policy polytope A;j
(3.33) t(als1) = t(alsp) forallsi,sp € S,,a € A,0¢€0.

Note that this can be encoded in ), | A|(|S,| — 1) = |A|(|S| — |O]) linear equations; indeed
if we fix s, € S,, then (3.33) is equivalent to

(3.34) t(als) — t(a|s,) =0 foralls € S, \ {so},a € A,o0 € 0.
By Corollary for ) € N it is equivalent to lie in N* or to satisfy

(3.35) pe.(1) = Nsa Z Ns,a’ — Nsoa Znsa/ =0 forallseS,\{so},aeA,o0€0.
a’ a’

Note that in this case, there are no polynomial inequalities; this can also be seen from (3.28)
and (3.30). We collect this finding.

Corollary 3.24. For deterministic observation B, fix an arbitrary action a, € A and an arbitrary
state s, € Sp, = {s € S : B(o|s) > 0} for every o € O. The set of feasible state-action frequencies
NP can be described as the intersection NP = N N Y, where

Y = {17 eRA: po(n)=0forallo e 0,a e A\ {a,},s €S, \ {So}}/
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and the polynomials p?, are given in (3.35). Further, Y is a complete intersection of these
polynomials, i.e., codim(Y) = [A|(|S| - |O)).

Where the corollary above is a consequence of the general theory established before
we now provide a new description that is specific to deterministic observations.

Theorem 3.25 (Feasible state-action frequencies). Let the ergodicity Assumption2.14and the
positivity Assumption hold. For deterministic observation [ the set of feasible state-action
frequencies NP is the intersection NP = N N X, see Theorem and X is the product of real
determinantal varieties

X = {17 e RS*A . Nsalls'ar = NsarNsra = 0Va,a’ € Aand s, s’ € S with gp(s) = gﬁ(s’)}.

Proof. In the light of Corollary it suffices to show X N N = Y N N. Since pJ, is a
linear combination of 2 X 2 minors, we have the inclusion X € Y. On the other hand,
equation together with the positivity Assumption[3.3]implies the linear dependence
of the two vectors
(nsu)a/ (T]soa)a eRA

for every observation o and state s € 5,. Consequently, every 2 X 2 minor in the definition
of X vanishes on Y N N. This shows the desired inclusion ¥ "N € X N N, which finishes
the proof. m]

The state-action polytope N is given by the intersection N' = Agx #aN.L, see Theorem|[3.5|
Hence, the variety £ N X encodes the polynomial equalities defining A* and we call
L N X the state-aggregation variety, where L is the affine space describing the state-action
polytope, see Theorem Note that X is determined by the condition that for every
observation o the d, X n4 submatrix (Usa)sesa, q.ca Of 17, consisting of all entries 15, with
gp(s) = 0. Hence, X is equal to the product [],co Df "7 of determinantal varieties of
rank one matrices of size d, X n4.

3.2.4. STATE-ACTION GEOMETRY OF MULTI-AGENT SYSTEMS. In an MDP only a single agent
makes a decision, however, in many settings multiple agents simultaneously act in an
environment, which is modelled by multi-agent POMDPs, which are sometimes also
referred to as decentralized POMDPs [224), 225]]. These models lie at the heart of multi-
agent reinforcement where in particular the communication between agents has received
huge attention lately. Here, we study the case of decentralized policies, i.e., where
groups of agents make their decision collectively but independently from all other groups.
However, more general (conditional) independence structures can be studied.

Definition 3.26 (Multi-agent MDPs and decentralized policies). We callanMDP (S, A, a, r)
amulti-agent MDP (MA-MDP) with n agents, if the action space factorizes into n according
to A = H?:l A;. Consider a partition (vi)f.‘zl of {1,...,n},i.e., acollection of disjoint sub-
setsv; C {1,...,n} such that Ule vi={l,...,n}. Fori=1,..., kweset A, = Hjev,- A
and a,; = (aj)jey; for a = (a1,...,a,) € A. We call a policy n € A‘;[ decentralized with

.....

k

(3.36) ni(als) = l_[ ni(ay,|s) forallae A,s €S.
i=1

If v; = {i} then we simply call such a policy decentralized.
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Note that a factorization of the form (3.36) exists if and only if the actions a,, are
made independently from another. We also introduce partially observable multi-agent
problems.

Definition 3.27 (Multi-agent POMDPs and decentralized policies). We call a POMDP
(S,0,A,a,B,r) a multi-agent POMDP (MA-POMDP) with n agents if the action and
observation spaces factorize into n factors, i.e, A = []}; A; and O = []/; O;. For
a partition (Vi)i.‘:l of {1,...,n} we call a policy n € qu decentralized with respect to

/////

k
(3.37) n(alo) = | | milaylo,,) forallaeA,0€0,
i=1
where a = (ay,...,a,), 0 = (01,...,0,) and ay; = (aj)jev;, 0v; = (0f)jev;- If vi = {i} then
we simply call such a policy decentralized.
We denote the set of decentralized policies with A%dec ¢ A9 and similarly we write

A‘;’dec c A‘;[ for the decentralized policies in a multi-agent MDP. We denote the corre-
sponding state-action frequencies by

NBAec = {17” ‘TE A;’dec} Cc N and Nde© = {r]” ‘T E A‘;’dec} CN.
In the following we provide characterizations of the sets N#4¢¢ and Ndec,

Notation. For a subset I C {1,...,n} and a € A we use the notation a; := (a;);c; as
well as ‘A; = [];¢; Ai. We denote the marginal policies by

(3.38) 71 +(aro) = Z n(alo) foralla; € Ay o0 € O.

aeA
ar=aj

If I = {i} we write a; and 7; + and for I = {1,...,n} \ {i} we write a_; and 7_; ;. for a;
and 77, respectively. We adopt a similar notation for multiple index sets, e.g., for disjoint
I,] €{1,...,n} we write 1t j ;. for the corresponding marginal policy.

In a multi-agent problem can be captured by the following sequence of mappings

MLAy = AG - A5 - N - R

(3.39)
(Mi)i=1,.k = m = 1T > 11— R(n).

For a decentralized policy 7 € A% it holds that m,, +(a,,|0) = mi(ay,|0,;), which shows
in particular that the parametrization (r;) = 7 of decentralized policies is a Lipschitz
homeomorphism. In particular this implies that the dimension of decentralized policies

is given by dim([—[f:1 Ai.lvf) Further, this yields that

k
(3.40) ni(alo) = rl Ty, +(ay;l0) foralla € A,o0 € 0.

i=1
Hence, since for a decentralized policy 7, +(a,,|0) does only depend on o,, we can choose
mi(ay,]0y;) = 1y, +(ay,]0") for some o’ € O with o], = 0,,. Note however that (3.40) alone
does not imply that 7 is decentralized. However, if in addition
(3.41) T, +(ay;|0) = 10y, 4 (ay;|0”)  forallo,0” € O witho,, =0,
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is satisfied then surely 7 is decentralized with 7; = 7, 4. Overall, this implies that a poliy
T E Agl is decentralized if and only if it satisfies (3.40) and (3.41).

The fully observable case. For a decentralized policy 7 € AS, all agents indexed by v;
select their actions independently from all other groups v; of agents. Such independence
relationships can be described by the vanishing of 2 X 2 minors of marginals of the
probability distribution [275]. In our case this yields the following characterization.

Proposition 3.28 (Characterization of decentralized policies). Consider a multi-agent MDP

-----

.....

For the state-action frequencies we use an analogue notation to policies, e.g.,

ni(s,ar) = E n(s, a)
aeA
ar=ajy

and analogously for multiple index sets.

Theorem 3.29 (State-action frequencies of decentralized policies in a MDP). Consider a
multi-agent MDP (S, A, a, r) with n agents and a partition (vi)i=1,. x of {1,...,n} and let the
positivity Assumption[3.3\hold. Then 1 € N is the state-action frequency of a decentralized policy
if and only if

(3.43) My,+(s, a1, ay) - 1uy,+(s,ap,a7) = ni,,4(s, ar,a7) - 01,4 (s, a3, a7) = 0

. Hence, we have N9 = X N N, where

.....

(3.44) X = {17 e RS . B43) holds forall a,a’ € A,s € S,1,] € (vi)iz1 n} .

rrrrr

Proof. The condition (3.42) characterizes decentralization in fully observable multi agent
problems. Note that this is homogeneous polynomial condition that only addresses
7t(:|s). Computing the corresponding equations in state-action space using the substitu-
tion 7t(als) = (s, a)/p(s) and multiplying the resulting equation by p(s)? > 0 yields the
claim. O

We have seen that the state-action frequencies of decentralized policies are described
by the same polynomial equations as the decentralized policies, in particular, they are
also of degree 2. This is a due to the homogeneity of the constraints, see also (3.22). Note

that the dimension of the set of decentralized policies and under Assumption also of
the corresponding state-action frequencies is given by

k k
= > IS10A -1 = Y ISI| [ Al -1
i=1 i=1

jEVi

k

l_l A;vi

i=1

(3.45) dim

If all agents share the same action space A; = A then the dimension is given by

(3.46) Zk:|3| (|A||Vi| - 1) .
i=1
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In particular, in the two extreme cases of centralized policies, i.e., k = 1 and decentralized
policies, i.e., k = n we obtain the dimensions |S|(|A]" — 1) and n|S|(JA| — 1). Note that
the dimension grows exponentially in the number of agents if they act centralized and
only linearly when they act in a decentralized way.

Characterization for multi-agent POMDPs. For the partially observable case we can
obtain an analogous description for the feasible state-action frequencies N4

Proposition 3.30 (Characterization of decentralized policies). Consider a multi-agent POMDP

.....

(3.47) nj,+(a1, aglo)ny+(ay, ajlo) = 1y +(ar, ajlo)myy,+ (a1, ajlo) = 0
forall ay, a; € A, a],a} €eA,0eSandl,] € {vi}i=1,. nand
(3.48) nty,+(arlo) = 1y +(arlo’)

forall a; € Apand o, o0’ € O with oy = o} forall I € {vi}i=1,. n-

Proof. It is immediate to check that (3.47) and (3.48) hold for decentralized policies.
Let us now assume that (3.47) and (3.48) hold. It is well known that (3.47) is equivalent
to the independence

k
n(alo) = [ | v+ (av,lo)
i=1

for all a € A, 0 € O, see for example [275]. Together with (3.48) it is clear that a
factorization of the form (3.37) can be obtained via 7, (ay,|0y,) = 7y, +(ay,|0") for some
0’ € O with o}, = oy,. ]

Theorem 3.31 (State-action frequencies of decentralized policies). Consider a multi-agent
POMDP (S,0, A, a, B, r) with n agents and a partition (vi)i=1,_r of {1,...,n} and let the
positivity Assumption |3.3|and the rank Assumption hold. Then n € NP is the state-action
frequency of a decentralized policy if and only if

foralla,a” € A,0€0,1,] € (vi)i=1

.....

(3.50) g0 () = q87° ()

forall a; € Ay, 0,0" € O with oy = o) and I € (vi)i=1,...,n, Where

.....

(3.51) Poam= D, DBl || D mea

, a’eﬂ/( seS s’e€S,\{s} deA
aI:aI,a]:a]

and

(352) =) > Banse || Dl
a:eﬂ seS s’€(SoUSyr)\{s} deA
a,=aj

1
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where S, = {s € S : B, # 0}. Hence, we have NBAdee = X N NP where

X = lpc RS*A (3.49) holds forall a,a’ € A,0 € O,1,] € (Vi)i=1,..n
" " (8.50) holds for all a; € Ay, 0,0" € O with oy = 07,1 € (Vi)i=1,..n |

Proof. Just like in the case of single agent partially observable Markov decision processes
we can compute the policy 7 € A% from the state-action frequency n € N according to

Nsa
(3.53 n(alo) = R
) (alo) = > B S

seS

where * denotes a pseudoinverse of the observation kernel g € A‘g C RSX9, Substituting
7 in (3.47) and (3.48) according to (3.53) and multiplying the resulting rational equations
by the suitable marginals }’,c 4 1ss to obtain a polynomial condition we obtain (3.49)

and (3.50). O

In contrast to the fully observable case the degree of the defining equations in
state-action space do not necessarily agree with the degree of the defining equations
and in policy space. Indeed, we have deg(pg, ;) < IS,| and deg(q%”") < |S, U Sy|
and hence the degree of is upper bounded by 2|S,| where the degree of is
upper bounded by |S, U S |.

Like in the fully observable case we can compute the dimension of the state-action
frequencies of the decentralized policies

k k
[12% | =S [To [ it -1 ).
i=1

i=1 jev,- jEV,’
In the case that all agents share the same action and observation space, i.e., A; = A and
O;=0Oforalli=1,...,k the dimension is given by

(3.55) Zk:|0||Vfl (|A||Vi| - 1) :
i=1

In particular, in the two extreme cases of centralized and decentralized policies the re-
spective dimension given by |O|" (|A|" — 1) and n|O| (|A| = 1).

(3.54) dim

Proposition 3.32 (Effective decentralized policies are decentralized). Consider a multi-
agent POMDP (S,0, A, a,B,r) and let m € A% be decentralized with respect to (vi)i=1,. k

Proof. We perceive the policy 7 as a graphical model and borrow from the theory of
conditional independence for graphical models to show that {v;} are independent under
7(-|s) for every s € S. Consider the case of complete decentralization, i.e., v; = {i}. Then
for u € int(Ag) the decentralized policy m induces a joint distribution & € Agxoxsa on
S X O x A according to &(s,0,a) = u(s)p(ols) [1iL; mi(ailo;). This distribution is Markov
with respect to the graph shown in Figure[3.3} Then a; and a4, are d-separated given s and
hence a; and a; are independent given s, see [158, Theorem 3.3]. Note that a factorization
of the form (3.36) exists if and only if the i-th and j-th action are taken independently,
which shows that 7 is decentralized. For general partitions the argument is analogue. O
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Ficure 3.3. Graph describing the decentralized policy.

Factored jointly fully observable models. Finally, we consider the special case of
multi-agent POMDPs where we assume that also the state space factorizes according to
S = [1.,Si. We call such problems factored. For example, s; € S; could encode the
position of the i-th agent. We call a factored multi-agent POMDP jointly fully observable if
the i-th agent observes its own state, i.e,if O = Sand g = 1.

Note that in the context of multi-agent POMDDPs this is not equivalent to the corre-
sponding multi-agent MDP since for a decentralized policy in the sense of the POMDP
Uss A‘;{ every agent selects its action solely based on its individual state. Hence, policies

T E A; that are decentralized in the sense of the POMDP admit a representation of the
form

k
(3.56) n(als) = | [ mianlsy)
i=1

. Sy; . . . . .
for some policies 7t; € A_'. In contrast if a policy € A; is decentralized in the
underlying multi-agent MDP every agent has access to the entire state tuples = (s1,...,5,)

and hence we require
k

(357) n(als) = | | milauls)
i=1

for some 7; € A‘;[ . If we assume that all agents share the same state and action space, i.e.,

S;=Sand A, = ZA then in the jointly observable case the dimension of the state-action
frequencies and the decentralized policies is given by

(3.58) Zk:|5|iw| (|A||V"| - 1) .
i=1

In the case of centralized and completely decentralized policies the dimension is given
by [S|"(|A]" — 1) and n|S|(|A| — 1) respectively. Note that in the corresponding fully
observable MDP the respective dimensions are given by |S|"(|A|" — 1) and n|S|"*(|A| - 1).

For a jointly observable multi-agent problem the defining equations in state-action
space simplify significantly as * = I and S, = {0} for 0 € O = S. Hence, in the notation
of Theorem we obtain

szl,a,(ﬂ) = Z Nsa’ = T]I,],+(S, ar, El])
a’eA
a;:m,a}:a]
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and

1-6,4 16,
QZ}S/(U) = Z Nsa’ * (Z Us’d) = T]I,+(S, (11) . (Z T]S/g) .

a’€A aeA aeA
ll;:ll]

Hence, the defining equations take the form

(3.59) NLy+(8, a1, a)n1,y,+(s, a3, a7) =01+ (s, a, apni (s, ap, ap) = 0
and
(3.60) n1,+(s, ar) (Z T]s’&) = 11,+(s", ar) (Z 7]5&)

aeA aieA

foralls,s’ € S with s # s’ and s; = s;. In particular, other than in the general partially
obseravble case these are quadratic equations.

3.2.5. CoNcLUSION AND OoUTLOOK. In this section we have showed that the feasible state-
action frequencies of partially observable Markov decision processes as well as of (fully
and partially observable) multi-agent Markov decision processes can be characterized
by polynomial inequalities. This characterizes these frequencies as a polynomially con-
strained subset of the probability simplex and hence as a semialgebraic statistical model.
Further, this implies that reward optimization in any of these models is equivalent to a
polynomially constrained linear objective program that generalizes the dual linear pro-
gram associated to an MDP. We provide an overview over the different characterization
and correspondences between inequalities regarding policies and state-action frequencies
obtained in this section in Table

We give a complete characterization of the state-action frequencies achievable with
memoryless stochastic policies and believe that the following two directions provide
natural continuations of this work:

o Geometry of memory: Where we have focused on memoryless stochastic policies
a complementary study for finite memory policies could provide important
insights into the design of memory. An obvious approach to this is to augment
the state space with a finite memory and apply the results obtained here.

o Geometry of value functions of POMDPs: Further, we believe that studying the
geometry of the set

VP={V":neAQ} CRS

of value functions of partially observable Markov decision processes would
complement our analysis of the state-action frequencies nicely. Note that for
fully observable problems the set of value functions has been characterized as a
finite union of polytopes [81} 304, 289], which has been used to design optimal
representations [44]. In contrast to state-action frequencies the policy can not
be reconstructed from its (state-action) value function. Therefore, the approach
taken here for the characterization of the feasible state-action frequencies can
not be transferred naively.
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(In)equalities of policies (In)equalities of state-action frequencies

A; is described by N;f is described by
7(als) = 0 n(s,a)=0
Row normalization:
MDPs 3, t(als)—1=0 -
B Discounted stationarity:
ts() =0
B Fory =1:
Zs,a MNsa — 1=0
A‘;’ﬁ is described in A; by NP is described in N by
Linear (in)equalities Polynomial (in)equalities

See Subsection See Subsection
POMDPs Closed form under Assumption Closed form under Assumption 5.211

See Theorem See (3.30) and (3.31)
Closed form for deterministic observ.: Vanishing of some 2 x 2 minors
See (3.33] See Theorem [3.25
A;Jdec is described in A by Ndee is described in N by
Vanishing of 2 x 2 minors Vanishing of 2 x 2 minors
MA-MDPs of marginals of marginals
See Proposition (3.28 See Theorem [3.29
A;’dec is described in A9 by NBAee is described in NP by
Vanishing of 2 X 2 minors
MA-POMDPs |  of marginals and linear equations Polynomial equations
See Proposition (3.30 See Theorem@

TaBLE 3.1. Correspondence of the defining linear and polynomial inequal-
ities of the policies and the (feasible) state-action frequencies for MDPs,
POMDPs, MA-MDPs and MA-POMDPs respectively.

3.3 NUMBER AND LOCATION OF CRITICAL POINTS

In this section we use the reformulation of the reward optimization problem as a poly-
nomially constraint linear objective problem to gain regarding the optimization problem
encountered in POMDPs. We apply tools from algebraic statistics and applied algebraic
geometry to describe the (algebraic) complexity of the reward optimization problem.
Again, we perceive the reward maximization problem as the maximization of a linear
function pg over the set of feasible state-action frequencies N¥, which is a polynomially
constrained subset of the state-action polytope N, see Corollary and Theorem
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Since under Assumption the parametrization m +— 71" is injective and has a full-
rank Jacobian, see Lemma the critical points of the reward function R in the policy
polytope A% correspond to the critical points of pg on Nf [281]. In general, critical points
of this linear function can occur on every boundary component of the semialgebraic
set NP. The optimization problem thus has a combinatorial and a geometric component,
corresponding to the number of boundary components of each dimension and the number
of critical points in the interior of any given boundary component. We have discussed
the combinatorial part in Theorem and focus now on the geometric part. Writing

NP = {’IGRSXﬂZPi(n)ZOforieI},

we are interested in the number of critical points of the reward optimization problem,
which in state-action space takes the form

(3.61) maximize po(n) subjectto p;(n) >0foriel.

We call a point 1 (primal) feasible if it satisfies p;(n) > 0 for all i € I and further we call
a feasible point 7 critical if there exists x € Rlzo such that (1), ) solves the Karush-Kuhn-
Tucker conditions (KKT conditions)

(KKT) Vo + > wiVpi(n) =0,
i€la(n)

where I,() == {i € I : pi(n) = 0} denotes the constraints that are active at 1. We refer to
the non negativity condition x; > 0 as the dual feasibility condition.
The number of critical points on the interior of a boundary component

int(Fy) = {neNﬁ:pj(n)=0forj €J,pi(n) > 0fori EI\]},

provides an upper bounded by the critical points over the variety
V= {r] e RSA :pj(n) =0 for j E]}.

For the case of an equality constrained optimization problem the KKT system (KKT)
reduces to the Lagrange system

(L) Vpo(n) + D AjVp;(n) =0
et

for some A € R/, where the Lagrange multipliers A; are allowed to have arbitrary signs.
Hence, we can upper bound the number of critical points in the interior of the face Fj by
the number of critical points of the polynomial optimization problem

(3.62) maximize po(n) subjectto p;(n) =0forj € ].

An upper bound on the number of critical points of the original inequality constrained
problem (3.61) can be obtained by iterating over the individual boundary components.
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Solutions of the KKT system vs the Lagrange systems. First, we note that every
primal feasible point n that is critical does indeed solve the Lagrange system for
] = I.(n). Hence, when obtaining upper bounds on the number of solutions of the
Lagrange systems over the individual boundary components does in fact yield an upper
bound on the number of critical points.

However, not every solution (17, 1) € V; XR/ of one of the Lagrange systems is a critical
point. First, it is not clear whether the Lagrange multipliers A; can be chosen non negative
and further n might not satisfy the primal feasibility conditions p;(n) > 0.

If (7,A) € V; X R/ solves the Lagrange system then it surely solves the KKT
system without the dual feasibility condition x > 0 and vice versa.

Note that there are choices | C I such that the corresponding variety V} is non-trivial
but contains no feasible points. Such choices of | can be excluded when combining
the bounds on the number of solutions of the Lagrange systems. If this is done then
then the upper bounds aggregated over the choices of | such that V; contain feasible
points will provide a tighter upper bound on the number of critical points than the
number of solutions of the KKT system (KKT). In a general setting it is hard to decide
whether V; contains a feasible point. When the boundary components of the feasible
set {n : pi(n) > Ofori € I} are known then this can be done efficiently. In the case of
state-action frequencies the boundary components are one to one to the faces of the policy
polytope A9, see Corollary

Overall we have the following chain of inclusions, which are also visualized in Fig-

ure3.4t

(3.63)
{critical points} = {primal and dual feasible solutions of (KKT)}

C {primal feasible solutions of (KKT)}

= {primal feasible solutions of (L)}

C {solutions of (L) for ] C I such that V} contains feasible points}
C {solutions of (L)) for some | C I}

= {solutions of (KKT)}.

3.3.1. THE ALGEBRAIC DEGREE OF POLYNOMIAL OPTIMIZATION. For the sake of notation,
let us assume that ] = {1,...,m} from now on. We try to present the results from
the theory of algebraic degrees that we use here and refer the interested reader to the
excellent introduction in [64] and the references therein. Although in practice, we mightbe
interested in the number of real critical points we consider the problem over the complex
numbers, which gives an upper bound on the number of real critical points. Working
over the complex number has the advantage that the number of solutions of a system of
polynomial equations is constant under suitable genericity assumptions. Here, we say
that a property holds for a generic point if there is an open and dense subset (usually of
full measure) such that the property holds for all points within this set; we say a property
holds for a generic polynomial if it holds for generic coefficients.

Let us consider the polynomial optimization problem (3.62), where we do not require
po to be linear. Further, denote the number of variables by 7 (in the case of state-action
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Ficure 3.4. Schematicillustration of the feasible region (gray) and objective
gradient (arrow) of a polynomially constrained linear program showing
(i) the primal and dual feasible solutions of (red pentagons), (ii)
the ptimal feasible solutions of or equivalently (L) (red pentagons
and green hexagons), (iii) solutions of for some | C I such that V;
contains feasible points (red pentagons, green hexagons and black points)
(iv) solutions of (L) for some | C I or equivalently (any marked point).

frequencies n = ngn ) and denote the degrees of py, ..., pm by do, ..., dy. Again, a point
is critical, if it satisfies the KKT conditions

(KKT) Vpox) + D AVpi(x) =0, pi(x) =+ = pulx) =0,
i=1

for some A € C", which is a system of polynomial equations in (x, A). The number of
complex solutions to those criticality equations, when finite, is called the algebraic degree
of the problem. The algebraic degree is determined by the nature of the polynomials
po, ..., pm and captures the complexity of the optimization problem as the coordinates
of critical points can be shown to be roots of some univariate polynomials whose degree
equals the algebraic degree and whose coefficients are rational functions of the coefficients
of po, ..., pm, see [163, 31]. A special case of is when m = n and the polynomials
pi,...,pm are generic. Then by Bézout’s theorem there are exactly d; ---d, isolated
points satisfying the polynomial constraints and all of them are critical and hence the
algebraic degreeis precisely d1 - - - d;, [280]]. If the polynomials py, . . ., p; define a complete
intersection, i.e., the co-dimension of their induced variety is m + 1, the algebraic degree

of (3.62) is upper bounded by
(3.64) dy---dy, Z (dg— 1)+ (dy — 1),
g+ +iy=n—m

and this bound is attained for generic polynomials [221} 64]. For non-complete intersec-
tions, the expression (3.64) does not need to yield an upper bound if some constraints
are redundant. However, we can modify the expression to obtain a valid upper bound.

72



Indeed, if | and ¢ = n — [ denote the dimension and co-dimension of

V= {x:pl(x):~~=l7m(x):0}

and if pg is generic and if the degrees are ordered, i.e., d; > --- > d,;, then the algebraic
degree is upper bounded by

(3.65) di--de Z (do = 1)+ (do — 1)e.
ig+-+ic=I

When the polynomials are not generic, then this provides an upper bound on the number
of isolated critical points. To see this, fix a subset ] C {1, ..., m} of cardinality ¢, such that

V={x:pj(x)=0forje]}
Then we can apply the bound from (3.64) and evaluate it to be
[14 D> @-vo-]]@-17,
jel g+ ij=n—c jel

which is clearly upper bounded by (3.65). If py is linear, then dy = 1 and the expression
simplifies to
dy---d, Z (d1 — 1) (de — 1)k,
i1+e+ic=l
If further d; = 1 for i > k for some k < ¢, then we obtain
(3.66) di-ede DL (d =11 (de =1

i1++ig=I

3.3.2. UPPER BOUNDS FOR INVERTIBLE OBSERVATION MATRIX. Here, we apply results from
the general theory of algebraic degrees to the case of invertible observation matrices, which
yield an explicit expression of the polynomials constraints defining the set of state-action
frequencies. If the observation matrix is invertible we have seen in Subsection that
there are no polynomial equalities but only inequalities with polynomials given in (3.30).

Theorem 3.33. Consider a POMDP (S,0,A,a,B,r), v € [0,1) that B € RS*O js invertible,
and that the positivity Assumption[3.3|holds. For I € A x O consider the following set of policies

int(Fy) = {T( € A% :1i(alo) = 0 ifand only if (a,0) € I} ,
which is the relative interior of a face F; of the policy polytope. Let
O :={0€0:(a,o) el forsomea}

and set ko, == |{a € A : (a,0) € I} aswell as d, := |{s € S : B} # 0}|. Then, the number of
isolated critical points of the reward function on int(F) is at most

(3.67) (]_[ di:o). Z ]_[(do—l)"o,
0€0 Yoeo fo=10€0

wherel = ng(ng — 1) — |1
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Proof. The face Gr of the effective policy polytope corresponding to F; is given by
int(Gy) = {T € AP (B )00 = 0 & (a,0) € 1} .

Using the explicit formulas from Subsection [3.2.2]and in particular (3.30) it holds that
NE={neN:psn)=0forallacA,oec0},

where

Pao(n) = Z (,Boslnsa l_l Z r]s’a’)

SES, s’€S,\{s} @’
and S, = {s € S: ﬁ;} # 0}. Then, F; and Gy correspond to the boundary component
int(Hy) = {n € N¥ : pao(n) = 0 & (a,0) € I}
= {n € N : pao(n) > 0 and equality if and only if (a,0) € I}

of the set N of feasible state-action frequencies. In order to use the explicit description
of the state-action polytope N given in Theorem (3.5), we remind the reader that

ES(T]) = Z Nsa =Y Z ns’a’a(sls,/ 11') -(1- V)Hs

aeA s’eS,a’eA
Then, it holds that

_ Pao(1) = 0 and equality if and only if (a,0) € I
int(Hy)=<n € R‘ggﬂ . )
l(n)=0forseS

Since the state frequencies are all positive by Assumption for n € int(H) it holds
nse = 0 if and only if 7(als) := n(als) = 0. Note that 7 = © o p for some 1 € A% by
assumption and thus for n € int(H) it holds that 5, = 0 if and only if

0= 1(als) = } plols)n(alo),

which holds if and only if (4, 0) € I for every o € O with f(o|s) > 0. Hence, if we write
J={(s,a) e SxA:(a,o0) €lforall o € O with(o[s) > 0},
we obtain
Nsa > 0 and equality if and only if (s, a) € ],
int(Hy) = {n € RS . ts(n)=0fors €S,
Pao(1) = 0 and equality if and only if (a,0) € I

The number of critical points over this surface is upper bounded by the number of critical
points over

Nsa = 0for (s, a) €],
Vi={neR¥A: g =0forses,
pao(n) =0 for (a,0) €1

Now we want to apply (3.66) and note that the objective pg = (r, -)sx# is generic. Further,
we see that there are |I| non-linear constraints and hence in the notation of (3.66)) have
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k = |I|. Further, we can calculate to dimension and co-dimension of V; as follows. Note
that F; — Vi, m = n™ is a parametrization of V (it parametrizes a full dimensional subset
of V;), which is injective and has full rank Jacobian everywhere. Hence, we have

I = dim((VI) = dil’n(FI) = 1’13(1”15;( - 1) - |1| =nsnax —ns — |I|

The co-dimension of V; is given by nsng — dim(V;) = ng + |I| and with the notation
from (3.66), we have ¢ = ng + |I| > k. Further, it holds that deg(p,,) < d, and using (3.66)
yields an upper bound of

[[do- >, []@-ve=]]de- >, []@d-D",

(s,0)el a0yl Jao=l (a,0)€l 0e0 Yoco io=10€0

which finishes the proof. m|

Remark 3.34 (The mean reward case). Theorem can be generalized to the mean
reward case, i.e., to the case of y = 1 with some adjustments. Indeed, the proof can be
carried out analogously, however, the characterization of N has the extra linear condition
that 3., 1sa = 1, see also Theorem[3.5 In the mean reward case we have with the notation
from the proof above

Nse > 0 and equality if and only if (s, a) € ],
int(HI) =3nE€ RSX?( : fS(T]) =0fors €S, Zsa Nsa =1,
Pao(1) = 0 and equality if and only if (a,0) € I

Hence, the upper bound in (3.67) remains valid if we set

(3.68) [:=dim {n cpoxa, e =0for(s,a) €], L(n) =0fors €8, Yy nea = 1, }

Pao(n) = 0for (a,0) €1

In the discounted case we obtained an explicit formulation for [. In the mean case the value
obeys a case distinction depending, in particular, on whether the constraint }’,, s, = 1 is
redundant with respect to the constraints ¢;(1) = 0. However, the value can be computed
from the above expression (3.68) in any given specific case.

Corollary 3.35 (Critical points of MDPs). Consider an MDP (S, A, a, ), vy € [0,1) and let
Assumption holds. Then, every isolated critical point 1 € A; of the discounted expected
reward function is deterministic.

Proof. We evaluate the bound of Equation and have O = § in this fully observable
case. If the face is not a vertex, then the corresponding index set I C A X O satisfies
[I| < np(na —1) and thus in the notation from Theorem 3.33]it holds that I > 0. Note that
d, = 1 for every o € O and hence there is at least one factor in the product in that
vanishes and so does the whole expression in (3.67). m|

The result above strengthens Theorem which ensures the existence of a determin-
istic optimal policy.
Example 3.36 (Crying baby example continued). Let us revisit the crying baby example
and discuss the implications of the bound on the number of critical points given in
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Theorem @ First, recall that the observation matrix g € Ag is invertible with inverse

S1 S2
-1 _ 01 1 0
Fr=. (—1 2)

and hence in the notation of Theorem we have d,, = 1 and d,, = 2. Consider first
the interior of a face F for which we assume that 7t(a|o2) > 0 for a € A or in other words
ko, = 0 and consequently O = {o1}. Then ! = ng(nz —1) - |I| =2 -k, =1 > 0 since
ko, =2 would imply m(a1|o1) = m(az]01) = 0, which would correspond to the empty face.
Now the second factor of becomes (d,, —1)! = 0 and hence there is no critical point
if ko, = 0. Note that for any non empty face k,, < 1 and hence for generic reward vector
r there can only be a critical policy if ko, = 1, i.e., if the face only contains policies, which
are deterministic on 0,. In this particular case this strengthens Theorem [2.30| that assures
the existence of an optimal policy, which is deterministic on 05.

Let us now consider the case k,, = 1, then either k,, = 0 or k,, = 1. In the case that
ko, = 0we have O = {02}, I = 1 and hence the bound evaluates to

ko
o (doy, — 1) = 2.

If ko, = 1, the face consists of a single deterministic policy and the bound evaluates to 2.

Remark 3.37 (Geometry around the critical points). The key argument in the proof of
Theorem is that a critical point 7 € A% of the reward function corresponds to a
critical point ) of a linear function over a multi-homogeneous variety V. A closer study
of this variety would shed light into the geometry of the loss landscape around the critical
points, which has important implications for gradient based methods.

Remark 3.38 (Efficient design of observation mechanisms). The bound could be
used to design observation mechanisms in such a way that the reward function has
the least critical points, which would potentially make the system more approachable
for gradient based methods. Consider two observation kernels §," € A‘g satisfying
1B(-1s) = B'CIs)llTy = 2olB(ols) = B'(o]s)|/2 < € for every s € S. Then if m € A% is
an optimal policy of (S, A,O0,a,p’,r), then it is a 2ey||r||w/(1 — y)-optimal policy of
(S,A,0,a,pB,r),see [239]. Hence, if B does not fulfill the invertibility assumption made
in Theorem [3.33|an arbitrary small perturbation of it does (given that § is a square matrix)
and hence Theorem [3.33| provides an upper bound on the number of critical points of an
approximate problem. Further, note that the faces, which are guaranteed to contain an
optimal policy by [204] might be considerably fewer for the POMDP (S, A, O, a, ', 7).
The bound could be used to identify the best perturbations of a given magnitude
to obtain a problem with a minimal number of critical points.

3.3.3. UPPER BOUNDS FOR DETERMINISTIC OBSERVATIONS. In this section, we study the
critical points of the reward optimization problem with deterministic observations.

The description of the set of feasible state-action frequencies N* obtained in Corol-
lary [3.24implies that the reward maximization problem in state action space is
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the following constrained polynomial optimization problem:
(3.69)

l(n)=0 forsesS,
maximize (r,7n) subjectto ¢ p%(n) =0 foroeO,ae A\{as},s €S, \{so0},
Nsa 20 forseS,aeA,

where the linear constraints {; are given in Proposition the polynomial constraints
pJ,(n) are provided in taking a fixed action a, € A and a fixed state s, € S, for each
observation 0 € O, and the inequality constraints simply ensure the entries of 1 being
nonnegative. Observe that problem (3.69) is in fact a quadratically constrained linear
program.

We bound the number of critical points individually for each boundary component of
the feasible set. A boundary component consists of all feasible points for which a given
subset of the inequality constraints are active. The boundary components of the feasible
set NP are in one-to-one correspondence with the faces of A% according to
(3.70)

B = {TCEA%Z n(a|o)=0fora€Ao,on} —F= {neNﬁ: Nsa = 0fora eAgﬁ(S)},

where A, is a proper subset of A for every o € O, and gz(s) is the observation associated
with state s. In particular, there is a boundary component associated to each tuple (A, )oco
with A, € A, 0 € O.

We point out the following result, which allows us to ignore high-dimensional bound-
ary components when searching for a maximizer of the reward. Recall that for an obser-
vation o € O, the cardinalities of the fibers of gp are denoted by d, = [S,|.

Theorem 3.39 (Existence of maximizers in low dimensional faces, [204]). There exist A, € A
with |AS| < d,, 0 € O, such that the set B described in (3.70) contains a (globally optimal) solution

of the problem (3.69).

Remark 3.40. Instead of considering the critical points in all (2"# —1)"© boundary compo-
nents, it is enough to consider those in the boundary components with A, ¢ A satisfying
|A,| > na—d,. Thisreduces the number of boundary components that need to be checked

to
na—1
[ > (s
(ko) ’
0€0 \ k,=max(ng—d,,0)

which we call relevant boundary components. Note that this number only depends on the
number of actions n# and d, (the cardinality of the fibers of gg).

With the description of the boundary components of the feasible set at hand, we can
deduce upper bounds on the number of critical points over each of them based on the
degrees of the defining equations and the degree of the objective function.

Theorem 3.41 (Bound on the algebraic degree). Consider a POMDP (S,0, A, a,B,7),
y € [0, 1) with deterministic observations and with d, = {s € S : B(o|s) > 0} we denote the
number of states that are mapped to o and let the positivity Assumption |3.3|hold. Fix A, ¢ A
for every o € O and set n == ngng —ns — 3, do|Ao| and m = 3, (d, — 1)(|AS| — 1), where
we assume n is not zero. Then the number of isolated critical points the reward function over the
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interior of the face
int(F) ={m € A% : (alo) =0ifand onlyifa € A,}

is upper bounded by 2" ("7}).

Proof. First, note that the face F = {m € A% : m(alo) = 0fora € A,} corresponds to the
boundary component

(3.71) B={neLNnX:ns,=0forae Agﬁ(s)}.

Since the parametrization © + 7" has full rank Jacobian everywhere, see Lemma
the number of critical points of the reward function on int(F) is upper bounded by the
number of critical points of the linear function ) — (7, n)sx# over B.

Recall from Corollary that N? is defined in RS*# as an intersection of ng linear
equations, Y,(d, — 1)(ngz — 1) quadratic equations of the form (3.35), and the linear
inequalities > 0. We start by showing that the family of linear equations ¢;(n) =0,s € S
and ns, = 0,a € Ay, s € Sy, 0 € O is linearly independent for any choice of A, C A,
o € O. For this we first note that the linear equations ¢;(17) = 0, s € S define the space
L € RSA of dimension dim(£) = dim(afﬁne(A%)) =ns(ng — 1), see Proposition
which implies their linear independence. It now suffices to see that the restrictions of 7,
to L are linearly independent. Note that the pullback of the equations 15, = 0 restricted to
L along the birational map W are the equations 7,5 = 0,a € A,,s € S,, which are linearly
independent on affine(A;).

On the set B given in there are ), d,|A,| active linear inequalities with A, € A
for each 0 € O, and hence B is contained in an affine space of dimension

n=nsnAa—ns — Zdo|Ao|-
0

Further, given these linear equations, the quadratic equations

Pga(n) = T1sa Z Nspa’ — Nsya Z Nsar = 0
a’eA a’eA
areredundant foralla € A,, s € S,. By choosing a, € A in Corollary[3.24/for every 0 € O
there remain ng — |A,| — 1 non-redundant quadratic equalities for every s € S, \ {s,}.
Therefore, we get m = 3 (d, — 1)(JAS| — 1) non-redundant quadratic equalities. By
Theorem 2.2 and Corollary 2.5 in [147] the algebraic degree for the optimization of the
linear function r € RS*# over an n-dimensional affine space subject to m non-redundant

quadratic constraints is upper bounded by 2" ("71). O

With Theorem we can provide upper bounds for the number of critical points of
the optimization problem (3.69). Indeed, the number of critical points over the interior

(3.72) {neLnX:ny,=0forallae Agﬁ(s), Nsa > 0 otherwise}

of aboundary component is clearly upper bounded by the number of critical points over B
defined in (3.71). This bound over the individual boundary components can be summed
to obtain an upper bound on the number of critical points of the polynomial optimization
problem (3.69), see also [147]. Note that the Zariski closure of the interior of a boundary
component defined in is contained in B but might be a strict subset. Similarly, a
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bound on the number of critical points over the relevant boundary components can be
established.

In Table 3.2 we present the upper bounds on the number of critical points for problems
of different sizes. We compare the bound on the total number of critical points obtained
by iterating Theorem over all boundary components and the one iterating only over
the relevant components described in Theorem In addition, we report the total and
relevant number of boundary components discussed in Remark[3.40] Both the number of
boundary components and the upper bound on the number of critical points, depend on
ns,nz, and the tuple (d,)oc0. The two extreme cases for the tuple (d,),e0, namely (1)
and (1,...,1), correspond to a numb controller, i.e., all states map to the same observation,
and the fully observable case, i.e., states and observations are in one-to-one correspondence,
respectively. The bounds are independent of the specific transition kernel & € AS

SxA"
.\ Number of boundary Bound on number of critical
ng na partitions of r: components points
(do)oco
total relevant total relevant
(3) 3 3 10 10
3 2 2,1) 9 6 10 8
(1,1,1) 27 8 8 8
(4) 7 7 1419 1419
(3,1) 49 21 2237 561
4 3 (2,2) 49 36 1265 153
(2,1,1) 343 54 1189 81
(1,1,1,1) 2401 81 81 81
(5) 7 7 9411 9411
(4,1) 49 21 23745 4257
(3,2) 49 42 13431 4371
5 3 (3,1,1) 343 63 24363 1683
(2,2,1) 343 108 12159 459
(2,1,1,1) 2401 162 9195 243
1,1,1,1,1) 16807 243 243 243

TaBLe3.2. Listed are the number of boundary components and the upper
bound on the number of critical points from Theorem both over all
boundary components and over the subset of relevant boundary compo-
nents from Theorem 3.39|for problems of different size.

In these examples, we observe that restricting to the relevant boundary components
significantly reduces the upper bound. This is reflected in the last two columns in Table[3.2}
The difference is most notable when the fibers of g have a small cardinality, i.e., only few
states lead to the same observation. In the fully observable case, the relevant boundary
components correspond to the vertices of A% This is consistent with the fact that in the
fully observable case the feasible set of state-action frequencies N is a polytope [93] and
hence the optimization problem (3.69) is a linear program, for which the solutions are
attained at the vertices. On the other hand, in the case of a numb controller (with a single
observation 0), all boundary components are relevant since d, = ns.
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3.3.4. A TIGHTER BOUND FOR ONE OBSERVATION AND TWO ACTIONS. Already in the Exam-
ple of the crying baby we have seen that the bound from Theorem 3.33|on the number
of critical points are not tight. One reason for this is that the bound does not consider the
specific structure of the problem and only takes the degree of the polynomials describing
the feasible state-action frequencies into account. Here, we provide a tighter bound on
the number of critical points for numb controllers with two actions. Our proof relies on
the expression of the reward function as a rational function and does not easily generalize
to larger problems. We offer an alternative argument based on polar degrees that we
believe could be extended to the general case of deterministic observations.

Let us begin by evaluating the bound from Theorem3.41for the case of one observation
and two actions. In this case the policy polytope is equivalent to the line segment
Ag = [0,1] and hence there are two zero dimensional and one full dimensional face. On
the full dimensional face the bound evaluates to ns2"5~!, which is (essentially) exponential
in the size of the state space. This can be improved to the following linear bound.

Proposition 3.42. Let (S,0, A, a, B, r) be a POMDP describing a numb controller with two
actions, i.e., O = {o} and A = {ay,ay} and let y € [0,1). Then the reward function R has at
most 2ng — 2 isolated critical points in the interior int(A%) = (0,1) of the policy polytope and
hence at most 2n g isolated critical points.

Proof. We associate the policy polytope A% with [0,1] and for p € [0,1] we write T,
and n? for the associated policy and the state-action frequency. From Theorem we
know that the reward function R = f/g: [0,1] — R is a rational function of degree at
most k = ng. The critical points of this function satisfy f'(p)g(p) — &'(p)f(p) = 0. It
is immediate that the degree of h = f’g — ¢’f is at most 2k — 1. However, writing

f(p) = 25{20 Cipi/ g(p) = Zi(zo dlpl we Obtain

2k-1 [ k-1 -1

h(p) = Z Zciﬂdl—i - cjdia |p!

1=0 \i=0 i

B

I
o

and see that the coefficient of p?*~! cancels. Since h has at most deg(h) < 2k — 2 isolated

roots this shows that there are at most 2k — 2 isolated critical points of the reward function
in the interior (0, 1). O

The proof given above does not easily generalize to arbitrarily many actions and ob-
servations. Thus, we provide a different ansatz that could potentially be generalized to
deterministic observations. If pyi1,...,pn are affine linear and pj, ..., px are homoge-
neous polynomials then the algebraic degree of is given by the (m — k — 1)-th polar
degree 0,,—k-1(V) of the projective variety

Vi={n:pin) = = p(n) =0} CP",

see [104, |70, 195]. This relation is particularly useful, since for state-action frequencies
there are always active linear equations as described in (3.6). The polar degrees of certain
interesting cases (Segre-Veronese varieties) have been recently computed by [270] and we
use those formulas and their presentation by [70].

In this case, the combinatorial part is simple, since there are only two zero-dimensional
faces of the state-action frequencies (corresponding to the endpoints of the unit interval)
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and one one-dimensional face (corresponding to the interior of the unit interval). Let us
set
L= {n e R f4(n) = 0 for all s ES},

where ls(1) = Y sa = V Lsres,aeasaa(s|s’,a’) = (1 = y)us. By Theorem the set
of discounted state-action frequencies is given by

NP = NN DIS? =REA N L0 DI,

where D *2 denotes the determinantal variety of rank one matrices of size ng X 2. Like
above, we associate the policy polytope A% with [0,1] and for p € [0, 1] we write 7, and
n? for the associated policy and the state-action frequency. We aim to bound the number
of critical points of the reward function over (0, 1) or equivalently the number of critical
over {nf : p € (0,1)}if Assumptionholds. Denoting the state marginal of 1)” with p?,
recall that n?(a|s) = nfa / pf , we have that
(P :p€(0,1)} ={neNP:n(als)>0foralls € S,a € A}

={n e NP :Nsq >0foralls € §,a € A}

_ PSXA ngx2

=R NUND.
Thus the number of critical points over {n? : p € (0, 1)} are upper bounded by the number
of critical points on U N D;. Since the co-dimension of L is ng, the number of complex
solutions to the KKT conditions over U N Z);1 $*2 are given by the (ns —1)-th polar degree

Ong-1(D1), which we can compute using the formula presented in [70, Corollary 5.4]. This
yields

s | remsgnst yifns =141 a (") ;)
(D)= ) (‘)(2n3_n3)(”3‘ ) Z(ns—l—i)!'(z—l—j)!

1=0 i+j=I
2
;)

_i(—l)l nS—l+1(n —l)' Z (nls) .
- ns ST (ng—1-1i)! (1—j)!

i+j=I

_(ns+1 (%) @) (ns () ()
_( ns )”3!((713—1)!'? _(ns)(”s_l)! (s —2)!  (ng -1

= 1’13(1”13 + 1) -2- 1’15(1’13 - 1)
= 21’13 -2

and hence obtain the same bound as in Proposition We believe that this ansatz
can be extended to cover general deterministic observations, which would yield tighter
bounds compared to Theorem For this one would need to study the polar degrees
of the product of determinantal varieties, see Theorem 3.25|

Example 3.43 (An example with multiple smooth and non-smooth critical points). It is
the goal of this example to demonstrate that for a numb controller multiple critical points
can occur in the interior (0,1) = int(A%) as well as at the two endpoints of [0, 1] = A% of
the policy polytope. We refer to such points as smooth and non-smooth critical points.
We consider a numb controller with one observation, two actions a1, 4, and three states
s1, 52, s3 and a deterministic transition kernel a and reward described by the graph shown
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Ficure 3.5. Graph describing the deterministic transition kernel a and the
associated instantaneous rewards.

in Figure We choose y = 0.8 and u € Ag to be the uniform distribution and plot the
reward function in Figure We see that there are two critical points in the interior of
the policy polytope Ag = [0, 1]. The bound from Propositionlf%._ﬁl evaluate to2ng -2 =4
and therefore it is not tight in this example.
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Ficure 3.6. Plot of the reward function; note that there are two critical
points in the interior of the policy polytope A9 = [0, 1].

3.3.5. OutLook. In this section we have studied the number and location of critical
points of the reward function. For this we used the explicit description of the geometry
of the feasible state-action frequencies for invertible and deterministic observation kernel
B obtained in Section 3.2} This allowed us to employ tools from the theory of polynomial
optimization to obtain upper bounds on the number of critical points on every face of
the policy polytope A%. We have seen in examples that these bounds are not tight. One
reason for this is that the results used to obtain the upper bounds only consider the degree
but not the specific nature of the polynomial constraints. For the specific case of a numb
controller with two actions obtained an improved bound with only linear dependence on
the size of the state space. Whereas the argument builds on the description of the reward
as a rational function we also provide a second argument based on polar degrees.
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We consider the following questions to be relevant for future research:

o Tighter bounds via polar degrees: We have seen in one particular case the bounds
on the number of critical points can be tightened significantly by working with
polar degrees. A generalization of this approach has the potential to greatly
improve the bounds established in this work.

o Multi-agent problems: Where we have described the feasible state-action fre-
quencies of multi-agent MDPs, the optimization problem arising in multi-agent
problems has not been studied conclusively. In particular, studying the number
of critical points could yield inside into the role of the degree of decentralization
for the algebraic complexity of the problem. In particular, insight regarding the
number of critical points for different degrees of decentralization would be a
valuable contribution.

e Information theoretic objectives: We think that it is useful to study the critical
points for objective functions that are not linear in state-action space. Important
examples for such settings include apprenticeship learning, where the state-
action objective is the Euclidean distance, as well as unsupervised Reinforce-
ment Learning, where the state-action objective is given by certain information
theoretic quantities, for example the entropy [312]. The number of critical points
for these objectives have been studied in the algebraic statistics community un-
der the names Euclidean distance degree (ED degree) [104] and maximum likelihood
degree (ML degree) [68].

3.4 REWARD OPTIMIZATION IN STATE-ACTION SPACE (ROSA)

We have seen that the feasible state-action frequencies of a POMDP form a polynomially
constrained subset of the simplex, see Corollary This implies that reward optimiza-
tion in POMDPs is equivalent to a polynomially constrained linear objective program,
which can be seen as a extension of the dual linear program associated to fully ob-
servable MDPs to partially observable problems. We refer to this approach as Reward
Optimization in State-Action space (ROSA) and present its pseudo code in Algorithm
The two non-trivial steps in the algorithm are the computation of the defining linear in-

equalities of the effective policy polytope A;jﬁ in line @ and the solution of the constrained

optimization problem in line |6, The defining linear inequalities of A“;’ﬁ can either be
computed relatively simple for injective , see Subsection or algorithmically, e.g.,
by Fourier-Motzkin elimination, block elimination, vertex approaches, and equality set
projection [150].

For the solution of the constrained optimization problem we first use an interior point
method. Further, we solve the critical equations using a polynomial systems solver as well
as a convex SDP relaxation. We find that using an interior point method in state-action
space offers stability benefits to existing methods working with policies. In addition the
numerical algebraic approaches provide globally optimal solutions.

3.4.1. INTERIOR POINT METHODS AND STABILITY IMPROVEMENTS. Here, we investigate the
practical viability of this approach to optimize the reward in POMDPs. We consider
navigation tasks in random mazes of different sizes, for which we solve the constrained
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Algorithm 3 Reward Optimization in State-Action space (ROSA)

Require: « € Agxy{, Be Ag, yel0,1), ucels
1: foralls € S do

2 () — LoeaNsa =) Lsesaeallsaalsls’,a’) — (1 —y)us

3: end for

4: Compute the defining linear inequalities of A“;l’ﬁ

5. Compute the defining polynomial inequalities p;(n) > 0 of N3 > According to (3.25)
6: "« argmax(r,n) sbjton >0, £;(n) =0, pi(n) >0

7. R* <« (r,n") > Evaluate the optimal value
8 T —1n'(:]) e A‘; > Compute an optimal state policy
9: " « solution of Bt = 7 > Compute an optimal observation policy

*

return 1, R*, t > maximizer, optimal value, optimal policy

optimization problem using the interior point method Ipopt. Our experiments show
that this can yield significant computational savings compared to several baselines, while
remaining numerically stable across values of y where other methods fail.

Baselines: Policy gradients and Bellman constrained programming. A very popular
approach in Reinforcement Learning dating back to [277] are policy gradients methods
that are variants of the gradient descent algorithm. Typically, policies are parametrized
0 — mg and in its simplest form the iterates are given by

Ox+1 = O + At - VR(Qk),

where At > 0 is the step size. In our experiments we use tabular softmax policies given

by
60(1
foralla € A,0 € O

mig(alo) = S
a/

and use limited memory version of the Broyden-Fletcher-Goldfarb—Shanno (L-BFGS),
which is a quasi Newton method. In comparison to a naive policy gradient, we observed
L-BFGS to converge faster. We refer to this approach as direct policy optimization (DPO).

As a second baseline we consider a reformulation of the reward maximization problem
as a quadratically constrained linear program [17] that we refer to as Bellman constrained
programming (BCP), see also Subsection Recall that R¥(t) = (u, V™)s for any
policy 7 € Ag( and any initial distribution u € Az, see (2.9). In the light of the Bellman
equation V™ = yp V™ + (1 — y)ry, Theorem 2.9} the reward optimization problem (ROP)
is equivalent to the following quadratically constrained linear program

(BCP) maximize (u,v)s subjectto 7t € A% and v = yprv + (1 = y)rn.

In our experiment we use the interior point method Ipopt to solve (BCP).
Value and policy iteration can not directly be used to when optimizing stochastic
memoryless policies in a POMDP and hence we do not consider these in our experiments.

The regime for y — 1 for MDPs. We recall how the complexity of solving fully
observable MDPs depends on the discount factor y. In fully observable problems, the
iteration complexity of policy gradient methods behaves like O((1 — y)7*), where y €
[0,1) is the discount factor and ¥ € N depends on the specific method [71]. This is
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reminiscent of the Lipschitz constant of the reward function (as a function of the policy),
which behaves like O((1 - y)7!), see Corollary and Example This leads to
increasingly ill-conditioned problems as y — 1 and can cause undesired oscillations
during optimization [288]. However, choosing a discount factor close to 1 is desirable
as one often wishes to optimize the mean reward rather than a discounted reward. This
is also required to prevent vanishing policy gradients in sparse reward MDPs, where,
denoting 1 the number of states, gradients can of order O(27"s/2) if y < ng/(ns +1) [2].
In principle the ill-conditioning problem can be addressed by introducing an appropriate
metric, as in natural policy gradients or trust region policy optimization, which can be
costly, however.

We have seen that the iteration complexity bounds for value and policy iteration
degrade for y — 1 as they scale like O(log(1 — y)/y). This is also complemented by a
lower bound of log(1 — y))/y for value iteration. In MDPs, the state-action frequencies
form a polytope and hence the reward optimization problem in state-action space becomes
a linear program [93, 154], see also Subsection This yields a strongly polynomial
algorithmic approach, i.e., does not degrade for y — 1 [234].

Overall, the complexity of solving fully observable MDPs in state-action space does not
suffer diverge for y — 1. We extend this by empirically showing that reward optimization
in state-action space for POMDPs has similar benefits: We find that using an interior point
method to solve the resulting polynomially constrained optimization problem offers an
efficient approach that does not deteriorate for y — 1.

Description and discussion of the experiments. To demonstrate the performance of
ROSA combined with the interior point method Ipopt we test it on navigation problems
in mazes. For this, we generate connected mazes using a random depth first search [196],
see Figure |3.7| for an example of such a maze with 199 states. Then we randomly select
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Ficure 3.7. Shown is one of the mazes with 199 states that is used in the experiments.

a state as the goal state at which a reward of ng is picked up and from which the agent
transitions to a uniform state. For all other states the four possible actions move the agent
right, left, up or down. The agent can only observe the 8 neighboring cells and starts at a
uniform position.

In order to compare the running times of the three approaches, we generate square
mazes of side length 2n — 1 and 2n? — 1 states, for n = 2,...,10. We solve the POMDPs
for a discount factor of y = 0.9999 using ROSA, BCP and DPO for 10? different mazes of
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Ficure 3.8. Shown is the solution time and cumulative reward obtained
by different methods solving navigation tasks depending on the number
of states; ROSA reaches competitive reward in less time compared to the
other methods.
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Ficure 3.9. Shown is the solution time and cumulative reward obtained by
different methods solving navigation tasks depending on discount factor;
ROSA reaches higher reward in competitive time with stability benefits
compared to DPO for y — 1.

each sizd|and report the mean solution times and achieved rewards as well as their 16%
and 84% quantiles in Figure We observe that all three methods achieve comparable
rewards. However, DPO becomes inefficient even for problems of moderate size and the
running time of BCP grows significantly faster compared to ROSA.

To evaluate the performance of ROSA for y — 1 we solve 10? maze with side length
9 and 49 states for increasing discount factors. We report the average solution times and
achieved reward in Figure In the comparison of the rewards, examples where BCP
did not converge are excluded. In these experiments we see that BCP becomes unstable,
whereas the solution time of ROSA appears to be very robust and even decrease for y — 1.
In fact, in the solution of Ipopt fails to converge to local optimality for about 15%
of all problems with discount factor at least 0.9999.

1For DPO we solved only 20 mazes of each size due to the long solution time.
2For DPO we consider only 30 mazes and 10> values of ).
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Reproducability statement. We provide a Julia [49] implementation of ROSA for
deterministic observations. In general, problem can be solved with any constrainted
optimization solver. Our implementation is built on Ipopt, an interior point line search
method [287]. We call Ipopt via the modeling language JuMP in which the constraints are
easy to implement [108]. The implementation is available under https://github.com/m
uellerjohannes/POMDPs-ROSA.

3.4.2. SOLUTION VIA NUMERICAL ALGEBRAIC APPROACHES. We provide an implementa-
tion that solves the reward optimization problem in state-action space by computing the
critical points via the Karush-Kuhn-Tucker conditions. For this we reduce the combi-
natorial complexity of the problem by focusing on relevant boundary components, see
Theorem We implement this approach using numerical algebra methods [63] that
automatically certify the correctness of the results [62]. We use a convex relaxation of the
polynomial problem to certify the global optimality of the results. Moreover, we observe
that in specific instances this numerical algebraic approach leads to superior results when
compared to an interior point method for the solution of the reward optimization prob-
lem in state-action space. Finally, we compare the number of critical points obtained in
numerical experiments with our theoretical bounds obtained in Subsection[3.3.3]

The KKT critical point equations. A standard approach for constrained optimization
problems are the KKT conditions [162], which provide necessary conditions of stationary
points under certain regularity conditions; see, e.g., [1},48, 41]. If both the constraints and
objective function are polynomial, the KKT conditions form a polynomial system, which
can be solved using various numerical algebraic methods.

Applied to our problem, the KKT conditions reduce to the following polynomial system
inn e Rigﬂ with multipliers A € RS,v?, € R, x € Rgéﬂ:

Primal feasibility:  ¢5(n) =0fors € S,
pga(n) =0foroe€ O,a e A\{ao}, s €S, \{so},

(3.73)  Complementary slackness:  «s,41s,0 = 0 for all s,, a,

Stationarity: 1+ Z AsVis(n) + Z v, Vpl. (M) +x =0,
S

0,8,a

where a, € Aand s, € S, for every o € O are fixed arbitrarily. Here we have included the
primal feasibility s, > 0 fors € S, a € A and the dual feasibility x5, > 0fors € S,a € A
in the definition of the search space for 1 and «.

The number of linear constraints ¢ is ng, while the number of polynomial constraints
plyis (na —1) Yco(do — 1) = (na — 1)(ng — np). Due to the symmetry of the effective
policies, there are only npng inequalities, 1s,, > 0 for each a € A,0 € O. Hence the
dimension of the square KKT system is

nsng +ns +(ma—1)(nsg —np) + nona =2nsng + no.

In this setting, we can verify that the linear independence constraint qualification is
satisfied. Given an element n* in the feasible set N?, it suffices to verify the linear inde-
pendence of the gradients of the active inequality constraint functions and the equality
constraint functions at n*. Notice that under the pullback along the birational morphism

87


https://github.com/muellerjohannes/POMDPs-ROSA
https://github.com/muellerjohannes/POMDPs-ROSA

W1 the equality constraints in (3.35) are identified with the affine-linear functions [¢, de-
fined in the proof of Theorem Checking the linear independence of their gradients
can be done by counting the dimension of the faces.

The Lagrange critical point equations over boundary components. Alternatively to
solving the KKT system, one can compute the critical equations given by the Lagrange
criterion over every boundary component individually. If there are no inequality con-
straints, the KKT equations specialize to the Lagrange multiplier equations. Consider a
boundary component B in for a choice of A, ¢ A for every o € O, and consider the
optimization problem over B. This amounts to setting 1(s,a) = 0 for a € A, whenever
gp(s) = 0,0 € O, which reduces optimization to a subspace of RS*#. We denote the new
primal variables by 7. Similarly, we denote the restriction of £ and pZ, to this space by /s
and pg, and the projection of r onto this space (i.e., the vector obtained by dropping the
indices, which are set to zero in 1) by 7. In the lower dimensional variables 7] for a given
B the Lagrange system becomes

Feasibility: A (7)) =0fors € S,
po,(M) =0foroeO,ae A\{a,},s €S, \{s0},

Stationarity: 7+ Z AsVE(7) + Z v, Vpd,(7) =0,
S

0,8,a

(3.74)

where a, € A and s, € S, are fixed arbitrarily for every o € O. The dimension of the
primal variable 7] is ngng — 3, do|A,|, the dimension of the Lagrange multipliers A is ng
and of v2, is 3}, (do — 1)(|AS| - 1), see also the proof of Theorem3.41] Overall, the Lagrange
system is a square polynomial system of dimension

2ngna = (na—1no = » (2o = 1)|A,|.

Note that we have discussed the relation between the solutions of the Lagrange equa-
tions and the KKT system in Section [3.3]

Description of the experiments. We test our computational approach on random
POMDPs of different sizes with deterministic observations. To this end, we first specify
the number of states 7, the number of actions 14, and the number of states aggregated
in each observation (d,),co with },,d, = ns. For each specification of these values,
we generate 20 random problems as follows. We sample the initial state distribution
p and the transition probabilities a(:|s,a), (s,a) € S X A from a symmetric Dirichlet
distribution, and sample the instantaneous reward vector r € RS*? from a standard
Gaussian distribution. We use the same random data for both approaches, KKT and
Lagrange over boundary components.

Computation. The optimization problem can be solved using several methods:
e First, we use the numerical algebra package HomotopyContinuation.jl [63] to
solve the KKT system (3.73) and the Lagrange system of each boundary
component. This automatically certifies the results [62], meaning that for every
returned solution, a unique true solution is guaranteed in a small neighborhood.

From the returned solutions to the critical equations, we then just need to select
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the real ones that satisfy the primal inequality constraints 75 , > 0, and among
them the one that has the maximum objective value.
Alternatively, we solve a convex relaxation of the polynomial optimization prob-

[ ]
lem (3.69). Namely, we relax the problem to a semidefinite program (SDP) via the
moment-SOS-approach that is implemented in the freeware GloptiPoly3 [133]],
and solve the SDPs using the numerical solver Mosek; see [82] for details. We
note that GloptiPoly3 builds upon a hierarchy of moment/SOS programs (also
called Lasserre hierarchy), which allows to approximate the optimal value arbi-
trarily close, and can be used to test optimality and extract global optimizers [134),
220]. We use this key feature to check if our methods reach global optimality.

e We may also solve the optimization problem (3.69) using the interior point
solver Ipopt [287], which is alocal optimization method for large-scale nonlinear
optimization, an approach recently pursued in [210], see also Subsection 3.4.1}

KKT Lagrange (all) Lagrange (relevant)
ns|na| (dooco — — —
complex real positive [complex real positive |complex real positive
3) 60 44412 21:03 | 620 4412 2103 | 60 4412 2103
312 1) 12:0 101219 425:0.44| 10:0 82:19 425:0.44| 80  6.7+1.6 4.25:0.44
(1,1,1) 20+0 20:0 80 80 80 8+0 80 80 8+0
(4) 45:0  17.1#43  43+13 | 45:0 17.1+43 43+13 | 45:0 17.1+43 43+13
(3,1) 150+0 79+11  11£19 | 129+0 68.7:9.7 11:1.9 | 81+0 41.6:85 10.9+1.8
4|3 (2,2) 281.6+0.75  154+16  13.9+47 | 263+0 136+16 13.9+4.7 | 153+0 89+10 13.65+4.3
(1,1) | 381.2:0.7  292:23  31.5:43 | 216+0 168+16 31.5:43 | 81=0  68+11 30.9+4.0
(1,1,1,1) | 495:0 495:0  81:0 | 81+0 810 810 | 81:0  81:0 810
(5) 710 21.4+6  3.7+098 | 71x0 21.4+6 3.7:098 | 710 21.4+6 3.7:0.98
(3,2) |637.95+0.76 219+28 12.60+2.9| 626+0 213+29 12.6+2.9 | 4770 171+24 12.6+2.9
513 (4,1) |269.85+0.49  99+20  11.9+3.3 | 234+0 87+18 11.9+3.3 | 144+0 52+13 11.55+2.6
(3,1,1) |881.95:0.22 43668  36+10 | 558+0 285:47 36:10 | 243+0 117:20 35.3+9.2
(22,1) |1717.3+25 890+49  35.6+5.3 | 1260+0 624+56 36.5+7.1 | 459+0 244+25 35.7+6.6
(21,1,1) | 2269.9+3.9 1712+142  89+12 | 810+0 624+74 89.3+12.3| 243+0 195+37 88.1+9.5
(1,1,1,1,1)|3002.9+0.31 3002.9+0.3 243+0 | 243+0 243+0  243:0 | 243+0 2430  243+0
TaBLE 3.3. Mean and standard deviation of the number of solutions

of the KKT system (3.73), the Lagrange system over all boundary
components, and the Lagrange system over the relevant boundary com-
ponents, for 20 random POMDPs with the indicated number of states ng,
actions 1.4, and state-aggregation partition (d, ),co. In our setting, positive
solutions are feasible solutions.

Discussion of the results. In this section, we discuss the experimental results on the
number of solutions obtained by solving the KKT and Lagrange systems introduced
above. In Table we report the average and standard deviation of the number of
complex, real, and positive solutions returned in each case. Note that in our setting,
positive solutions (i.e., solutions satisfying 7 > 0) are (primal) feasible solutions. We also
compare these methods” performance and computational times with convex relaxations
and interior point methods.
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We start by comparing the number of solutions of the KKT and the Lagrange systems.
In Table [3.3| we see that the KKT system has at least as many complex solutions as the
Lagrange systems over all boundary components. This is consistent with our previous
discussion, since, as we have pointed out, any solution of the Lagrange system over
a boundary component is a solution of KKT. Moreover, KKT and Lagrange over all
boundary components generally have the same number of positive, i.e., primal feasible,
solutions, see and Figure[3.4]

The difference between the number of complex, real, and positive solutions is also
worth noting. Table[3.3|reveals a drop between the number of complex solutions and the
number of real and positive solutions of the three types of systems. We find an exception
to this in the Lagrange system for fully observable systems (d, = (1,...,1)), where the
number of complex, real, and positive solutions coincide. In this case all boundary
components are affine spaces, so only the zero-dimensional boundary components have
a solution, and these correspond to the n;f vertices of the feasible set.

We also observe that the number of complex solutions has a much smaller variance
than the number of real or positive ones. This is expected, since choosing the coefficients
of polynomial systems randomly gives the same number of complex solutions with prob-
ability one. In fact, the number of complex solutions for the Lagrange system has no
variance across the different random parameters. Still, we see a small variance in the
number of complex KKT solutions, which we attribute to numerical instability: this can
prevent the software package HomotopyContinuation. j1 from finding all solutions to
the KKT system. In contrast to the complex case, the variance on the number of real and
positive solutions is not due to numerical errors. This is a typical phenomenon in poly-
nomial system solving and is one of the possible limitations of classic algebraic methods
when one wants to estimate the number of real solutions of a system.

In the following we compare the experimental results presented in Table 3.3/ with the
theoretical upper bounds shown in Table 3.2 and highlight two particular facts. First
notice that in most cases the theoretical bound is significantly larger than the number of
solutions of the Lagrange system. Moreover, this gap becomes particularly pronounced
for problems where the fibers of gz are large. This indicates that there is a discrepancy
between the theoretical bounds and the algebraic degree of the optimization problem.
Indeed, our bounds are based on the theory for generic polynomials. Hence, we do
not expect that they provide a tight estimate of the algebraic degree for the particular
polynomials we are dealing with. Here we also observe a particular behavior in the case
of fully observable systems where the number of critical points of the Lagrange systems
agrees with our bounds. On the other hand, we see that in some cases the number of
solutions of KKT is larger than the bound, which agrees with our discussion on solutions
of KKT and Lagrange systems in (3.63).

In addition to analyzing the number of solutions of the KKT and Lagrange systems,
we are interested in comparing the different solution methods for the optimization prob-
lem. Therefore, we compare the optimal solution found by solving these systems with
HomotopyContinuation. j1l with the one found by Ipopt and GloptiPoly3. Although
HomotopyContinuation. jl is not guaranteed to find all solutions to the KKT and La-
grange systems, we observe that this approach yields a reward that is at least as high as
the one obtained by the interior point method Ipopt and, in a few instances, strictly higher.
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In fact, solving the optimization problem with GloptiPoly3 returns a certificate for the
optimality of the result, which in all computed instances coincides with the optimal value
obtained by solving the KKT and Lagrange systems with HomotopyContinuation.jl.
That is, GloptiPoly3 offers numerical evidence that they always provide globally opti-
mal solutions. In all computed instances using GloptiPoly3, the optimal value of the
optimization problem was already attained at the first-order relaxation of the Lasserre
hierarchy [148]. We conjecture that objective value exactness for the first order relaxation
of holds with high probability for generic input data. Since the size of the SDP
depends very sensitively on the order of the relaxation, this conjecture would remedy
one of the major drawbacks of the SDP relaxation method. In more detail, the ¢-th order
relaxation for both, the moment and the SOS relaxation of a polynomial optimization
problem, can be computed via an SDP of size (":t), where 7 is the number of variables of
the involved polynomials.

As described in [220], finite convergence of the Lasserre hierarchy, i.e., convergence
after finitely many relaxation steps, is closely related to certifying the flat truncation
property. In fact, finite convergence holds generically [219]. However, studying exactness
properties of the SOS and the moment relaxation is still an ongoing topic of current
research, see e.g. [32].

Finally, in Table [3.4{we report the computation times of the different approaches. The
KKT and Lagrange systems as well as Ipopt were computed on a server with a 2x 32-Core
AMD Epyc 7601 at 2.2 GHz and 1024 GB RAM, whereas the SDP relaxation was computed
on a Intel(R) Core(TM) i7-8550U CPU with 4 cores at 1.8 GHz and 16GB RAM. Solving the
Lagrange equations only over the relevant boundary components was up to two orders of
magnitude faster than solving them over all boundary components. The improvements
are more pronounced when gz has small fibers in which we can exclude more faces by
means of Theorem see also Table The computation times for the solution of the
KKT system are in the same order to magnitude as the computation time of the solution
of the Lagrange systems over all boundary components. KKT is slightly faster when g
has small fibers and slightly slower when gz has large fibers. The SDP approach is several
orders of magnitude faster compared to the solution of the KKT and Lagrange systems
with the gap becoming more pronounced for problems of increasing size. The interior
point method Ipopt is again several orders of magnitude faster. Ipopt and SDP return
one candidate solution, whereas homotopy continuation attempts to return all critical
points. Note however that in contrast to the SDP relaxation the interior point method
only guarantees locally optimal solutions. In our experiments we consistently observed
that Ipopt yields less accurate solutions and sometimes converges to suboptimal points.
The maximum difference of the reward obtained by Ipopt and SDP is 9.7 x 1072, where the
maximum difference between either of KKT and Lagrange methods and SDP is 3.0x1077.

Reproducibility statement. The computer code for our experiments is publicly avail-
able at https://github.com/marinagarrote/Algebraic-Optimization-of-Sequent
ial-Decision-Rules. We conducted our experiments using Julia [49] version 1.7.0, an
open source programming language under the MIT license. We used the Julia package
HomotopyContinuation. j1 version 2.6.3, which is freely available for personal use under
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Partitions Tpopt | SDP | KKT Lagrange | Lagrange
of ng (all) (relevant)

©)] 0.01 |0.213| 1.575 0.046 1.175

ns=3,nag=2| (21) |0.0090.168| 1.551 3.563 2.757

(1,1,1) |0.006(0.171| 0.114 0.119 0.03

4) 0.011 |1.167 | 19.885 7.642 10.407

(31) 0.01 |1.114| 76.071 | 43.759 2217

ns=4,na=3 (22) |0.011|1.278| 173.644 | 114.208 48.52
(21,1) |0.009|1.292| 79.775 | 191.394 | 27.004

(1,1,1,1) {0.007 |1.184| 13.82 32.637 0.693

") 0.011|7.394| 62321 | 31.257 31.501

(32) 0.01 |6.338(1768.722| 509.877 | 259.054

(4,1) |0.011|7.256| 307.524 | 163.88 69.5

ns=5na=3 (3,1,1) | 0.01 [6.608| 895.701 | 704.813 | 91.901
(2,2,1) |0.011|6.078 |2831.482| 2175.098 | 313.557

(2,1,1,1) 10.009 | 6.22 | 899.981 | 2058.912 | 188.536

(1,1,1,1,1) | 0.006 |5.159 | 172.621 | 319.165 3.667

TasLE 3.4. Average run times for the different approaches reported in
seconds. KKT and Lagrange are computed with homotopy continuation.

the MIT license, and Ipopt. j1 version 0.7.0, which is a Julia interface to the COIN-OR non-
linear solver Ipopt available under the EPL (Eclipse Public License) open-source license.
The convex relaxation is computed via the freeware GloptiPoly3 implemented in Matlab,
for which there also exists an Octave implementation.

3.4.3. CoNcLUSION AND oUTLOOK. In this section we have presented potential benefits
of reward optimization in state-action space (ROSA) over methods working directly with
policies or parametrizations of policies. First, we have seen that solving the resulting
polynomially constrained linear objective problem with the interior point method Ipopt
remains effective for y — 1, which is in contrast to existing approaches.

Further, we employed numerical algebraic approaches to solve the polynomial opti-
mization problem. For this we considered KKT equations and the Lagrange system over
individual boundary components, where we leveraged knowledge about the location of
maximizers on lower dimensional boundary components. The relatively small number
of solutions observed in the experiments indicate that there is room for refining the the-
ory either to obtain tighter estimates of the algebraic degree or also tighter descriptions
of the possible number of feasible solutions. Using a convex relaxation to an SDP we
obtained empirical evidence that our approach of solving the critical equations provides
global maximizers of the reward. This is in strong contrast to naive gradient optimization,
which yields only locally optimal solutions for this problem. In our experiments, the first
order relaxation produced exact objective values.

We highlight the following questions that arose during our analysis:

o Exactness of SDP relaxations: In our experiments, we observed that the sequence
of convex relaxations given by the moment-SOS hierarchy provided exact global
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solutions in the first order relaxation. We believe that this observation deserves
a closer theoretical analysis.

Riemannian optimization for POMDPs: Our description of the state-action fre-
quencies of POMDPs with deterministic observations via products of varieties
of rank one matrices in sTheorem could provide a starting point for a Rie-
mannian optimization technique for POMDPs.

Reinforcement learning: In this thesis we study the planning problem in MDPs,
i.e., assume knowledge of the Markov decision process and it is a central question
to understand how reinforcement learning can benefit our insights.
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CHAPTER 4

Geometry and convergence of natural policy gradient methods

So far we have studied the geometry of partial observability and have seen that partial
observability induces polynomial constraints on the feasible state-action frequencies of a
Markov decision process. In this chapter, we study the geometry of several natural policy
gradient (NPG) methods in infinite-horizon discounted fully observable Markov decision
processes with regular policy parametrizations. We model the policy g as a differen-
tiably parametrized element in the polytope A; of conditional probability distributions
of actions given states, with mg(a|s) specifying the probability of selecting action 2 € A
when currently in state s € S, for the parameter value 0. It is the goal to maximizer the
reward function R(0) = R(mg) and we study gradient-based policy optimization methods
and more specifically natural policy gradient (NPG) methods. Inspired by the seminal
works of Amari [13, [16], various NPG methods have been proposed [153| 206, 208]. In
general, they take the form

Ok+1 = Ok + At - G(Ox)"VR(6y),

where At > 0 denotes the step size, G(0)" denotes the Moore-Penrose inverse and G(0);; =
g(dPge;, dPge;) is a Gram matrix defined with respect to some Riemannian metric ¢ and
some representation P(0) of the parameter. Most of our analysis does not actually depend
on the specific choice of the pseudoinverse, but in Section {4.4) we will use the Moore-
Penrose inverse. The most traditional natural gradient method is the special case where
P(0) is a probability distribution and g is the Fisher information in the corresponding
space of probability distributions. However, the terminology may be used more generally
to refer to a Riemannian gradient method where the metric is in some sense natural.
Kakade [153] proposed using P(6) = mg and taking for ¢ a product of Fisher metrics
weighted by the state frequencies resulting from running the Markov process with policy
mg. Although this is a natural choice for P, the choice of a Riemannian metric on A‘;‘
is a non trivial problem. Peters et al. as well as Bagnell and Schneider [232, 28] offered
an interpretation of Kakade’s metric as the limit of Fisher metrics defined on the finite
horizon path measures, but other choices of the weights can be motivated by axiomatic
approaches to defining a Fisher metric of conditional probabilities [169} 205]. From our
perspective, a main difficulty is that it is not clear how to choose a Riemannian metric on
A; that interacts nicely with the objective function R(7t), which is a non-convex rational
function of T € A;. An alternative choice for P(0) is the vector of state-action frequencies
ne, whose components 1g(s, 2) are the probabilities of state-action pairs (s,a) € S X A
resulting from running the Markov process with policy 719. Morimura etal. [206] proposed
using P(0) = ng and the Fisher information on the state-action probability simplex Agx#
as a Riemannian metric. We will study both approaches and variants from the perspective
of Hessian geometry.
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Contributions. We study the natural policy gradient dynamics inside the polytope N
of state-action frequencies, which provides a unified treatment of several existing NPG
methods. We focus on finite state and action spaces and the expected infinite-horizon
discounted reward optimized over the set of memoryless stochastic policies. For an
overview of the convergence rates established in this work see Table {4.1| in Section
where our main contributions can be summarized as follows:

e We show that the dynamics of Kakade’s NPG and Morimura’s NPG solve a
gradient flow in NV with respect to the Hessian geometries of conditional en-
tropic and entropic regularization of the reward (Sections and and

Proposition 4.13).

e Leveraging results on gradient flows in Hessian geometries, we derive linear
convergence rates for Kakade’s and Morimura’s NPG flow for the unregularized
reward, which is a linear and hence not strictly concave function in state-action
space, and also for the regularized reward (Theorems and and Corol-

laries and [4.34).

e Further, for a class of NPG methods, which correspond to -divergences and
which generalize Morimura’s NPG, we show sub-linear convergence in the un-
regularized case and linear convergence in the regularized case (Theorem

and Corollary respectively).

e We complement our theoretical analysis with experimental evaluation, which
indicates that the established linear and sub-linear rates for unregularized prob-
lems are essentially tight.

e For discrete-time gradient optimization, our ansatz in state-action space yields
an interpretation of the regularized NPG method as an inexact Newton iteration
if the step size is equal to the inverse regularization strength. This yields a
relatively short proof for the local quadratic convergence of regularized NPG
methods with Newton step sizes (Theorem [£.36). This recovers as a special
case the local quadratic convergence of Kakade’s NPG under state-wise entropy
regularization previously obtained in [71]].

Related work. The application of natural gradients to optimization in MDPs was first
proposed by Kakade [153], taking as a metric on A; = [Ises Aa the product of Fisher
metrics on the individual components A5, = Az, s € S, weighted by the stationary state
distribution. The relation of this metric to finite-horizon Fisher information matrices was
studied by Bagnell and Schneider [28] as well as by Peters et al. [232]. Later, Morimura et
al. [206] proposed a natural gradient using the Fisher metric on the state-action frequen-
cies, which are probability distributions over states and actions.

There has been a growing number of works studying the convergence properties
of policy gradient methods. It is well known that reward optimization in MDPs is a
challenging problem, where both the non-convexity of the objective function with respect
to the policy and the particular parametrization of the policies can lead to the existence
of suboptimal critical points [50]. Global convergence guarantees of gradient methods
require assumptions on the parametrization. Most of the existing results are formulated
for tabular softmax policies, but more general sufficient criteria have been given in [50}
316,317].
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Vanilla PGs have been shown to converge sublinearly at rate O(t™) for the unreg-
ularized reward and linearly for entropically regularized reward. For unregularized
problems, the convergence rate can be improved to a linear rate by normalization [200,
199]]. For continuous state and action spaces, vanilla PG converges linearly for entropic
regularization and shallow policy networks in the mean-field regime [168]].

For Kakade’s NPG, [2] established sublinear convergence rate O(t™) for unregularized
problems, and the result has been improved to a linear rate of convergence for step sizes
found by exact line search [51], constant step sizes [156] 6, 311], and for geometrically
increasing step sizes [305, 7]. For regularized problems, the method converges linearly
for small step sizes and locally quadratically for Newton-like step size [71, 172]. These
results have been extended to more general frameworks using state-mixtures of Bregman
divergences on the policy polytope [165, 315, 172, |7], which however do not include
NPG methods defined in state-action space such as Morimura’s NPG. For projected PGs,
[2] shows sublinear convergence at a rate O(t7172), and the result has been improved to a
sublinear rate O(t 1) [305], and to a linear rate for step sizes chosen by exact line search [51].
Apart from the works on convergence rates for policy gradient methods for standard
MDPs, a primal-dual NPG method with sublinear global convergence guarantees has
been proposed for constrained MDPs [98, 97]. For partially observable systems, a gradient
domination property has been established in [26]. NPG methods with dimension-free
global convergence guarantees have been studied for multi-agent MDPs and potential
games [5]. The sample complexity of a Bregman policy gradient arising from a strongly
convex function in parameter space has been studied in [143]]. For the linear quadratic
regulator, global linear convergence guarantees for vanilla, Gauss-Newton and Kakade’s
natural policy gradient methods are provided in [113]; this setting is different to reward
optimization in MDPs, where the objective at a fixed time is linear and not quadratic. A

lower bound of O(At71|S |20«1_’V)_1)) on the iteration complexity for softmax PG method
with step size At has been established in [171].

4.1 NATURAL GRADIENTS

In this section we provide some background on the concept of natural gradients.

4.1.1. DEFINITION AND GENERAL PROPERTIES OF NATURAL GRADIENTS. In many applica-
tions, one aims to optimize a model parameter 6 with respect to an objective function
¢ that is defined on a model space M, as illustrated in Figure This general setup,
with an objective function that factorizes as L(60) = ¢(P(0)), covers parameter estima-
tion and supervised learning cases, and also problems such as the numerical solution of
PDEs with neural networks or policy optimization in MDPs and reinforcement learning.
Naively, the optimization problem can be approached with first order methods, comput-
ing the gradients in parameter space with respect to the Euclidean geometry. However,
this neglects the geometry of the parametrized model Mg = P(®), which is often seen
as a disadvantage since it may lead to parametrization-dependent plateaus in the opti-
mization landscape. At the same time, the biases that particular parametrizations can
introduce into the optimization can be favorable in some cases. This is an active topic of
investigation particularly in deep learning, where P is often a highly non-linear function
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Ficure 4.1. Schematic drawing of parametric models with an objective
function ¢ and resulting parameter objective function L; note that neither
the choice of geometry in the model space nor the factorization or the
model space itself is uniquely determined by the objective function L.

of 0. At any rate, there is a good motivation to study of the effects of the parametrization
and the possible advantages from incorporating the geometry of model space into the
optimization procedure in parameter space.

The natural gradient as introduced in [13] is a way to incorporate the geometry of the
model space into the optimization procedure and to formulate iterative update directions
thatareinvariant under reparametrizations. Althoughithasbeen mostcommonly applied
in the context of parameter estimation under the maximum likelihood criterion, the
concept of natural gradient has been formulated for general parametric optimization
problems and in combination with arbitrary geometries. In particular, natural gradients
have been applied to neural network training [229, 193, 95 146, policy optimization [[153)
232, 206] and inverse problems [223]. Especially in the latter case, different notions of
natural gradients have been introduced. A version that incorporates the geometry of the
sample space are natural gradients based on an optimal transport geometry in model
space [175, 188, 18]. We shall discuss natural gradients in a way that emphasizes that
even for a specific problem there may not be a unique natural gradient. This is because
both the factorization L(0) = ¢(P(0)) of the objective as well as what should be considered
a natural geometry in model space may not be unique.

But what is it that makes a gradient or update direction natural? The general consensus
is that it should be invariant under reparametrization to prevent artificial plateaus and
provide consistent stopping criteria, and it should (approximately) correspond to a gra-
dient update with respect to the geometry in the model space. We now give the formal
definition of the natural gradient with respect to a given factorization and a geometry
in model space that we adopt in this work, which can be shown to satisfy the desired
properties.

Definition 4.1 (General natural gradient). Consider the problem of optimizing an objective
L: ® — R, where the parameter space ® C R’ is an open subset. Further, assume that
the objective factorizes as L = £ o P, where P: ® — M is a model parametrization with M a
Riemannian manifold with Riemannian metric g, and ¢: M — Ris a loss in model space, as
shown in Figure For 6 € ® we define the Gram matrix G(0);; = gp(s)(dPgei, dPge;))
and call VNL(0) = G(0)"VL(0) the natural gradient (NG) of L at O with respect to the
factorization L = { o P and the metric g.
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Natural gradient as best improvement direction. Let us consider a parametrization
P: ® - M with image Mg = P(®), where M is a Riemannian manifold with metric
g. Let us fix a parameter 0 € © and set p := P(0). Moving into the direction v € R”
in the parameter space results in moving in the direction w = dPgv € T, M in model
space. The space of all directions that can result in this way is the generalized tangent
space Ty Me = range(dgP) € T, M. Hence, the best direction one can take on Mg by
infinitesimally varying the parameter 0O is given by

argmax  dyl(p),
weTgMe,gp(w,w)=1

which is equal (up to normalization) to the projection Iz, a1, (VE€(p)) of the Riemannian
gradient V8{(p) onto Ty M@. Moving in the direction of the natural gradient in parameter
space results in the optimal update direction over the generalized tangent space Tp Mg in
model space.

Theorem 4.2 (Natural gradient leads to steepest descent in model space). Consider the
settings of Definition 4.1, where M is a Riemannian manifold with metric g and enote the natural
gradient with respect to this factorization by VNL(0) = G(0)*V¢L(0). Then it holds that

dPo(VNL(6)) = T, p (VS L(P(6))).

For invertible Gram matrices G(6) this result is well known [14] Subsection 12.1.2];
for singular Gram matrices we refer to [226, Theorem 1] and provide a proof for Hilbert
spaces in Chapter 6]

4.1.2. CHOICE OF A GEOMETRY IN MODEL SPACE. Neither the factorization of the objective
function nor the choice of the geometry in the model space is unique. Here, we discuss
different approaches for the choice of the geometry in the model space.

Invariance axiomatic geometries. A celebrated theorem by Chentsov [72] character-
izes the Fisher metric of statistical manifolds with finite sample spaces as the unique
metric (up to multiplicative constants) that is invariant with respect to congruent embed-
dings by Markov mappings. A generalization of Chentsov’s result for arbitrary sample
spaces was given by Ay et al. [24].

Given two Riemannian manifolds (&, g), (£, ") and an embedding f: & — &’, the
metric is said to be invariant if f is an isometry, meaning that

gp(u,v) = (f"g)p(u,v) = g}(p)(ﬂu,fw), forallp e Eand u,v € T,E,

where f.: T,& — Ty,)&’ is the pushforward of f. A congruent Markov mapping is in
simple terms a linear map p — MTp, where M is a row stochastic partition matrix, i.e.,
a matrix of non-negative entries with a single non-zero entry per column and entries of
each row adding to one. Such a mapping has the natural interpretation of splitting each
elementary event into several possible outcomes with fixed conditional probabilities. By
Chentsov’s theorem, requiring invariance with respect to these mappings results in a
single possible choice for the metric (up to multiplicative constants). We recall that on the
interior of the probability simplex Ag the Fisher metric is given by

gp(u,0) = Z L% forallu,v € T,As.
seS
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Based on this approach, Campbell [67] characterized the set of invariant metrics on
the set of non-normalized positive measures with respect to congruent embeddings by
Markov mappings. This results in a family of metrics, which restrict to the Fisher metric
(up to a multiplicative constant) over the probability simplex. Following this line of ideas,
Lebanon [169]] characterized a class of invariant metrics of positive matrices that restrict to
products of Fisher metrics over stochastic matrices[f| The maps considered by Lebanon do
not map stochastic matrices to stochastic matrices, which motivated [205] to investigate a
natural class of mappings between conditional probabilities. They showed that requiring
invariance with respect to their proposed mappings singles out a family of metrics that
correspond to products of Fisher metrics on the interior of the conditional probability

polytope,
_ 1 UsqUsq
gn(”zv) - Z |S| Z Tlsa
seS aeA

up to multiplicative constants. This work also offered a discussion of metrics on general
polytopes and weighted products of Fisher metrics, which correspond to the Fisher metric
when the conditional probability polytope is embedded in the joint probability simplex
by way of providing a marginal distribution.

, forallu,v e THA;,

Hessian geometries. Instead of characterizing the geometry of model space M via
an invariance axiomatic, one can select a metric based on the optimization problem at
hand. For example, it is well known that the Fisher metric is the local Riemannian metric
induced by the Hessian of the KL-divergence in the probability simplex. Hence, if the
objective function is a KL-divergence, choosing the Fisher metric yields preconditioners
that recover the inverse of the Hessian at the optimum, which can yield locally quadratic
convergence rates. More generally, if the objective £: M — R has a positive definite
Hessian at every point, it induces a Riemannian metric via

gp(v, w) =0 Vi(p)w
in local coordinates, which we call the Hessian geometry induced by ¢ on M; see [15, 259].
Example 4.3 (Hessian geometries). The following Riemannian geometries are induced by
strictly convex functions.
(i) Euclidean geometry: The Euclidean geometry on R is induced by the squared
Euclidean norm x - % 3, x2.
(ii) Fisher geometry: The Fisher metric on R‘io is induced by the negative entropy
x = 3 xilog(x;).
(iif) Itakura-Saito: The logarithmic barrier function x — -} ;log(x;) of the positive
cone R‘io yields the Itakura-Saito metric (see the next item).

(iv) o-geometries: All of the above examples can be interpreted as special cases of a
parametric family of Hessian metrics. More precisely, if we let

2. xilog(x;) ifo=1

4.1) Oo(x) =1 - log(x;) ifo=2
m Z x?_g OtherWise,

For Riemannian manifolds (My, g1) and (My, g2), the product metric on My X M; is defined by
g(uy +up, 01 +02) = g1(u1,01) + g2(uz, v2).
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4.2)

(4.3)

(4.4)

then the resulting Riemannian metric on R? for ¢ € (=c0,0] and on RZO for

o € (0, 00) is given by
VWi

i 1

This recovers the Euclidean geometry for ¢ = 0, the Fisher metric for o = 1, and
the Itakura-Saito metric for ¢ = 2. Note that these geometries are closely related
to the so-called B-divergences [15], which are the Bregman divergences of the
functions ¢, for = 1 — 0. We use ¢ instead of  in order to avoid confusion
with our notation for the observation kernel g in a POMDP.

Conditional entropy: Given two finite sets X, Y and a probability distribution p
in Ayxy we can consider the conditional entropy

fcti) = Hiplox) = = 3 i, tog B2 = () = (o).

Xy

This is a convex function on the simplex Axyxy [218]. The Hessian of the condi-
tional entropy is given by

At Pl) = O (Sl y) = px (@)

as can be verified by explicit computation or the chain rule for Hessian matrices
(see also proof of Theorem [4.8). This Hessian does not induce a Riemannian
geometry on the entire simplex since it is not positive definite on the tangent
space TAxxy, as canbe seen from the specific choice X = Y = {1, 2}, u;; = 1/4for
all i, j = 1,2 and the tangent vector v € TyAxxy given by v;; = (-1)'. However,
when fixing a marginal distribution v € Ax,v > 0, then the conditional entropy
¢c induces a Riemannian metric on the interior of P = {u € Axxy : ux = v}.
To see this we consider the diffeomorphism given by conditioning int(P) —
mt(A ), 1 = ly)x. It can be shown by explicit computation (analogous to the
proof of Theorem that the Hessian V2¢¢(u) is the metric tensor of the pull
back of the Riemmanian metric

g TAYXTAY SR, guuy(v,w) = Z v(x )Z
Y

v(x, ywx, y)

k(ylx)
This argument can be adapted to sets {u € Axxx : pux = v(uy|x)}, where
v int(Ai) — int(Ax) depends smoothly on the conditional uyx € Aﬁ.

We note that the Bregman divergence induced by the conditional entropy is
the conditional relative entropy [218],

Dy (™, u®) = Dy (u®, u®) - Dr (1, 12
= > i Dk (V(|x), 1w |x)).
X

Local Hessian of Bregman divergences. Let ¢ be a twice differentiable convex function
and denote its Bregman divergence with Dy(x,y) = ¢(x) — ¢(y) — (Vp(y), x — y). Then
it holds that

(4.5)

ViDq‘)(x/ y)lyzx = ViDq‘)(% x)|y=x = VZQD(X).
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To see this, we set f(y) = Dy(x,y). It is immediate that V2f(y) = V2¢(y). Further, one
can compute

Iy f(y) = 9y | () = B(y) = > Dy d(y) ek = i)
k
= =0y p(y) + Z Ay Dy, DY) Yk — Xk) + Iy, P ().
k

Hence, we obtain

Ay, Iy, f(y) = =y, 9y, (y) + Z 9y, 9y, Dy P Y)Yk — X)) + Iy, Iy, P(y) + Iy, Iy, d(v),
k

and hence V2f(x) = V2¢(x).

Connection to generalized Gauss-Newton methods. Let ¢ be a twice differentiable
strictly convex function. Then the Gram matrix of the Hessian geometry is given by

G(0) = DP(6)TV2¢p(P(0))DP(0).

Hence G™1(0) can be interpreted as a generalized Gauss-Newton matrix of the objective
function ¢ o P [192]. In particular, for the square loss we have ¢(x) = ||x||2, in which case
G(0)™! = (DP(0)TDP(60))! is the usual nonlinear least squares Gauss-Newton matrix.
Note that this is only the case when choosing the Hessian geometry of the objective
function. Later, in the case of Markov decision processes this is the case when applying
(the right) natural policy gradient to a regularized reward optimization problem. In
contrast, the unregularized case, the objective in state-action space is linear and does not
induce a Hessian geometry and hence the natural policy gradients do not agree with a
generalized Gauss-Newton method.

4.2 NATURAL POLICY GRADIENT METHODS

In this section we give a brief overview of different notions of policy gradient methods
that have been proposed in the literature and study their associated geometries in state-
action space. Policy gradient methods [300, 159, 277, 190, 40] offer a flexible approach to
reward optimization. They have been used in robotics [232] and have been combined with
deep neural networks [265| 266, 255]. In the context of MDPs there are multiple notions
of natural policy gradients. For instance, one may choose to use an optimal transport
geometry in model space resulting in Wasserstein natural policy gradients [208]. Most
important to our discussion, there are different possible choices for the model space. One
obvious candidate is the policy space AS , which was used by Kakade [153]. However the
objective function R(m) is a rational non-convex function over this space an thus requires
a delicate analysis. A second candidate, which was proposed by Morimura et al. [206],
is the state-action space N' C Agx#, for which the objective becomes a rather simple,
linear function. We recall the following result, which allow us to study any NPG method
defined with respect to the policy space in state-action space.

Assumption 3.3 (Positivity). For every s € S and 7t € A9, we assume that Y, n7, > 0.
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Proposition 3.4 (Inverse of state-action map). Under Assumption|3.3| the mapping
. AS
VA7 >N, meon”
is rational and bijective with rational inverse given by conditioning

n(s, a)
Za’ 72(5 ’ al) ‘

Because of the simplicity of the objective function in state-action space, we propose to
study the evolution of NPG methods in this space. As we will see, this has the added
benefit that it allows us to interpret several of the existing NPG methods as being induced
by Hessian geometries. Based on this observation we can conduct a relatively simple
convergence analysis for these methods. Finally, we propose a class of policy gradients
closely related to p-divergences that interpolate between NPG arising from logarithmic
barriers, entropic regularization and the Euclidean geometry.

yvN - A‘;, n+— 7, wherem(als)=

4.2.1. Poricy GrabpienTs. Throughout the section, we consider parametric policy models
P:©® — A‘;‘ and write g = P(0) € A; for the policy arising from the parameter 0.
We denote the corresponding state-action and state frequencies by 79 and pg. Finally,
in slight abuse of notation we write R(6) for the expected infinite-horizon discounted
reward obtained by the policy mg. The vanilla policy gradient (vanilla PG) method is given
by the iteration

(4.6) Oki1 = Or + At - VR(6Oy),

where At > 0 is the step size.

In principle, the reward function can be differentiated using automatic or numerical
differentiation methods. A different approach is to use the celebrated policy gradient
theorem and use matrix inversion to compute the state-action value function Qg. We
restate the policy gradient theorem here for convience.

Theorem 3.11 (Policy gradient theorem, [277,190, 2|]). It holds that
(1-7)96,R(0) = > po(s) > o, ma(als)Qa(s,a) = D" na(s, a)dp, log(mo(als))Qe(s, ).

In a reinforcement learning setup, one does not have direct access to a and hence
to state and state-action transition kernels p, and P, nor Q", and sometimes even the
state space S is not known a priori. In this case, one has to estimate the gradient from
interactions with the environment [40, 39, 207, 276]]. In this work, however, we study the
planning problem in MDPs, i.e., we assume access to exact gradient evaluations.

Policy parametrizations. Many results on the convergence of policy gradient methods
have been provided for tabular softmax policies. The tabular softmax parametrization is
given by

gFs
4.7) ng(als) = ——— forallae A,s €8,
D €O
for 0 € RS*7. One benefit of tabular softmax policies is that they parametrize the interior
of the policy polytope A; in a regular way, i.e., such that the Jacobian has full rank
everywhere, and the parameter is unconstrained in an affine space.
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Definition 4.4 (Regular parametrization). We call R? — int(A‘;), 0 +— 1o a reqular policy
parametrization if it is differentiable, surjective and satisfies

(4.8) span{dp,mp :i=1,...,p} = TRQA‘; for every 6 € RP.

We will focus on regular policy parametrizations, which cover softmax policies as well
as escort transformed policies [198]. Nonetheless, we observe that policy optimization
with constrained search variables can also be an attractive option and refer to [210] for a
discussion in context of POMDPs.

Remark 4.5 (Partially observable systems). Although we will only consider parametric
policies in fully observable MDPs, our discussion covers the case of POMDPs in the
following way. Any parametric family of observation-based policies {7g : 0 € @} C A%
induces a parametric family of state-based policies {rmg o : O € O} C A‘;. Hence, the
policy gradient theorem as well as the definitions of natural policy gradients directly
extend to the case of partially observable systems. However, the global convergence
guarantees in Section[4.3]and Section4.4]do not carry over to POMDPs since they assume
regular parametrization of the policies.

Regularization in MDPs. In practice, the reward function is often regularized as
Ry =R - A.

This is often motivated to encourage exploration [300] and has also been shown to lead
to fast convergence for strictly convex regularizers ¢ [200,|71]. One popular regularizer is
the conditional entropy in state-action space, see [218, 200, |71],

(49) Ye(6) = ) pals) ) molals)log(ma(als)) = H(na) — H(pe),

which has also been used to successfully design trust region and proximal methods for
reward optimization [251} [250]]. It is also possible to take the functions ¢, defined in (4.1)
as regularizers. This includes the entropy function, which is studied in state-action space
in [218] and logarithmic barriers, which are studied in policy space in [2].

Projected policy gradients. An alternative to using parametrizations with the prop-
erty that any unconstrained choice of the parameter leads to a policy, is to use constrained
parametrizations and projected gradient methods. For instance, one can parametrize
policies in A‘; by their constrained entries and use the iteration

Tt 1= Tys (0 + AtG(mtx)"VR(n)),

wherell,s is the (Euclidean) projection to A‘;{. We will not study projected policy gradient
A
methods and refer to [2}305] for convergence rates of these methods.

4.2.2. KAKADE'S NATURAL POLICY GRADIENT. Kakade [153] proposed a natural policy
gradient based on a Riemannian geometry in the policy polytope A;. We will see
that Kakade’s NPG can be interpreted as the NPG induced by the Hessian geometry in
state-action space arising from conditional entropy regularization of the linear program
associated to MDPs. Kakade’s idea was to mix the Fisher information matrices of the
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policy over the individual states according to the state frequencies, i.e., to use the following
Gram matrix:

Gk(6)ij = D po(s) D malals)do, log(ra(als))de, log(ma(als))

= > 110(s, )9, log(mo(als))dp; log(mo(als))

L pute 3 2l o)

(4.10)

mg(als)

Definition 4.6 (Kakade’s NPG and geometry in policy space). We refer to the natural
gradient VKR(0) = Gx(0)*VoR(rg) as Kakade's natural policy gradient (K-NPG), where
Gk is defined in (4.10). Hence, Kakade’s NPG is the NPG induced by the factorization
6 +— 1 — R(0) and the Riemannian metric on int(A;) given by

(4.11) X, w) = Z p(s )Z o(s, a();(lJ()s /) forallv,w € TnA‘;.

Due to its popularity, this method is often referred to simply as the natural policy
gradient. We will call it Kakade’s NPG in order to distinguish it from other NPGs.

Remark 4.7. In [153] the definition of Gk was heuristically motivated by the fact that
the reward is also a mix of the one step rewards according to the state frequencies,
R(n) = X5 p™(s) Xam(als)r(s,a) = X5 p™(s)rx(s). The invariance axiomatic approaches
discussed in [169, 205] also yield mixtures of Fisher metrics over individual states, which
however do not fully recover Kakade’s metric, since this would require a way to account
for the particular process that gives rise to the stationary state distribution p™. The works
[232, 28, 216] argued that the Gram matrix Gg corresponds to the limit of the Fisher
information matrices of finite-path measures as the path length tends to infinity.

Interpration as Hessian geometry of conditional entropy. The metric gX on the con-
ditional probability polytope A‘;‘ has been studied in terms of its invariances and its
connection to the Fisher metric on finite-horizon path space [28, 232, 205]. We offer a
different interpretation of Kakade’s geometry by studying its counterpart in state-action
space, which we show to be the Hessian geometry induced by the conditional entropy.

Theorem 4.8 (Kakade’s geometry as conditional entropy Hessian geometry). Consider an
MDP (S, A,a,r)and fix uy € Agandy € [0, 1) such that Assumption holds. Then, Kakade’s
geometry on A‘; is the pull back of the Hessian geometry induced by the conditional entropy on
the state-action polytope N C Asx# along 7+ n™.

Proof. We can pull back the Riemannian metric on the policy polytope proposed by
Kakade along the conditioning map to define a corresponding geometry in state-action
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space. The metric tensor in state-action space is given by
G(T])(s,a),(s’,a') = g{-f(a(s,a)n('l')/ a(s’,a’)n('l'))
) i|8)ds s (|3
_ Z p(§) (s,a)n( | )N (f A )77( | )
(4.12) @)

2 15, (E3)
_ Z o522 Ui - <ﬁ) nals)
§,a s,
Using a(s,a)rl(ﬁlg) = a(s,u)(n(gz 5)P(§)_1) = 655(6aﬁp(§)_1 -1(8, ﬁ)P(g)_Z) we obtain
(4.13) G)is 5,0 = O (Sawrn(s, ) = p(s) ).

We aim to show that G(n) = V2¢c(17), where ¢c(1) = H(n) — H(p) denotes the relative
entropy and p(s) = 3, 7(s, a) denotes the state-marginal. Note that V2H(n) = diag(n),
which is the first term appearing in (4.13). For linear maps ga(x) = Ax the chain rule
yields the expression

9idj(f 0 gA)X) = " Aridkdif(8a(x)Ayj.
k,1

Noting that p is a linear function of ) we obtain

Ots, )05ty H(p) = D 85,6050sH(p)ds,5 = 550p(s) ™",
5,5

which is the second term in (.13). Overall this implies G(17) = V2pc(n). O

The above theorem shows that Kakade’s natural policy gradient is the natural policy
gradient induced by the factorization 6 — ng +— R(0) with respect to the conditional
entropy Hessian geometry, i.e.,

doine(s,a)de;ne(s,a) do;p6(s)d6;po(s)
Gk(0)ij = Z oG, ) - Z e

s,a s

(4.14) =" 99, 10g(no(s, @))dg; 10g(no(s, @))11o(s, a)

s,a

— ", 30,108(po(5))d6, log(pa(s))pa(s).

It is also worth noting that the Bregman divergence of the conditional entropy is the
conditional relative entropy and has been studied as a regularizer for the linear program
associated to MDPs in [218]].

Remark 4.9. Kakade’s NPG is known to converge at a locally quadratic rate under condi-
tional entropy regularization [71], a regularizer, which in policy space takes the form

() = " p™(s) Y mlals)log(m(als)) = > p™(s)H(n([s)).

Note however, by direct calculation, that Kakade’s geometry in policy space ¢¥ defined
in (4.11) is not the Hessian geometry induced by ¢ in policy space, which would take the
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form

V23p(m) = > p"(s)VEH(m(]s)) + Y (VH(:s)"Vp™(s) + VH(|s)Vp™(s)")
+ > H(m([s))V2p™(s).

Instead, the metric proposed by Kakade only considers the contribution of the first term;
see (4.1T). As we will see in Sections [4.3|and the interpretation of Kakade’s NPG as
a Hessian natural gradient induced by the conditional entropic regularization in state-
action space allows for a great simplification of its convergence analysis. One can show
that Kakade’s metric is not a Hessian metric in policy space. By Schwarz’s theorem the
metric tensor of a Hessian Riemannian metric satisfies d; Sjk = Bj gix- However, we have

96,5)G(T0)(s,0) (57 ,a7) = Oss'Oaar (—5s§5aapn(5)ﬂ(€l|5)_2 + ﬂ(ﬂls)a(g,ﬁ)Pn(S)) ,

which does not satisfy this symmetry property in general. This shows that the Riemannian
metric on the policy polytope A; proposed by Kakade does not arise from a Hessian.

4.2.3. MORIMURA’S NATURAL POLICY GRADIENT. In contrast to Kakade’s approach, who
proposed a mixture of Fisher metrics to obtain a metric on the conditional probability
polytope AS, Morimura and co-authors [206] proposed to work with the Fisher metric
in state-action space Agx# to define a natural gradient for reward optimization. The
resulting Gram matrix is given by the Fisher information matrix induced by the state-
action distributions, that is P(0) = ng and

(4.15) Gm(0)ij = Z do, log(noe(s, a))de; log(na(s, a))ne(s, a).

Definition 4.10 (Morimura’s NPG). We refer to the VMR(0) = Gm(0)*VgR(mg) as
Morimura’s natural policy gradient (M-NPG), where Gy is defined in (#.15). Hence,
Morimura’s NPG is the NPG induced by the factorization 6 +— ng — R(0) and the
Fisher metric on int(Agy.#)-

By (4.14) the Gram matrix proposed by Morimura and co-authors and the Gram matrix
proposed by Kakade are related to each other by

Gk(0) = Gm(0) — Fy(6),

where F,(0)ij = X5 po(s)de, log(pe(s))de; log(pe(s)) denotes the Fisher information matrix
of the state distributions. This relation is reminiscent of the chain rule for the conditional
entropy and can be verified by direct computation; see [206]. Where we have seen that
Kakade’s geometry in state-action space is the Hessian geometry of conditional entropy,
the Fisher metric is known to be the Hessian metric of the entropy function [15]. Hence,
we can interpret the Fisher metric as the Hessian geometry of the entropy regularized
reward 1 — (r,n) — H(n).

4.2.4. GENERAL HESSIAN NATURAL POLICY GRADIENT. Generalizing the above definitions,
we define general state-action space Hessian NPGs as follows. Consider a twice differen-
tiable function ¢: R3X™ — R such that V2¢(n) is positive definite on TN = TL € RS
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for every 1 € int(N). Then we set
Gy(0)j = Z do,No(s,a)d(s,0)0(s',a)P(M6)Ie;n0(s", a’),

s,s’,a,a’
which is the Gram matrix with respect to the Hessian geometry in ngﬂ.

Definition 4.11 (Hessian NPG). We refer to VP R(0) := G¢(0)"VoR(mg) as Hessian natural
policy gradient with respect to ¢ or shortly ¢-natural policy gradient (¢p-NPG).

Leveraging results on gradient flows in Hessian geometries we will later provide
global convergence guarantees including convergence rates for a large class of Hessian
NPG flows covering Kakade’s and Morimura’s natural gradients as special cases. Further,
we consider the family ¢, of strictly convex functions defined in (.I). With G,(0) we
denote the Gram matrix associated with the Riemannian metric g, i.e.,

do.ne(s,a)dene(s,a)
Go(0)i = . .
( )] ; T]@(S/a)a

Definition 4.12 (6-NPG). We refer to the natural gradient V'R(0) = G,(0)*VeR(mp)
as the o-natural policy gradient (6-NPG). Hence, the 0-NPG is the NPG induced by the
factorization 6 + 1ng — R(0) and the metric ¢g° on int(Asx#) defined in (4.2).

For 0 = 1 we recover the Fisher geometry and hence Morimura’s NPG; for ¢ = 2
we obtain the Itakura-Saito metric; and for ¢ = 0 we recover the Euclidean geometry.
Later, we show that the Hessian gradient flows exist globally for ¢ € [1, o) and provide
convergence rates depending on o.

4.3 CONVERGENCE OF NATURAL POLICY GRADIENT FLOWS

In this section we study the convergence properties of natural policy gradient flows
arising from Hessian geometries in state-action space for fully observable systems and
regular parametrizations of the interior of the policy polytope A;. Leveraging methods
from the theory of gradient flows in Hessian geometries established in [11] we show
ot™h convergence of the objective value for a large class of Hessian geometries and
unregularized reward. We strengthen this general result and establish linear convergence
for Kakade’s and Morimura’s NPG flows and O(t~/(°~V) convergence for ¢-NPG flows
for o € (1,2). We provide empirical evidence that these rates are tight and that the rate
O(t~1/(*=D) also holds for ¢ > 2. Under strongly convex penalization, we obtain linear
convergence for a large class of Hessian geometries.

Reduction to state-action space dynamics. For a solution 0(t) of the natural policy
gradient flow, the corresponding state-action frequencies 1)(t) solve the gradient flow
with respect to the Riemannian metric. This is made precise in the following result,
which shows that it suffices to study Riemannian gradient flows in state-action space.

Proposition 4.13 (Evolution in state-action space). Consider an MDP (S, A, a, ), a Rie-
mannian metric g on int(N) = ngﬂ and a differentiable objective function R: int(Asx#) — R.
Consider a regular policy parametrization and the parameter objective R(0) = R(ng) and a
solution 0: [0, T] — @ = RS*A of the natural policy gradient flow

(4.16) 2:6(t) = VNR(6(1)) = G(8(1))*VR(6(1)),
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where G(0)ij = g4(do,N0, do,n0) and G(6)" denotes some pseudoinverse of G(0). Then, setting
n(t) = ne) we have that : [0, T] — Agyx is the gradient flow with respect to the metric g and
the objective R, i.e., solves

(4.17) am(t) = VER(n(t)).
Proof. This is a direct consequence of Theorem m]

The preceding result covers the commonly studied tabular softmax parametrization.
For general parametrizations, the result does not hold. However, if for any two parameters
0, 0’ with ng = ne- it holds that

span{dg,mg:i=1,...,p} =span{dg,me- : i =1,...,p},

then a similar result can be established. An important special case of such parametriza-
tions occurs in partially observable problems with memoryless policies parametrized in
a regular way, e.g., through the softmax or escort transform; see also Remark

By Proposition [4.13]it suffices to study solutions 77: [0, T] — N of the gradient flow in
state-action space. We have seen before that a large class of natural policy gradients arise
from Hessian geometries in state-action space. In particular, this covers the natural policy
gradients proposed by Kakade [153] and Morimura et al. [206]. We study the evolution of
these flows in state-action space and leverage results on Hessian gradient flows of convex
problems in [11} 290] to obtain global convergence rates for different NPG methods.

4.3.1. CONVERGENCE AND EXISTENCE FOR GENERAL REWARDS. First, we study the conver-
gence and well posedness for general reward functions under the following assumptions.
Setting4.14. Let (S, A, o, r) bean MDP, y € [0,1), u € Agand let the positivity Assumption[3.3]
hold. We denote the state-action polytope by N = R‘ggﬂ N L (see Theorem and the (relative)
interior and boundary of N by int(N) = ngﬂ N L and IN = aRggﬂ N L respectively. We
consider an objective function R: RS*A — R U {—co, +oo} that is finite and differentiable on
ngﬂ and we assume that R continuous on its domain dom(R) = {n € RS*A : R(n) € R}.
We consider a real-valued function ¢: RS — R U {+oo}, which we assume to be finite
and twice continuously differentiable on ngﬂ and such that V2¢(n) is positive definite on
LN=TLC RS*A for every point ) € int(N) and denote the induced Hessian metric on int(N)
by g. Further, with n: [0, T) — N we denote a solution of the Hessian gradient flow

(4.18) am(t) = VER(n(t))

with initial condition n(0) = no. We set R* = Sup, cn R(n) € RU {+oo} and by n* € N, we
denote a maximizer, if one exists, of R over N. We denote the policies corresponding to n(t), no
and n* by 1(t), o and 1*, see Proposition

We observe that the Hessian of the conditional entropy only defines a Riemannian
metric on int(N) and not over all of Agx#. Note that " might lie on the boundary and for
linear R corresponding to unregularized reward it necessarily lies on the boundary.

We repeatedly make use of the following identity

(4.19) (VZH)VER(), ©) = g9(VER(n), 0) = dR(n)o = (VR(n), 0),
which holds forany v € T.L.
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Sublinear rates for general rewards. We begin by providing a sublinear rate of con-
vergence for general NPG flows, which we then specialize to Kakade and 0-NPGs.

Lemma 4.15 (Convergence of Hessian natural policy gradient flows). Consider Setting
and assume that R is concave on ngﬂ and that there exists a solution n: [0, T) — int(N) of the
NPG flow (4.18) with initial condition n(0) = no. Then for any n’ € N and t € [0,T) it holds
that

(4.20) R(N') = R((H) < (D (1, 10) = Do, n())E™ < Do (17, o)t ™,

where Dy, denotes the Bregman divergence of ¢, in particular, R(n(t)) — R*as T — oo. If there
is a maximizer n° € N of R with ¢(1*) < oo the convergence happens at a rate O(t71).

Proof. This is precisely the statement of Proposition 4.4 in [11]; note however, that they
assume a globally defined objective R: RS*# — R and hence for completeness we provide
a quick argument. If ¢(n’) = +oo the statement is trivial and hence we assume ¢(1’) < +oo.
It holds that

dtDy(n,n(t)) = =i p(n(t)) — A (Vp(n(t)), n — n(t))
= —(Vo((t), din(t)y — (V2p(n(t)Iem(t), n — n(t)) + (V(n(t)), dn(t))
= —(VR(n(t)),n—-n(t)),

where we used din(t) = VER(n(t)) as well as (4.19). Using the concavity of R we can
estimate

(4.21) dtDy(n,n(t)) = =(VR((t)), n —n(t)) < R(n(t)) — R(1n).

Integration and the monotonicity of ¢ — R(n(t)) yields the claim. m]

Well posedness of NPG flows. The previous result holds for general state-space ob-
jective and hence covers both regularized and unregularized rewards and reduces the
problem of showing convergence of the natural gradient flow to the problem of well-
posedness. However, well-posedness is not always given, such as for example in the case
of an unregularized reward and the Euclidean geometry in state-action space. In this
case, the gradient flow in state-action space will reach the boundary of the state-action
polytope N in finite time at which point the gradient is not classically defined anymore
and the softmax parameters blow up; see Figure An important class of Hessian
geometries that prevent a finite hitting time of the boundary are induced by the class of
Legendre-type functions, which curve up towards the boundary.

Definition 4.16 (Legendre type functions). We call ¢p: RS*# — R U {+oc0} a Legendre type
function if it satisfies the following properties:

(1) Domain: It holds that ngﬂ C dom(¢) € ngﬂ, where the domain is given by
dom(¢p) = {n € RS : $(n) < oo} )

(if) Smoothness and convexity: We assume ¢ to be continuous on dom(¢) and twice
continuously differentiable on R‘féﬂ and such that V2¢(n) is positive definite on
LN=TLC RS*A for every 1 € int(N).

(iif) Gradient blowup at boundary: For any (nx)ren € int(N) with ny — n € IN we
have [[Vo ()|l — co.
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We note that the above definition differs from [11]], who consider Legendre functions
on arbitrary open sets but work with more restrictive assumptions. More precisely, they
require the gradient blowup on the boundary of the entire cone RS *A and not only on
the boundary of the feasible set NV of the optimization problem. However this relaxation
is required to cover the case of the conditional entropy, which corresponds to Kakade’s
NPG, as we see now.

Example 4.17. The class of Legendre type functions covers the functions inducing Kakade’s
and Morimura’s NPG via their Hessian geometries. More precisely, the following Le-
gendre type functions will be of great interest in the remainder:

(i) The functions ¢, defined in used to define the 0-NPG are Legendre type
functions for ¢ € [1,00). Note that this includes the Fisher geometry, corre-
sponding to Morimura’s NPG for o = 1 but excludes the Euclidean geometry,
which corresponds to o = 0.

(if) The conditional entropy ¢¢ defined in is a Legendre type function. The
Hessian geometry of this function 1nduces Kakade s NPG. Note that in this case
the gradient blowup holds on the boundary N but not on the boundary of Agx#
or even R,

The definition of a Legendre function with the gradient blowing up at the boundary
of the feasible set prevents the gradient flow from reaching the boundary in finite time
and thus ensures the global existence of the gradient flow. Here, we provide a global
existence result similar to [11, Theorem 4.1], where they require the objective function R
to admit a smooth extension onto the ambient space and ¢ to be globally strictly convex.
Note that the regularized reward R(n) = (r, ) — A¢(n) never admits a smooth extension
if ¢ is a Legendre type function like the entropy or conditional entropy. Therefore, we
require a different assumption that bounds the curvature of the objective in terms
of the curvature of the function ¢ as we discuss in Example

Theorem 4.18 (Well posedness of Hessian NPG flows). Consider Setting let ¢ be a
Legendre type function and assume that there exists ¢ € R such that

(4.22) (VER(NVER(), TIr 2VR() < ¢ - [TIr VR for all n € int(N),

where Il ¢ denotes the Euclidean projection onto the tangent space of L. Then for any ng € int(N)
there exists a unique global solution n: [0, 00) — int(N) of the Hessian natural policy gradient
flow (4.18) with n(0) = no. In particular, this covers the unregularized reward R(n) = (r,n), the
regularzzed reward R(n) = (r,n) — Ap(A) and the case R(n) = —Ap(n) for A € R.

Before we present the proof we give insight into its arguments and provide some
intuition for the condition (4.22)), which compares the Hessians of R and ¢.

Example 4.19 (A one dimensional example). Let us consider a Hessian gradient flow in
one dimension given by

dpx(t) = " (x(1) ™ f'(x(t)
for a suitably convex function ¢: R.g — R such that ¢’(x) — +co for x N\, 0 and a
function f: R.g — R. It is our goal to show the well posedness in this case, where the
condition ([#.22) takes the form f”(x)¢”(x)™' < c. The only scenario how the Hessian
gradient flow might not exist globally is if x(t) \, 0 for t /' T < 400, in which case
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¢’(x(t)) — +oo. Note that d;¢p’(x(t)) = ¢”(x(t))drx(t) = f'(x(t)) and hence

t
¢/ (x(1) = ' (x(0)) + / F((s)ds.
0
In order to bound this we estimate

O f'(x(8))? = 2" (x(1)) f" (x(£))Iex(t) = 2" (x(£)) " (x (1) ' ' (x())* < 2¢f"(x(t))?
and Gronwall’s inequality implies | f/(x(t))|< | f’(x(0))|- exp(ct). This yields

¢’ (x(1)) < '(x(0)) + T|f"(x(0))] - exp(cT) < +o0

in contradiction to ¢’(x(t)) — +o fort /' T.

The condition f”(x) < c¢”(x) can be interpreted as a bound on the curvature of f in
terms of the curvature of ¢. This bound is indeed necessary for long time existence as for
example the choice ¢(x) = x~! and f(x) := x72 leads to the flow x(t) = x(0) — t, which
only exists in R until time T = x(0).

The proof of Theorem follows the same ideas as Example but we require the
following auxiliary result.

Lemma 4.20 (Lemma 4.3 in [11]). Let C C R? be a nonempty open convex subset, let U C R¥
be a subspace of R, fix £ € dC such that (£ + U) N C # @ and denote the normal cone of C at £
by NCx(%) = {v € R?: (v,y— %) <0forally € C}. Then NC&(%)nuU+ = {0}.

Proof. Fixv € NCx(X)nU*and y € (£ +U) N C. Then (v,y — £) = 0since y — £ € U and
v € U*. As Cis open, thereis ¢ > 0such y + w € Cif ||w|| < . Asv € NC(%) it holds
that (v, w) = (v, y + w — X) < 0 whenever ||[w|| < ¢, which shows that v = 0. O

Proof of Theorem We follow the arguments given outlined in Example and gen-
eralize them to the multi-dimenstional setting.

Let us denote the Euclidean distance of a point 1) to the boundary JdN by dist(n, IN).
The existence and uniqueness of the Hessian gradient flow on [0, T), where

T = limsup {t >0: inf dist(n(s), IN) = e} ,
e—0 s€[0,]

follows from standard arguments, i.e., the Picard-Lindel6f theorem and by gluing solu-
tions if they stay within a compact subset of int(N).

To show T = +oco we assume that T < +oco. This implies inf;c(o ) dist(n(t), IN) = 0.
Now we choose a sequence (f,),en € [0,T) such that dist(n(t,), IN) — 0 for n — co.

Then surely t, — T for n — oo since inf,¢[g ¢) dist(1)(s), IN) > O for t < T. By compactness
of N and the sphere we can assume without loss of generality that n(t,) — #j € N and

% — v € RS*A, Note that /} € IN since dist(}, IN) = lim, e dist(n(t,), IN) = 0.
Since ¢ is a Legendre type function this yields ||[Vo(n(t,))|| — oo.

Next, we show that v € NCx/(7]), where NCx/(#) denotes the normal cone of N at 1.
For any 1’ € int(N) the convexity of ¢ implies that (Vo (n(t,)) — Vo(1'), n" — n(t,)) < 0.
Devision by [|[Vo(n(t,))|| and taking the limit n — oo yields (v,n’ = 1) < 0 showing
v € NCy(]). By Lemma we have v ¢ (TL)*, where L is the linear space such that
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N = R‘;OXﬂ N L, see Theorem and hence vg = Ilr,v # 0, where Il7, denotes the
Euclidean projection onto T.L. For n — oo we have

< Vo (n(tn))

m'”0> = (v, vo) = Ivoll > 0

and therefore
(4.23) (Vo (n(tn), vo) — oo for 1 — +oo.

Note that 9;Vp(n(t)) = V2p(n(t))dim(t) = V2o(n(t))VER((t)). Integration and
yields

tn
Von(t), vo) = < [ vouenvsnaends + V¢(no>,vo>

0

ty
— (Vo) vo) + /0 (VR((s)), voyds

tn

= (Vo(no), vo) + ; (I £VR(n(s)), vo)ds

(4.24)

tn
< Vool + /0 Ty £ VR (n(s))lds.

To bound |[TIr £ VR(1(s))|| we use (4.22) and estimate

4TIy LVR((0)I1> = 2TTr L VR(1(1)), O TTr £ VR(1(¢)))
= 2Ty L VR((1)), 7 £3: VR( (1))
= 2y L VR((1)), 9 VR((L)))
= 2(TIr L VR((1)), VZR((£)) s (¢))
= 2(IIr LVR((1)), V2R((#)VER((H)))
< 2¢||TIr £ VR(n(E)II>.

Now Gronwall’s inequality yields ||[IIroVR(n(t)|| < [TIrgVR(no)| - exp(ct). Together
with (4.24) this implies

(Vom(tn)), vo) < IVl + T - [[VR(no)l| - exp(cT) < +o0

contradicting (4.23). Therefore, we have shown that T = +co.

We now verify the condition for the individual cases. If R is the unregularized
reward, then V2R = 0 and hence (.22) holds with ¢ = 0. If R(n) = (r,n) — APp(n) or
R(1) = —A¢(n) for some A € R, then V2R = —AV2¢p and (@.19) yields

(VER(VER(), Ty LVR() = ~A(V2S()VER(), T L VR(1))
= =AM (VR(n), T VR®))
= =AMy VR

and (4.22) holds with ¢ = —A. O
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4.3.2. CONVERGENCE OF UNREGULARIZED NPG rLows. Now, we study the case of un-
regularized reward, i.e., where the objective in state-action space is linear and given by
R(n) = (r,n) for Kakade’s as well as 0-NPG flows, which include Morimura’s NPG as a
special case. In this case we obtain global convergence guarantees including rates.

Sublinear rates. Recall that Kakade’s natural policy gradient is induced by the condi-
tional entropy ¢¢ defined in (#.3). The Bregman divergence of the conditional entropy,
see [233], is given by the conditional relative entropy

Dyc(m,m2) = ) m(s,a)log (Z:Ez Z;) -, mls,a)log (?Zl—EzZ;)

= Dk1.(m,1n2) — Dxi(p1, p2) = Z p1(s)Dxr(m(-ls), n2(:1s)),

which has been studied in the context of mirror descent algorithms of the linear program-
ming formulation of MDPs in [218]].

Theorem 4.21 (Convergence of Kakade’s NPG flow for unregularized reward). Consider
Setting with ¢ = ¢c being the conditional entropy defined in and denote the unreg-
ularized reward by R(n) = (r,n) and fix an element ng € int(N). Then there exists a unique
global solution n: [0, 00) — int(N) of Kakade’s NPG flow with initial condition n(0) = no, i.e.,
of with ¢ = ¢, and it holds that

(425) R =RO(0) < £ Dyl mo) = 7Y p"(&)Die(r(s), 7ol 1s)),

where Dy denotes the conditional relative entropy and n* an arbitrary maximizer. In particular,
dist(n(t), S) € O(t™1), where S = {n € N : {r,n) = R*} and dist denotes the Euclidean distance.

Proof. The flow is well posed by Theorem and Example Now the result follows
directly from Lemma o

Now we elaborate the consequences of the general convergence result Lemma for
the case of 0-NPG flows. Here, the study is more delicate since for o > 2 we typically have
¢s(n*) = oo since the maximizer n* lies at the boundary unless the reward is constant.

Theorem 4.22 (Convergence of 0-NPG flow for unregularized reward). Consider Set-
ting 414 with ¢ = ¢, for some o € [1,00) being defined in @.1). Denote the unregularized
reward by R(n) = (r,n) and fix an element ny € int(N). Then there exists a unique global
solution 1: [0, c0) — int(N) of the Hessian NPG flow with inital condition n(0) = no and
and there is a constant ¢ = c¢(c) > 0 such that

1D, m0) for o € [1,2)
(4.26) R* = R(n(t) < 1 clog(t)t? foro =2
cto3 for g € (2, 00)

for an abitrary maximizer n*. In particular, we have

ot for o €[1,2)
(4.27) dist(n(t), S) € { O(log(t)t™!) foro =2
O(t°73) for o € (2,),
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where S = {n € N : (r,n) = R*} denotes the solution set and dist denotes the Euclidean distance.
This result covers Morimura’s NPG flow as the special case with o = 1.

Proof. The global existence follows from Theorem and Example and hence we
can apply Lemma[4.15 For ¢ € [1,2) we have that ¢4(1*) < oo and hence R* — R(n(t)) <
Dy, (11", no)t L. Consider now the case ¢ = 2 and pick v € RS such that 15 := " + 6v €
int(N) for small 6 > 0. Then it holds that

R* = R(n(t)) = R* = (r,ns) + (r,15) = R(n(t)) = O(8) + Dg, (5, o)t "
= 0(8) + (Po(116) = Po(10) = (Vb (n0), 6 — 10)) £~
= 0(5) + O(log() + 1)t L.

Setting 6 = t~! we obtain R* — R(n(t)) = O(t™!) + O((log(t™!) + 1)t7') = O(log(t)t™1)
for t — oco. For 0 € (2,00) the calculation follows in analogue fashion. Noting that
dist(n(t), S) ~ R* — R(n(t)) finishes the proof. O

Theorem and Theorem show global convergence of 0-NPG and Kakade’s
NPG flows for unregularized rewards. Note that the reason why this is possible is that
one does not work with a regularized objective but rather with a geometry arising from a
regularization but with the original linear objective. For ¢ < 1 the flow may reach a face
of the feasible set in finite time; see Figure For 0 > 3 Theorem is uninformative
since t773 is non decreasing but R(1(t)) is non increasing as

AR(M(1)) = &y (@), VER((E))) = &niy (VER(n(1)), VER((£))) = 0.

However, by Lemma the flows converge in objective value since they are well posed
as the functions ¢, are Legendre-type functions for o > 1; see Example It would
be interesting to expand the theoretical analysis to clarify the convergence rate in this
particular case. For larger o the plateau problem becomes more pronounced, as can be
seen in Figure Further, if multiple maximizers exist and the objective R is linear one
can show that the trajectory converges towards the maximizer that is closest to the initial
point np with respect to the Bregman divergence [11}, Corollary 4.8].

Fasterrates foro € [1,2) and Kakade’s NPG. Now we obtain improved and even linear
convergence rates for Kakade’s and Morimura’s NPG flow for unregularized problems.
To this end, we first formulate the following general result.

Lemma 4.23 (Convergence rates for gradient flow trajectories). Consider Setting[4.14] assume
that there is a global solution n: [0, c0) — int(N) of the Hessian gradient flow (4.18). Assume
that there is an optimizer n* € N and assume that n(t) — n* for t — co and that there exist
w € (0,00), T €[1,00) and T > 0 such that

(4.28) R(N) —R((t)) =2 wDy(n",n(t)" forallt > T.
Then there is a constant ¢ > 0, possibly depending on T and n(0), such that
(i) if T =1, then Dy (17", 1(t)) < ce™" forall t > 0,
(i) if T > 1, then Dy(n", n(t)) < et~V D forall t > 0.
The lower bound can be interpreted as a form of strong convexity under which

the objective value controls the Bregman divergence and hence convergence in objective
value implies convergence of the trajectories in the sense of the Bregman divergence.
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Proof. The statement of this result can be found in [11, Proposition 4.9], where however
stronger assumptions are made and hence we provide a short proof. Using (4.21) and (4.28)
we find that for t > T it holds that

9Dy (", n(t)) < R(n(t)) = R(’) < —wDy (", n(1))"
A standard integration of the differential inequality yields the claim. m|

In order to apply this result to natural policy gradient flows we need to bound the
respective Bregman divergences by the suboptimality in the linear objective. For this we
establish the following two lemmata where we bound the 1-norm by the suboptimality
gap as well as the KL-divergence between probability distributions by the 1-norm.

Lemma 4.24. Consider a polytope P = R¥ and a vertex x* € P that is the unique maximizer of the
linear function x — (v, x) over P. Let us denote the set of neighboring vertice of x* by N(x*).
Then

(4.29) A = min {H tX € N(x*)} >0
and satisfies
(4.30) (v,x*)y = (v, x) 2 A-||x"—x||y forallx € P.

Proof. Note that since x* is the unique maximizer of x — (v,x) over P it holds that
(v, x* — x) > 0 for every neighboring vertex x € N(x*), which implies A > 0. Further, the
polytope P is contained in the cone

C=qx"+ Z ay(y—x"):ay >20forally € N(x7)
YeN(x*)

generated by the edges containing x*, see [318, Lemma 3.6]. Hence, for x € P there are
non negative weights a,, > 0 for y € N(x*) such that

x=x"+ Z ay(y —x7).
YEN(x*)
Now we compute
(431) (0,2 =(,xy= Yy, —yy =AY ayllx -yl
YEN(x*) YEN(x*)
Further, by the triangle inequality we have

S ayly-)

yeN(x*)

lx* = xlly = < > aylly -2,

1 yeN(x)

which completes the proof. m|

Lemma 4.25. Consider a finite set X and a probability distribution u € Ax as well € € (0,1) and
set

€ .
(4.32) 5::m-m1n{yx:x€{\’andyx>0}>0.

2Two vertices of a polytope P are called neighbors if their convex hull is a face of P.
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Then for all v € Ax satisfying ||it — V|| < 0 it holds that

(4.33) Dip(u,v) < (% + 8) Ny =l

Proof. We bound the individual summands in the KL-divergence

Dkr(u,v) = Z tix log (%) = Z tix log (?) ,

xeX xeX
where X = {x € X : yy > 0}. If py, vy > 0 then

ix log (5—;‘) = ix (log(vy + (ux — vx)) — log(vx))

Hx — Vx

X

(4.34) < px (log(vx) + - 10g(Vx))

= (e —vy) -
—([Jx VX)VI

X

where we used the convexity log(t + h) < log(t)+ h/t fort > 0,t +h > 0. If |y —v||ec < 0

then .
& X
> U — 0 > - =
Vi = f 5_yx(1 1+£) 1+e¢
as well as P
& X
VxS[.lx'F(SSHx(l'Fm)S‘ux(l'i'l_g)—l_g
andthereforel—eg’:—;slee. If piy > vy then
(= v) - 55 < (1 4t = v2) = e = v + el = vl
X
and if y, < vy then
tx

(4.35) (Hx —Vy) - ” <(1- 5)([Jx —Vy) = Ux —Vx + Slllx — Vyl.
x

Together with (¢.34) summing over x yields
(436)  Diu(p,v) < ) (mx—vi)+e Yl —vil € ) (e =va) + & llu =l
xeX xeX xeX
and hence it remains to estimate the first part. Set X¢ := X'\ X then
Z(Hx _Vx) = Z(‘Ux —Vy) — Z([Jx —Vy) = - Z (Hx _Vx) = Z |Hx — Vil
xeX xeX xeX¢ xeX¢ x€Xe
since uy = 0 for x € X°. Now we can estimate

23 (= v) = D (= v+ )l =il < llp = vl

xeX xeX xeXe

Together with (4.36) this yields (4.33).

O

Combining Lemma and Lemma yields cDgp(u*, u) < (v, u*) — (v, u) for all
c € (0,2A) if P € Ax. This estimate of the KL-divergence of a point to the solution
of a linear program in terms of the optimality gap establishes the condition (4.28) in
Lemma and hence we obtain O(e™!) convergence of the gradient flow with respect

to the Fisher metric.
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Theorem 4.26 (Linear convergence of unregularized Kakade’s NPG flow). Consider Set-
ting where ¢ = ¢¢ is the conditional entropy defined in and assume that there is a
unique maximizer 1" of the unregularized reward R and denote its state-marginal by p*. Then for
any c1 € (0,2A) there is a constant c; = ca(no, c1) such that

(4.37) Dy (7, 1(t) = Y p($)Dxe (' (1s), (s)) < cae™"
and
(4.38) R* - R(n(t)) < 20| S||A| - [Ir]leo et

~ (1= y)mins p*(s)
forall t > 0, where

(r,n"—m)
I = nlh
and N(n*) denotes the neighboring vertices of n* in the state-action polytope N.

(4.39) A= min{ '€ N(n*)} >0

Proof. Let ¢c denote the conditional entropy, so that
Dy (n",n) = Dxr(n",n) = Dxi(p", p) < Dxr(n, 1)
By Lemma and Lemma for any ¢ € (0,2A) it holds that
c1Dy (", 1) < R(0") = R(n)-
Hence, Lemma guarantees that
D (", n(t)) = c2e™

for some ¢y = c2(no, c1) > 0 and it remains to estimate R(n*) — R(") = ||7|lo - " =1l
by the conditional relative entropy Dy (1", 17). Note that 7" is a deterministic policy and
hence we can write 7t*(a}|s) = 1 and estimate

Doc(n',m) = Y p'(8)Dxe (" (1s), ' (-1s)) = = )" p'(s) log(m(a]s))
(4.40) > ) p ()1 - m(azls)) =270 > ()l (1s) = m(ls)lh

> 27" (min p*(s)) At =7l
S
where we have used log(f) <t — 1 as well as

I (ls) = (-[s)llx = Z 7" (als) — m(als)| + [*(als) — mi(als)|

aag

= > mals) + (1 = m(atls)) = 2(1 = m(als)).

aag

By Lemma it holds that
SIA|

I =™l < ISIAL ™ =™l < 5722l =7l
and hence
. ISI|A] . 2|S||A| .
4.41 - Pindi Al NTEN < D .
@A) =l < TR =m0l < S Do 1)
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Together with R*—=R(n(t)) = (r,n*—=n(t)) < |7l |ln*—=n(t)|l1 this concludes the proof. O

In the proof we rely on the estimate c1Dy.(17",1) < c1Dkr(17",1) < R* = (r, 1), which
might not be tight and an estimate of the form cDy.(",17) < R* - (r,n) for a constant
¢ > ¢; would improve Theorem [4.26]

Theorem 4.27 (Improved convergence rates for 0-NPG flow). Consider Setting [£.14, where
¢ = ¢, for some o € [1,2) as defined in [@.1), and assume that there is a unique maximizer n°* of
the unregularized reward R with state-marginal p* and consider A > 0 defined in (¢.39). Then for
any c1 € (0,2A) there are constants ca = c2(no, c1), c3 = ¢3(no) > 0, c4 = c4(no) > 0 such that
26| S AL I lloo -yt
1 = y)min, p*(s)

(4.42)  Dxr(n*,n(t)) < coe™ ' and R* — R(n(t)) < ( ifo=1

forallt > 0and
(4.43) Do (', (1)) < et~ @D apd R* —R(n(t)) < cat VOV ifo e (1,2)
or all t > 0, where D, denotes the Bregman divergence induced by ¢,.
8 8 Y

Proof. The case 0 = 1 can be treated similarly to the case of Kakade’s NPG, where by
Lemma and Lemma one obtains

c1-Dxe(n", 1) < R(*) = R(n)

for ¢1 € (0,2A) and 7 in a neighborhood of 1 and hence Lemma yields the existence
of ¢ = c2(no, 1) > 0 such that

Dir(n', (1)) < c2e™".
Since Dy < Dxi, yields
2¢2[S|A] - 7]l
(1= y)mins p*(s)
For ¢ € (1,2) we show that (#.28) holds for 7 = (2 — 6)~! > 1. Recall that

n'(s,a)*° n(s,a)*™° n(s, )= (n*(s, a) — (s, a)
Do(n’,1) = 2(1 2(1 Z

(4.44) R = R(n(t)) < - Drc (', 1(£)).

0)(2-0) -0)(2-0) 1-0
We can bound every individual summand by O(|n*(s, a) — n(s,a)l|) if n°(s,a) > 0 and
O(|n*(s,a) = n(s,a)|*7%) if n*(s,a) = 0 for n — 1" respectively. Overall, this shows that

Ds(n*, 1) = O(In* = nlI*™%) = O((R(n") - R(,))*™°) forn — 1",

where the last estimate holds since n* is the unique minimizer of the linear function R
over the polytope N. By Lemma we obtain

D, (", n(t)) = O(t—l/(T—l)) — O(t—(Z—a)/(U—l)).

It remains to estimate the value of R by means of the Bregman divergence D,;. For this,
we note that R(7*) —R(1) = ||7]le - [I7* —7nll1) and estimate the individual terms. First, note
that for x — y (with x, y > 0) it holds that

yZ—U x2—a xl—a(y _ X) 1/(2-0)
((1—0)(2—0)_(1—0)(2—0)_ 1-0 ) )

lx —y| =0
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For y = 0 this is immediate and for y > 0 the local strong convexity of x - x>~ around
y implies
1/2
[x-yl=0 ((y“ — X7 = (2= o)y - X)) )
1/(2-0)
=0 ((yz“’ — 70— (2-0)x(y - x)) ’ )
for x — y. Now, Jensen’s inequality yields
i =l = O(Do (", MY/ =).
Overall, we obtain
R(7') = R1() = Ol = (Ol *) = 0¢0).
O

Compared to Theorem the above Theorem improves the convergence rate of
O(t™!) for parameters ¢ € [1,2). Later, we conduct numerical experiments that indicate
that the rates O(t /(1) also hold for ¢ > 2 and are tight.

Remark 4.28 (Alternative bound). When bounding the suboptimality in terms of the KL
divergence in order to obtain the bound we use (4.44), i.e., we estimate ||n* — 1)1
in terms of the conditional relative entropy Dy, which is trivially bounded by the KL
divergence. Hence, if we directly bound [[n* — nl[[; by the KL divergence, we obtain
a different bound, which can be tighter in certain instances. The optimal policy 7*
corresponding to n* is deterministic and hence for s € S there is a; € A such that
n*(ag|s) = 1. Using log(t) < log(s) + t;—s we estimate

N g ey (16,8 o o T a) =na) *
DKL(T] /77) - ETT (S/as)log ( W(S/a;) ) 2 EU (S/as) T]*(S/a;) =1 ZU(S/%)-

Note that 1" is the unique maximizer of the linear function
(N>R, ne- ZU(S/“;)
S

since for suboptimal n™ € N there is s € S such that m(a%|s) < 1 and hence (s, a}) =
p™(s)m(azls) < p™(s) and thus ¢(n) < 1. Therefore, we can apply Lemma and obtain

In* =7l <6711 - €(n)) < 6 Dkr(n', 1),

where

1_an(5/a;)_ *}
7" =nlh ‘n e N

In order to estimate 6 we fix n”* € N(n*) and note that 7 € N(r*) is a deterministic policy
with nt(as|s) = 1and [{s € S : a5 # a;}|= 1, lets say as, # a5 . Then

L-t) = 1= p"@E)n(azls) = 1= > p™(s) = p"(s0) = (1 = y)u(s0) = (1 = y) min u(s).

S#S0

6=min{
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Further, we have [|[* = n[[1 < 2 and thus 6 > M

together with Dxr(n*, 17(t)) < c2e™1f that

. If ming p(s) > 0 this implies

202|170
y) ming pi(s)

This bound becomes tightest if we choose p to be the uniform distribution where it
evaluates to

., C1t

(4.45) R*=R(n(t)) < lIrlleo - lIn = n(®)llx < =

202|S - I7floo
-y
In comparison, the bound (4.42) becomes tightest if p* is the uniform norm in which it
would evaluate to

et

(4.46)

205| SPAL | 7lleo

L-y
which is bigger compared to (4.46). However, the tighter bound (4.46) and also (4.45)
requires the initial distribution p to be the uniform distribution or have full support,

repsectively. However, there are instances where this is not satisfied and the positivity
Assumption [3.3]still holds, in which case the bound ([#.42) remains valid.

Remark 4.29 (Non-unique optimizers). Both Theorem and Theorem are for-
mulated under the assumption of unique optimizers since we use Lemma The
assumption that the linear function 1 +— (r,n) possesses a unique optimizer over the
state-action polytope N is satisfied for almost all r € RS*A. If there is a non trivial face
F* of optimizer the bound on the exponent 2A of the linear convergence deteriorates.
However, in the case of non unique optimizers the gradient flow converges towards the
Bregman projection 1* of the initial condition 79 onto the set F* of optimizers, which
describes the implicit bias of the different methods, see [11, Corollary 4.8]. Further, the
bounds (4.37), (4.38), (4.42) and remain valid with the constant

e—clt

7

(r,n" —m
I =7l
where vert(F*) denotes the set of vertices of F*.

To see this, we follow the same strategy as in the proofs above and generalize Lemma4.24]
to non unique optimizers. Indeed, for

(4.47) A= min{ :n" evert(F*),ne N(n*) \ F*} >0,

A = min {(v,:c——x) x e N(x")\ F',x" € Vert(F*)} ,
llx* = x[lx

where vert(F*) denotes the vertex set of the face of optimizers we obtain

A- min”x* - x||1 < f* - <v/ x>/
x*€F*

where f* denotes the optimal value attained on the face F*. To simplify notation let us
define the set E := {x —x": x € N(x*) \ F*, x* € vert(F*)} of edges such that exactly one of
the two endpoints is contained in F*. Then, the polytope P is contained in the cone

ecE

C:{x*+2aee:x*eF*,a5 ZOforalleeE}
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and hence we can write x € P as x = x* + ), a.e for some x* € F*. Just like in the proof
of Lemma [4.24 we obtain

Al = xl <A acllell < Y (o, —e) = (0,5) = 0,%) = f* = (@, ).

Taking the minimum over x* yields the claim.

Now we come back to the convergence of the flow 1)(t) towards its Bregman projection
n* and consider the case 0 = 1. Let 7j(t) € F* denote the |[|-||; projection of n(t) onto F*, i.e.,
be such that

In(t) = A(H)llr = min|ln" = n(t)l:.
n’'€eF

Note that fj(t) — n* since n)(t) — 1*. Using by Lemma4.25/one can show that for any ¢ < 2
and t large enough it holds that Dk (A(t), n(t)) < ¢7||A(t) — n(t)|l1 and now we obtain

Dir(n*, n(t)) < Drr(A(t), n(t)) < ¢! g\eiFr}llﬂ' =Bl < cTTATHR = (1, n(#)))

for t large enough, which yields the strong convexity condition (4.28) along the trajectory.
For ¢ € (1,2) and Kakade’s natural policy gradient the proof can be adapted analogously.

Numerical examples. We use the following example proposed by Kakade [153] and
which was also used in [28, 206]. Computer code for all experiments is made available in
https://github.com/muellerjohannes/geometry-natural-policy-gradients. We
consider an MDP with two states s1, s> and two actions a1, a;, with the transitions and
instantaneous rewards shown in Figure

az

7":+1, aq 6.@ ai, r =42

a2

FiGure 4.2. Transition graph and reward of the MDP example.

We adopt the initial distribution p(s1) = 0.2, u(s2) = 0.8 and work with a discount
factor of y = 0.9, whereas Kakade studied the mean reward case. Note however that the
experiments can be performed for arbirtrarily large discount factor, where we chose a
smaller factor since the correspondence between the policy polytope and the state-action
polytope is clearer to see in the illustrations. We consider tabular softmax policies and
plot the trajectories of vanilla PG, Kakade’s NPG, and ¢-NPG for the values

0 €{0,05,1,1.5,2,3,4}

for 30 random (but the same for every method) initializations. We plot the trajectories in
the state-action space (Figure and in the policy polytope (Figure[d.4). In order to put
the convergence results from this section into perspective, we plot the evolution of the
optimality gap R* — R(O(t)) (Figure. We use an adaptive step size Aty, which prevents
the blowup of the parameters for ¢ < 1, and hence we do not consider the number of
iterations but rather the sum of the step sizes as a measure for the time, f, = Zzzl Atg.
For vanilla PG and o € (1,2) we expect a decay at rate O(t~!) [200] and O(t~1/(o-1) by
Theorem Therefore we use a logarithmic (on both scales) plot for vanilla PG and
o > 1 and also indicate the predicted rate using a dashed gray line. For Kakade’s and
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Vanilla PG Kakade’s NPG 0 = 0 (Euclidean)

Ficure 4.3. State-action trajectories for different PG methods, which are
vanilla PG, Kakade’s NPG and 0-NPG, where Morimura’s NPG corre-
sponds to o = 1; the state-action polytope is shown in gray inside a three
dimensional projection of the the simplex Agy#; shown are trajectories
with the same random 30 initial values for every method; the maximizer
n* is located at the upper left corner of the state-action polytope.

Morimuras NPG we expect linear convergence by Theorem[4.26and .27 respectively and
hence use a semi-logarithmic plot.

First, we note that for o € {-0.5,0, 0.5} the trajectories of 0-NPG flow hit the boundary
of the state-action polytope N, which is depicted in gray inside the simplex Asyx#. This
is consistent with our analysis, since the functions ¢, are Legendre type functions only
for 0 € [1, o) and hence only in this case the NPG flow is guaranteed to admit long time
solutions. However, we observe finite-time convergence of the trajectories towards the
global optimum (see Figure [£.5), which we suspect to be due to the error of temporal
discretization.

For the other methods, namely vanilla PG, Kakade’s NPG and 0-NPG with ¢ € [1, o),
Theorem and Theorem show the global convergence of the gradient flow tra-
jectories, which we also observe both in state-action space and in policy space (see Fig-
ures [4.3| and {4.4| respectively). When considering the convergence in objective value we
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Vanilla PG Kakade’s NPG o = 0 (Euclidean)

ni(a1ls2)

0 1 00 1

o = 1 (Fisher/Morimura) oc=1.5

L 7

0

ni(a1ls2)

0 1 0 1 0 1
o = 2 (Itakuro-Saito)

0

ni(a1ls2)

ni(a1ls1) ni(a1ls1)

mi(a1ls1)

Ficure 4.4. Plots of the trajectories of the individual methods inside the
policy polytope AS = [0, 1]% additionally, a heatmap of the reward func-
tion © +— R(m) is shown; the maximizer n* is located at the upper left
corner of the policy polytope.

observe that both Kakade’s and Morimura’s NPG exhibit a linear rate of convergence as

asserted by Theorem and Theorem whereby Kakade’s NPG appears to have
more severe plateaus in some examples. Further, we compute the constant A given
in (4.39). To do this, we note that the optimal policy n*A‘;{ is the deterministic policy
given by m*(az|s1) = 1*(a1|s2) = 1. The two neighboring policies of 7* are the two policies
1, Ty € A‘;[ that agree with 7" on one of the two states and the two neighboring vertices
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Vanilla PG Kakade’s NPG 0 =0 (Euclidean)

10

10

R* = R(6(t))

10° 5 10 15 20 25 30 35 50 075 100 125 150 175
c=05 o =1 (Fisher/Morimura) c=15

R* = R(6(1))

o = 2 (Itakuro-Saito)

100 100 100

10 °f

R* = R(6(t))

10 10 10 10 10 10° 10

t t t

Ficure 4.5. Plot of the optimality gaps R* — R(6(t)) during optimization;
note that for vanilla PG and o > 1 these are log-log plots since we expect a
decay like ¢~ and ¢!/~ respectively, which are shown as a dashed gray
line; Kakade’s and Morimura’s NPG are at a log plot since we expect a
linear convergence of (almost) O(e 20, finally, for 0 < 1 we observe finite
time convergence.

of " are the corresponding state-action frequencies 7! and 7™ and hence

R*-=R(m1) R*=R(m)) _
Il =0l Iy = 2|l

in our example. Since Theorem and Theorem guarantee the exponential con-
vergence O(e™") of Kakade’s and Morimura’s NPG flow for ¢ € (0,2A) we show the
guaranteed decay O(e22) = O(e™%8!) in Figure 4.5{and observe that it matches the ob-
served convergence. Kakade’s natural policy gradient with constant step size 6 > 0 was
shown to converge linearly at speed O(e %), where x depends on the minimal subop-
timality of individual actions [156]. More precisely, in the case of a unique optimizer
corresponding to a deterministic policy selecting a; in state s we have

A = min 0.4

k= (1-7y) " minmin V*(s) — Q*(s, a),
S a#a
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which evaluates to 0.8 in our specific example. It is unclear, whether the two rates agree
in general as our method always guarantees the same rates for Kakade’s and Morimura’s
natural policy gradient.

For vanilla PG and ¢ > 1 we observe a sublinear convergence rate of O(t™!) and
O(t~1(@=D) respectively, which are shown via dashed gray lines in each case. This
confirms the convergence rate O(t™) for vanilla PG [200] and indicates that the rate
O(t~1(@=1) shown for ¢ € (1,2) is also valid in the regime ¢ > 2. Finally, we observe that
larger o appears to lead to more severe plateaus, which is apparent in the convergence in
objective and also from the evolution in policy space and in state-action space.

4.3.3. LINEAR CONVERGENCE OF REGULARIZED HEssiaN NPG rLows. It is known both em-
pirically and theoretically that strictly convex regularization in state-action space yields
linear convergence in reward optimization for vanilla and Kakade’s natural policy gradi-
ents [200, 71]. Using Lemma we generalize the result for Kakade’s NPG and provide
a result giving the linear convergence for general Hessian NPG.

Theorem 4.30 (Linear convergence for regularized problems). Consider Setting[4.14and let
¢ be a Legendre type function and by Rr(n) = (r,n) — Ap(n) denote the reqularized reward for
some A > 0 and fix an o € int(N) and assume that the global maximizer 1, of R over N lies in
the interior int(N'). Denote the global solution of the Hessian gradient flow with respect to
the regularized reward R, and the Hessian geometry induced by ¢ by n: [0, 00) — N. For any
c1 € (0, A) there exists a constant ¢y = ca(no, ¢1) > 0 such that

(4.48) Dy (1, 1(t)) < coe™ " forall t > 0.
In particular, for any x € (x., 00) this implies
(4.49) R —Ra(n(t)) < kAcpe™,

for t large enough, where i denotes the condition number of V2(17;).
Proof. We first recall that by Lemmait holds that R((t)) — R(n}) and the uniqueness
of the maximizer implies 7(t) — 1 € int(N). Note that
Dy (my, 1) = A" Dag (3, 1) = A7 D, (13, 1)
By Lemma for w € (0, 1) there is a neighborhood N, of n* such that
(4.50) Ri(my) = Ra() = @D, (113, 1) = AwDy (113, 1),
forn(t) € N, and hence for t large enough. Now Lemmaf4.23[shows the linear convergence

Clt

Dy (3, 1(t)) < ca(no, c1)e”

of the trajectory in the Bregman divergence. For m, M > 0 such that mI < V2¢(r;) < MI
we can estimate

. . AM |, AM .
Ry = Ra(n(t) = Ra (1) = Ran(8) < ==+ Il = n(OI* < —= - Do (13, )
for 1(t) close to 17}, where we used that ¢ is m strongly convex in a neighborhood of n}. O
In the proof of the previous theorem we used the following lemma.

Lemma 4.31. Let ¢ be a strictly convex function defined on an open convex set Q C R with
unique minimizer x*. Then for any w € (0, 1) there is a neighborhood N, of x* such that

(4.51) d(x) = p(x") 2 wDy(x",x) forall x € Ng.
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Proof. Set f(x) = Dg(x", x) and g(x) = Dy(x,x"). It holds that f(x*) = g(x*) = 0 and
since both functions are non-negative Vf(x*) = Vg(x*) = 0. Further, since Vj(x*) = 0
we have g(x) = ¢(x) — ¢(x*). By we have V2f(x*) = V2g(x*) = V2¢(x*) and Taylor
extension yields
fx) = (x =) V2o (x")(x = x7) + o([lx — x[|?)
= g(x) +o(llx = x"|I»)
= ¢(x) = p(x") + o(llx = x7II%).

Hence, for any ¢ > 0 there is 6 > 0 such that for x € Bs(x") it holds that

f(x) < p(x) —d(x*) + ¢f|x — x*||? < (1 + 371—8) (p(x) — Pp(x7))

for any m € (0, Amin(V2¢(x*)) in a possible smaller neighborhood as ¢ is m-strongly
convex in a neighborhood around x*. Setting ¢ := m(w™! — 1)/2 yields the claim. ]

Remark 4.32 (Location of maximizers). The condition that 1 € int(N) assumed in The-
orem is satisfied if the gradient blow-up condition from Definition is slightly
strengthened. Indeed, suppose that for any n € JN there is a direction v such that
n+ tv € int(N) for small ¢ and such that d,¢(n + tv) = v'Vo(n + tv) — —co for
t — 0. If ¢(n) = oo, surely n # n*. To argue in the case that ¢(n) < +oo, we note
that d,R(n + tv) — 400 and choose ty > 0 such that d,R (1 + tpv) > 0. Then by the
concavity of R, and continuity of R, we have

Ri() < Ra(n + tov) — todueRa(n + tov) < Ra(n + tov),
and hence 1 # 17;.

Now we elaborate the consequences of this general convergence result given in Theo-
rem [4.30] for Kakade and 0-NPG flows.

Corollary 4.33 (Linear convergence of regularized Kakade’s NPG flow). Consider Set-
ting [4.14, where ¢ = ¢c is the conditional entropy defined in and consider the regularized
reward Ry = (r,n) — Apc(n) for some A > 0 and denote the maximizer of R by 0 and denote the
global solution of the Hessian gradient flow by n: [0,00) — N. Forany c1 € (0, A) there
exists a constant ¢ = c2(no, ¢1) > 0 such that

(4.52) Dy (3, n(t)) < coe™ " forall t > 0.
In particular, for any x € (x., 00) this implies
(4.53) R, = Ra(n(t)) < kAcpe™ V!

for t large enough, where x . denotes the condition number of Vztpc(qj\).
Proof. We want to use Remark [4.32] Recall that

cn) = H(n) = H(p) = D (s, a)log(n(s, @) = ), p(s)log(p(s)),

where p(s) = >, (s, a) is the state marginal. Note that by Assumption it holds that
p(s) > 0. Let us consider a point on the boundary 1 € JN then surely 7n(s,a) = 0 for
some s € S,a € A since 17 > 0 are the only inequalities of the state-action polytope, see
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Theorem Fix now any v € RS such that 1. = 1 + ¢v € int(N) for small ¢ > 0.
Writing p. for the associated state marginal, we obtain

upc(ne) = ) 10g(ne(s, @) + ISI(IAI = 1) = Y 1og(pe(s)) — —oo

for ¢ — 0. m]

Corollary 4.34 (Linear convergence for regularized o-NPG flow). Consider Setting[d.14with
¢ = ¢, for some o € [1,00) and let Ry(n) = (r,n) — Ap(n) denote the reqularized reward and
denote the maximizer of Ry by 1 and fix an element 19 € int(N). Denote the global solution of the
Hessian gradient flow with respect to the reqularized reward R and the Hessian geometry
induced by ¢ by n: [0, 00) = N . Forany c1 € (0, A) there exists a constant ¢, = ca(no, c1) > 0
such that

(4.54) Dy (173, 1(t)) < c12e~" forallt > 0.
In particular, for any x € (x(1);), 00) this implies

(4.55) Ry —Ra(n(t)) < k%Acge™

max 1)

for t large enough, where k() = g
Proof. Again, we use Remark to see that for the Legendre type functions ¢, the unique
maximizer 1) of R, lies in the interior of N. Hence, it remains to compute the condition

number, for which we note that V2, (1;) = diag(n;)™?, which yields the result. m]

Remark 4.35 (Regularization error). Regularizing an optimization problem changes the
optimization problem and usually also the optimizer. The introduced error can be esti-
mated in terms of the regularization strength A. For logarithmic barriers in state-action
space this can be done using standard techniques for interior point methods [58, [2]. For
entropic regularization in state-action space, the regularization error is studied in [294],
and for the conditional entropy this is done in [200, 71].

The results above do not cover arbitrary combinations of Hessian geometries and
regularizers. However, the proof of Theorem can be adapted to this case, where the
only part that requires adjustments is that couples the regularized reward to the
Bregman divergence. In principle, this can be extended to the case of regularizers that
are different from the function inducing the Hessian geometry.

Numerical examples: The A — 0 regime. Theorem and its corollaries yield a
linear convergence rate of order O(e~*), where the bound deteriorates when the regular-
ization strength A is sent to zero, A — 0. The bound R, — Ry = O((1 — AAt)¥) for entropy
regularized NPG descent [71] exhibits a similar degradation for A — 0. It is natural to
expect that the convergence behavior for A — 0 is similar to the convergence behavior for
A =0, i.e., the unregularized case. Recall that Theorem and Theorem establish
linear rates without regularization for Kakade’s and Morimura’s NPG and a sublinear
rate Ot~V for 5 € (1, 2).

To evaluate the convergence behavior for A — 0 for a specific NPG method we apply it
to a collection of small regularization strengths with 10 different random initializations.
Here, we revisit Kakade’s example that was already used in Subsection for unreg-
ularized problems. For every individual run we estimate the exponent c in the linear
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convergence rate R* — R(6(t)) = O(e™") via linear regression after a logarithmic trans-
formation. Here, we take the iterates where the optimality gap R* — R(0) lies between
10719 and 107°. In Figure 4.6| we present the mean of the estimated convergence rates for
Kakade’s and Morimura’s NPG as well as for 0 NPG for o = 1.5.
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FiGure 4.6. Shown are the estimated exponents ¢ > 0 when fitting an ex-
ponential decay O(e™") to the suboptimality gap R* — R(6(t)) for different
NPG methods — Kakade, Morimura and ¢ = 1.5 — and for different regu-
larization strengths A.

For both Kakade’s and Morimura’s NPG method we find that the estimated exponents
do not decrease towards zero but rather improve, seamingly linearly in A, towards the
estimated exponents of the corresponding unregularized cases. This indicates that the
guarantees in Corollary and Corollary for these NPG methods are not tight. In
contrast for the 0-NPG with 0 = 1.5 we observe that the convergence rates deteriorate for
A — 0, which conforms with the sublinear convergence O(t~2) of the unregularized prob-
lem. However, the exponent seems to decrease slower than linearly in the regularization
strength A like it is the case in our guarantee. Theorem shows linear convergence
based on the strong convexity of the regularizer. The convergence rate of the unreg-
ularized NPG methods however is determined by the behavior of the convex function
inducing the Hessian geometry at the boundary rather than the convexity of the loss. We
believe that a theoretical analysis combining these two effects could improve the linear
rate in Theorem [4.30] for small regularization strength.

44 LocALLy QUADRATIC CONVERGENCE FOR REGULARIZED PROBLEMS

It is known that Kakade’s NPG method and more generally quasi-Newton policy gradient
methods with suitable regularization and step sizes converge at alocally quadraticrate [71,
172]. Whereas these results regard the NPG method as an inexact Newton method in the
parameter space, we regard it as an inexact Newton method in state-action space, which
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allows us to directly leverage results from the optimization literature and therefore leading
to relatively short proofs. Our result extends the locally quadratic convergence rate to
general Hessian-NPG methods, which include in particular Kakade’s and Morimura’s
NPG. Note that the result holds when the step size is equal to the inverse penalization
strength, which is reminiscent of Newton’s method converging for step size 1.

Theorem 4.36 (Locally quadratic convergence of regularized NPG methods). Consider a
real-valued function ¢: RS* — RU{+oo}, which we assume to be finite and twice continuously
differentiable on ngﬂ and such that V¢ (n) is positive definite when restricted to T)N =T L C
RS*A for every 1) € int(N). Further, consider a regular policy parametrization and the reqularized
reward Ry(0) = R(0) — Ad(ng) and assume that n* € int(N), i.e., the maximizer lies in the
interior of the state-action polytope. Consider the NPG induced by the Hessian geometry of ¢ with
step size At = A71, ie.,

Ok+1 = Ok + At - G(0x)"VR(6k),

where G(Ox)* denotes the Moore-Penrose inverse. Assume that O — 0* for some maximizer 67,
then O — 0" at a (locally) quadratic rate, i.e., it holds that

(4.56) 1605 — 0% = O(e™*")  for k — oo

and hence Ry(6x) — R at a (locally) quadratic rate.
The proof of relies on the following convergence result for inexact Newton methods.

Theorem 4.37 (Theorem 3.3 in [90]). Consider an objective function f € C2(R%) with V*f(x) €
Siyom forany x € R and assume that f admits a minimizer x*. Let (xy) be inexact Newton iterates
given by

Xpe1 = Xk = V2F () IV (xp) + e,
and assume that they converge towards the minimum x*. If ||ex|| = O(||V f(xx)||*), then xj — x*
at rate w, i.e., ||xi — x*|| = O(e™*").

We take this approach and show that the iterates of the regularized NPG method can
be interpreted as an inexact Newton method in state-action space. For this, we first make
the form of the Newton updates in state-action space explicit.

Lemma 4.38 (Newton iteration in state-action space). The iterates of Newton’s method in
state-action space are given by

(4.57) Mk = Mk + ATTIE (V2 (i) TIE L (VRA(K)),

where Ra(n) = (r,n) + A¢(n) is the regularized reward and T1% 1 the Euclidean projection onto
the tangent space of the affine space L defined in (3.5).

Proof. The domain of the optimization problem is ngﬂ N L an hence, we perform New-
ton’s method on the affine subspace L. Writing L = 1 + X for a linear subspace X we
can equivalently perform Newton’s method on X since the method is affine invariant. We
denote the canonical embedding (: X < £, x = x + 1 and set f(x) := R (tx). Then, we
obtain the Newton iterates x; and 1 = txx by

X1 = Xk + VEF () TV (x).
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Straight up computation yields Vf(x) = (TVR,(1x) and V2f(x) = (TV2R,(tx)t. Hence,
we obtain

M1 = Mk = tke1 = M) = V2 F () 7'V (k) = 1 VAR () 7 (DT VRA (1)
= I07 £ (V2R (7)) TI7 £ (VR (7)),
where we used AA* = Tiange(a) and (A7) AT = Tlier(a™) = range(a)- O
Lemma 4.39. Let (Ok)ren denote the iterates of a Hessian NPG induced by a stricly convex
function ¢ and with step size At, i.e,
Oks1 = O + At - G(Ok)"VRA(Op),
where the Gram matrix is given by G(0) = DP(0)TV2¢(1g)DP(6). Then the state-action iterates
satisfy
(4.58) 1., = 1o, + At - TIE (V2 ()™ TI7 (VR (70)) + O(AFIG(O1) "VRA(B)IIP)
Jor IG(6x)"VRA(BK)|| — 0.

Proof. Writing P for the mapping 0 +— 1 and an application of Taylor’s theorem implies
that

N6,.. — Mo, = At - DP(01)G(0x) "VRA(6k) + O(A?(|G(6) " VRA (01 I17).
The first term is equal to
At - DP(6x)DP(0)* V¢ ()" (DP(6x) )" VDP(0x) T VRA(k),
which again is equal to
At -TI5 (V2 () ' TIE (VRA(7%)))
since DP(6;)DP(6x)* = (DP(0x)")"DP(6x)" = [ange(DP(6y)) like before and
range(DP(0x)) =TL.
m]

Proof of Theorem We want to apply Theorem to the sequence (19, )kexr Where
f = ER/\ and
e = O(IG(0K)* VRA(OK)II?)  for |G(0x) " VRA(OK)Il — 0
by Lemma[4.38/and Lemma [4.39] Surely, since 6; — 0" it holds that njg, — n* for k — co.
Further, 0y — 0" implies
G(6x)"VRA(6r) = (At) 1 (Ops1 — 6x) > 0 for k — co.
Since 6 +— Ty is a regular policy parametrization the rank of G(6) does not depend on 0
and is equal to dim(N) = dim(A‘;) = ng(ns —1). This implies that G(6x)™ — G(0*)* and
hence G(6x)* remains bounded for k — oo, see [238]]. Now we can estimate
llekll = OA?[|G(Ok) " VRA(EK)II)

= O(AP?[[VRA(0)I%)

= O(AP(IDP(06) VR0 I1%)

= O(IVRA(11%),
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where we used that DP(6y) stays bounded as DP(6y) — DP(0*). Now, Theorem
proves the claim. ]

Remark 4.40. A benefit of regarding the iteration as an inexact Newton method in state-
action space is that the problem is strongly convex in state-action space. In contrast, in
policy space the problem is non-convex, which makes the analysis in that space more
delicate. Further, the corresponding Riemannian metric might not be the Hessian metric
of the regularizer in policy space (see also Remark [£.9). In the parameter 0, the NPG
algorithm can be perceived as a generalized Gauss-Newton method; however, the reward
function is non-convex in parameter space. Further, for overparametrized policy models,
i.e., when dim(®) > dim(A;) = |S|(JA| - 1) the Hessian V?R(6*) can not be positive
definite, which makes the analysis in parameter space less immediate. Note that the
tabular softmax policies in are overparametrized since in this case dim(®) = |S||A|.

Remark 4.41 (Behavior for At < A~!). For Newton’s method the locally quadratic conver-
gence only holds at exactly the step size At = A~!. Consider for example f(x) = x2/2,
where Newton’s method with step size At € [0, 1] will produce theiterates x; = (1 —At)xg.
If At # 1, this will only converge linearly at a rate of 1 — At that decreases to 0 for At — 1.
Hence, we expect that also for regularized NPG methods the locally quadratic conver-
gence is only achieved for the exact Newton step size At = A~! and linear convergence for
At < A~! with a rate decreasing towards 0 for At — A7L.

4.5 DISCUSSION AND OUTLOOK

We study a general class of natural policy gradient methods arising from Hessian geome-
tries in state-action space. This covers, in particular, the notions of NPG due to Kakade
and Morimura and co-authors, which are induced by the conditional entropy and entropy
respectively. Leveraging results on gradient flows in Hessian geometries we obtain global
convergence guarantees of NPG flows for tabular softmax policies and show that both
Kakade’s and Morimura’s NPG converge linearly, and obtain sublinear convergence rates
for NPG associated with p-divergences. We provide experimental evidence of the tight-
ness of these rates. Finally, we perceive the NPG with respect to the Hessian geometry
induced by the regularizer, with step size equal to the inverse regularization strength, as
an inexact Newton method in state-action space, which allows for a very compact argu-
ment of the locally quadratic convergence of this method. An overview of the established
results in relation to existing works is presented in Table

The following questions arose during our analysis and can provide directions for future
research:

o Improved bounds for Kakade’s NPG: Our analysis guarantees the same speed of
convergence for Kakade’s and Morimura’s natural policy gradient flows. This is
because in the proof of Theorem we rely on the estimate

C1D¢C(17*, T]) < C1D[<L(7]*,T[) <R - <1’,1]>,

which might not be tight. An estimate of the form cDy.(n*, 1) < R* - (r,n) for
a constant ¢ > ¢; would sharpen our convergence guarantee.
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Unregularized Regularized
Discr. time Cts. time Discr. time Cts. time
O(t~1) [200]
Vanilla | linear for normalized - linear -
gradients [199] -
. . linear [71 165, 315] )
Kakade linear [156L305] linear loc. quadratic [71] linear
Morimura - linear loc. quadratic linear
o>1 - O(t'ﬁ) loc. quadratic linear

TasLE 4.1. Bold results are established in this work; for known results the
initial works are referenced; results showing locally quadratic convergence
use At = 171

o Improved bounds for regularized problems: Our linear convergence guarantees
for regularized problems degrade when the regularization strength decreases
where our experiments indicate that the actual convergence does not. This gap
could be filled with an improved theoretical analysis.

e Plateau-free NPG methods: Our experiments indicate that various NPG methods
suffer from plateaus, which are induced by the Riemannian geometry on the
state-action polytope. The design of methods that reduce the influence of these
plateaus could have great a great impact in the field of reinforcement learning
where policy gradient methods are currently under most popular approaches.

e Estimation: Where we have studied convergence behavior under the assumption
of exact gradient evaluations it would be interesting to characterize the number
of samples required to estimate the respective notions of natural policy gradients.

e Partially observable problems: Policy gradient methods are known to not converge
globally in partially observable problems, however, a better understanding of
their convergence properties remains elusive.
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Part 11

Neural network based PDE solvers



CHAPTER 5

Theoretical analysis of the boundary penalty method for neural
network based PDE solvers

Following the works of [109,129, 269, 110, 237, [176] neural network based PDE solvers
have recently experienced an enormous growth in popularity and attention within the
scientific community, overviews over existing methods and advances can be found in the
articles [43} 57,295, 78]. We focus on methods, which parametrize the solution of the PDE
by a neural network and use a formulation of the PDE in terms of a minimization problem
to construct a loss function used to train the network. Two prominent approaches here are
the so called deep Ritz method and physics informed neural networks (PINNs), which are
often easy to implement compared to finite element methods and promise great success
for high dimensional and parametric problems. Despite this both the deep Ritz method
as well as physics informed networks often fail to produce highly accurate solutions [110,
264, 292, 293, 161, |84, |314]. And hence an improvement of the optimization pipeline is
required to make these methods applicable at an industrial scale. This leads the recent
survey [78] to the conclusion that there are

numerous questions for future [theoretical] PINN research, the most impor-
tant of which is whether or not PINN converges to the correct solution of a
differential equation,

which we also believe to be important for other neural network based approaches that fail
to exhibit the desired convergence behavior.

We focus on the aspect of boundary values in those approaches, which pose a greater
challenge compared to finite element methods as exact Dirichlet boundary values are
often intractable to enforce in a neural network directly. Here we give a short description
required for the description of the contributions of this section and refer to [43, 295, [78]
for in-depth reviews of these methods. For expository reasons we consider the specific
case of the Poisson equation with Dirichlet boundary values

~Au=f inQcR

(PE)
u=0 ondQ,

where f € L?(Q) is a square integrable function.

The deep Ritz method. It is well known that a weakly differentiable function u €
Hé (Q) is a (weak) solution of if and only if it minimizes the so-called variational
energy

(5.1) minimize%/qulzdx —/fudx subject to u € Hé(Q).
Q Q
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In the year of his early death, Walter Ritz proposed to a general method for the approximate
solution of variational problems [242]. Ritz proposed to work with a parametric class of
functions ¥ = {ug : 0 e R’} C Hé (Q) and to minimize

(5.2) 0+ / Vo [2dax — / Fupdx
2 Q Q

in order to get an approximate solution of the original problem. Ritz used this approach
to determine the coefficients of polynomials by hand’|and later this method found great
success in the context of finite element methods [61]. More recently, it was suggested
to use function classes parametrized by deep neural networks [110] and this approach is
commonly referred to as the deep Ritz method. It can directly be used if the functions ug
computed by neural networks have zero boundary values.

Physics informed neural networks (PINNs). A different ansatz from the variational
formulation of the Poisson equation (PE) is to use the solution of is the unique
solution of the problem

(5.3) minimize /QlAu + f|*dx subjecttou € Hé(Q) N H%(Q)

since it is the only element attaining value 0. Note that the function space objective is
the squared L? norm ||Au + f ||i2 @ of the residual —Au — f. In similar fashion to the
deep Ritz method, one can use the following objective function for the optimization of

the parameters of a neural network

(5.4) 0+ / |Aug + f*dx
Q

if the functions ug computed by neural networks have zero boundary values. This ap-
proach is known as residual minimization in the finite element literature. In the context of
neural networks, it can be traced back to [100, 164] and was recently popularized in [269)
237] under the names deep Galerkin method and physics informed neural networks (PINNs)
although not being a Galerkin method in the traditional sense.

Discretization and incorporation of data. In practice, the integrals in the objective
functions and have to be discretized, which can be done in various ways. For
high dimensional problems stochastic integration techniques are typically used. For
PINNSs the choice of the collocation points in the discretization of the loss has been
investigated in a variety of works [183, 215, 85, 313, 291, 303]. In general, both loss
functions can be augmented with data-fitting terms by adding

(5.5) Zlue(xi) -yil,

-----

proximate function evaluations. This procedure is standard for PINNs [237].

1Ritz considered a Poisson equation with Neumann boundary values rather then Dirichlet zero boundary
values, which allowed Ritz to work with polynomials without boundary penalty.
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Boundary values. We have introduced both the DRM and PINNSs for neural networks
that have zero boundary values, which is not the case for standard feedforward archi-
tectures. Two approaches to deal with this problem are common in the literature: the
construction of neural network based classes with exact boundary values and a relaxation
of the problem together with a penalization of boundary values.

One can transform any unconstrained neural network architecture into an ansatz space
with the desired boundary conditions the following way [164]. Assume we want to
solve the Poisson problem (PE) on Q) with zero boundary values and consider a smooth
function h: Q — [0, 0) that satisfies h|yq = 0 and k| # 0. The function h is often
referred to as a smooth approximation of the distance function to JQ. For any family
{up : 6 € ®} € HY(Q) of functions we can consider the associated family

(5.6) {h-ug:0€®} CHYQ)

and use these functions to approximate the solution of using either or asan
objective function for the optimization of the network parameters. For complex domains
it is difficult to obtain & analytically and thus the approximation via neural networks was
proposed by [47]. For time-dependent problems, a similar construction to (5.6) using a
smoothed distance function to the parabolic boundary of the space-time domain can be
used, see [185] for an explicit example.

Another approach is to relax the problem and allow ansatz functions that do not satisfy
the boundary values exactly and to augment the objective function (5.2) and with
the boundary penalty term

(5.7) A / ugds
Q

for some A > 0. This approach is applicable to all domains and is easy to implement if
one can (uniformly) sample points on the boundary dQ. The resulting objective functions
for neural network training are

1
(5.8) LzLADRM:®—>R, 6|—>§/|Vu9|2dx—/fu9dx+/\~/ uéds
Q Q o0

for the deep Ritz method and
(5.9) L=Ljnn:© >R, 6|—>/Q|Aug+f|2dx+/\~‘/aouéds
for physics informed neural networks. The corresponding function space problems are
1
(5.10) minimize = [ [Vu[?dx — [ fudx+A- u2ds subject to u € H(Q)
2 Ja 0 a )
for the deep Ritz method with boundary penalty and
(5.11) minimize/|Au +f|2dx +A- /a uéds subjecttou € H*(Q)
Q Q

for physics informed neural networks with boundary penalty. Note that for any A > 0
the solution of the Poisson problem is still the unique solution of (5.11), which
makes the theoretical analysis of the boundary penalty method in PINNs significantly
easier. However, the error estimates of boundary penalized PINNs and PINNs with exact
boundary values have different qualitative properties as we discuss in Section[5.5] For the
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deep Ritz method, however, the minimizer of the penalized problem (5.10) does not have
zero boundary values and depends on the penalty A. Hence, the penalization introduces
a new source of error, which makes the theoretical analysis more delicate.

Contributions. In our work we focus on theoretical guarantees for both the deep Ritz
method as well as physics informed networks that can be made and characterize the error
in different norms in different settings. We do not study the optimization process itself
but rather develop an understanding of the implications of successful training. The main
contributions contained in this chapter can be summarized as follows:

e We provide a convergence guarantee in H! norm for the deep Ritz method
for nonlinear problems, when the boundary penalty strength is coupled to the
boundary values required to approximate the solution of the problem; this is
uniform over right hand sides of the PDE (see Theorem [5.1]and [5.21).

e We provide an error estimate in H! norm for the deep Ritz method with bound-
ary penalty for elliptic PDEs that depends on the optimization error, the approx-
imation error and the penalization strength (see Theorem 5.3). For the specific
case of ReLU networks and for right hand side f € H"(Q) this implies that under
perfect training and with penalization strength A,, ~ n “ the error made by the

deep Ritz method decays like O(n ) for any p < %*2 (see Theorem 5.38). Note

the difference compared to the convergence rate O(n_%), which is due to the
error introduced by the penalization.

e For residual minimization with boundary penalty, the H'/? convergence rate
is known to agree with the H? approximation rate; we show that this result is
sharp (see Theorem and show that for ansatz classes with exact boundary
values a similar estimate in H? hold (see Theorem .

In Section [5.1) we present these contributions in more detail and discuss their relation to
related works. We defer all proofs to the appendix of the chapter. In Section[5.2Jwe present
background material on neural networks and Sobolev spaces, where we also point the
reader to our overall notation. In Section [5.3|we present the proofs regarding the uniform
convergence guarantees for possibly nonlinear problems. In Section 5.4/ we provide the
proofs for the error estimate for the deep Ritz method with boundary penalty for the
case of linear problems. In Section [5.5 we establish the error estimates regarding physics
informed neural networks.

5.1 PRESENTATION AND DISCUSSION OF THE MAIN RESULTS

The following section presents the main results of our theoretical analysis, provides brief
insights into the underlying arguments where appropriate, and discusses the relationships
with existing works.

5.1.1. UNIFORM CONVERGENCE FOR THE DEEP RITZ METHOD FOR NONLINEAR PROBLEMS. We
consider an open and bounded set Q C R? with Lipschitz boundary dQ. For n € N let
O, denote the parameter space of a neural network and let 7, := {ug : 6 € ©,} denote
the family of functions parametrized by this network, which we assume to be contained
in the Sobolev space F, € W'#(Q) for some p € (1,0). Let E: W'"P(Q) — (—o0, 0] be a
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functional and (A,),en € R be a sequence of real numbers. Furthermore, let f € WP (Q)*
be fixed and define the functional Ef : W1?(Q) — (—oo, o] by

E(u) - f(u) forueW,?(Q),
Ef (x) =
+00 otherwise .

Further, we define the following boundary penalized loss functions

L,:0,—>R, 06— Ef(ug) + An””@lll[ip(gg)'

We make the following assumptions:

(A1) Universal approximation: For every u € WO1 P(Q) there are parameters 0, € O,
such that |lug, — ullw1rq) — 0and An””m”ip(ag) — 0 for n — oo.

(A2) The functional E is bounded from below, weakly lower semi-continuous with
respect to the weak topology of W!7(Q) and continuous and equi-coercive with
respect to the norm topology of W' (Q).

(A3) For every f € WIP(Q)", there is a unique minimizer u f€ WO1 P(Q) of Ff and the
solution map

S: WP(Q) — W,P(Q) with f - uf

is demi-continuous, i.e. maps strongly convergent sequences to weakly conver-
gent ones.

Now we can state the main result, which is a special case of Theorem The proof
is based on the tool of I'-convergence and can be found in Section

Theorem 5.1 (Uniform convergence of the deep Ritz method). For f € W'P(Q) and 6, > 0
we define the approximate solution set

Su(f) = {9 €0, :L,0) < ngén L,(0") + 6n}.

Furthermore, denote the unique minimizer of Ef in WO1 Q) by u rand fix R > 0and let Ay — oo
and 6, — 0 for n — oco. Then it holds that

sup {||u6 — gl 0 € Sulf), I flwisy < R} —0 forn — co.

The theorem above can be formulated for abstract variational problems, however, for
the sake of readability we presented here in the context of the Sobolev spaces W7 (Q)
for expository reasons, see Section [5.3| for a more general statement. The result ensures
that under certain conditions the approximated solutions found by the deep Ritz method
converge uniformly towards the true solution of the problem. For instance, we require
the optimization to be successful, i.e., 6, — 0, which is a non trivial assumption that we
make since otherwise there is no reason why we could hope for convergence. Further, we
assume that the penalization strength increases towards +oco, which is intuitive and can
be assured by the practitioner. The second requirement on the penalization strength is
formulated in Assumption [(AT)]that we would like to comment on in more detail here.
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Universal approximation. The penalization strength is not allowed to grow arbitrarily
fast since otherwise the universal approximation Assumption[(AT)might not be satisfied.
It is well known by the classical works on neural network approximation that for most
architectures of growing size are able to approximate any given function in W (Q) [141]
for smooth activation functions and more recent works have also established approxima-
tion rates and treated ReLU networks [127] 306| 262, 1138, 1106, |88]. Hence, the existence
of 0, € ®y such that |lug, — ullyir(q) — 0 for n — oo is satisfied for virtually all archi-
tectures and activation functions. Since by the continuity of the trace operator we have
lullroq) < cllullwir) forall u € WLP(Q) and therefore llue, l|lLroq) — 0 for n — oo. If
the rate of decay is independent of the target function, which it typically is, see [96], we
can choose a growing sequence (A, )n,en € R growing to +oo such that A, ||ug, ||;Z,, 30)
Therefore, we have seen that whenever universal approximation holds uniformly, we can
find a suitable sequence of penalization strengths, which depends on the boundary values
required for universal approximation, such that Assumption is satisfied. Therefore,
the admissible choice of penalization strengths depends on the specific choice of network
architecture. We discuss the specific choice in more depth for linear problems in Subsec-
tion[5.1.2land Subsection[5.4.3} For ReLU activation we have the special case that universal
approximation of a function with zero boundary values is possible with neural network
functions with exact zero boundary values.

— 0.

Theorem 5.2 (Universal approximation with zero boundary values, [102]). Consider an
open set Q C RY and let u € WO1 P (Q) with p € [1,00). Then for all ¢ > 0 there exists a function
Ue € WO1 P(Q) that can be expressed by a ReLU network of depth [log,(d + 1)] + 1 such that

1 = uellwirq) < €

The proof is a simple consequence that ReLU networks of unrestricted size are able to
exactly compute arbitrary piecewise linear functions [20] and is provided in Section
An important consequence of this result is that for the specific choice of ReLU networks
of depth [log,(d + 1)] + 1 and growing width arbitrary strong penalization is admissible
is covered by Theorem

The p-Laplace operator as an example. As an example of a nonlinear PDE that is
covered by Theorem 5.1 we discuss the p-Laplacian. To this end, consider the p-Dirichlet
energy for p € (1, ) given by

1
E: W'P(Q) - R, u»—>;/|Vu|pdx.
Q

Note that for p # 2 the associated Euler-Lagrange equation — the p-Laplace equation — is
nonlinear. In strong formulation it is given by
—div(|VulP2Vu) = f inQ
u=0 ondQ,
see for example [274] or [246]. As a neural network architecture one can choose ReLU
networks of depth [log,(d+1)]+1 and width # and hence by TheoremAssumption (A1)

is satisfied and arbitrary penalization strengths A, — co can be chosen. For the technical
Assumption [(A3)| we refer to Subsection Finally, to provide the demi-continuity we
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must consider the operator S: WO1 Py - WO1 ?(Q) mapping f to the unique minimizer
ugof E— f on WO1 Q). By the Euler-Lagrange formalism, # minimizes Ff if and only if

/|Vu|”_2Vu -Vodx = f(v) forallv e Wol’p(Q).
Q
Hence, the solution map S is precisely the inverse of the mapping
Wol'p(Q) — Wol’p(Q)*, U (ZJ — /|Vu|"’_2Vu - Vodx
Q

and this map is demi-continuous, see for example [246]].

Related works. The uniform convergence result Theorem5.T|provides the first conver-
gence analysis of the deep Ritz method for nonlinear problems. Later, error estimates for
the specific case of the p-Laplace where established in [155]. For linear elliptic problems
a larger body of works establishing error estimates exist, which we discuss in more detail

in Subsection

5.1.2. AN ERROR ESTIMATE FOR THE DEEP RITZ METHOD WITH BOUNDARY PENALTY. When
neural networks are used for the approximate minimization of a suitably convex varia-
tional energy the error will scale essentially like the approximation error of the neural
networks, see Subsection However, the relaxation of the exact Dirichlet boundary
conditions to approximate zero boundary values together with a boundary penalty in-
troduces an additional error. In the previous subsection we have shown that successful
optimization together with a penalization strength increasing according to the approx-
imation properties of the neural networks yields a uniform convergence guarantee for
nonlinear problems. In this subsection focus on linear problems and provide quantita-
tive results on the error made by the deep Ritz method and the admissible choices of
penalization strengths.

For ease of presentation, we discuss our approach for the concrete equation
—div(AVu) = in Q

(5.12) /

u=0 ondQ,

where A € L*(Q, R%) is a symmetric and elliptic coefficient matrix. The weak formula-
tion of this equation gives rise to the bilinear form

a: H(Q)xHY(Q) » R, a(u,v) = /AVu - Vodx
Q
and the energy
E: HY Q) >R, E®u)= %a(u,u) - f(u)

where f € H(Q)". Using the boundary penalty method as an approximation for (5.12)
leads to the bilinear form

ay: HY(Q) x HY(Q) - R, aA(u,v)=/AVqudx+/\/ uvds
Q 0

for a penalty parameter A > 0 and the energy

E,: Hl(Q) — R, Ei(u)= %uA(u,u) — f(u).
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The central error estimation is collected in the following Theorem. Note that we require
H?(Q) regularity of the solution to equation (5.12).

Theorem 5.3. Let Q C R? be a bounded domain with C''' boundary, f € L*(Q) and assume A €
COY(Q, R™?) is symmetric, uniformly elliptic with ellipticity constant a > (4 By uy € Hj(Q)
we denote the solution of and by u, the minimizer of the penalized energy E, over H'(Q).
Fix an arbitrary subset V.C HY(Q) and denote the coercivity constants of ay by ay > 0 and set
0 := Ex(v) —infzev EA(D). Then there is a constant ¢ > 0, only depending on A and Q, such that
foreveryv € Vand A > 0 it holds that

1

26 T -1
(513) o= ugllno < \/a +—infllo ~wllf, +ed”f ),

where ||u||§A = a)(u, u) is the norm induced by a,. Further, the constant c can be bounded in
terms of domain Q) and the coefficient matrix A, see Theorem [5.28]

Proof sketch. The proof relies on the error decomposition

lo = usllmq) < 1o = uallaq) + llua = usllmq),

where u, € HY(Q) is the (unique) minimizer of the energy E,. The first term can be
estimated using standard arguments, see Subsection where the second term is more
delicate. The difference v, := uy — uy (weakly) solves the Robin boundary value problem

—div(AVo)) =0 inQ
oy +Avy =uy ondQ,

where d,, denotes the normal derivative, see Subsection This allows to expand v, in
an eigenbasis of weakly A-harmonic functions, which provides an explicit formula for v,
and subsequently the desired estimate ||uy — usl[1(q) < cA L, O

The strategy of the proof of Theorem holds for a broader class of elliptic zero
boundary value problems. The essential requirement is that the bilinear form a of the
differential operator is coercive on HS (Q) and that a, is coercive on all of H'(Q). Then,
regularity of the solution u of the zero boundary value problem is required to identify the
equation uy satisfies when tested with functions in H'(Q2) and not only Hé(Q), see (5.22).

Theorem [5.3|bounds the distance of a function in terms of the optimization error, the
approximation power of the ansatz class and the penalization strength. Now we discuss
the trade off of choosing the penalization strength A too large or too small and discuss
the implications of different scalings of A in dependecy of the approximation capabilities
of the ansatz classes. To do so, we consider a sequence (V;,)nen € H(Q) of ansatz classes
and penalization strengths A, ~ n°. Further, we denote the minimizers of the energies
E,, over V, by v}, € V,,. Itis our goal to choose ¢ € R in such a way that the upper bound
of ||v}, = usllgr(q) in decays with the fastest possible rate. Neglecting constants, the
bound evaluates to

. 1 . _
(5.14) 10, - sl < \/E inf o = u, I, + 45"

2,je, 0T A(x)o > alv||? forall x € Q,v € R?
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We can assume without loss of generality that ¢ > 0 and hence A,, > 1, because otherwise
the upper bound will not decrase to zero. Note that in this case we have a;, > a1 > 0
and hence the we obtain

615 oy -l < \/nvf (19 = 10,122 g + 100 = 101, IR 5y ) + 17

Here, the trade off in choosing ¢ and therefore A, too large or small is evident. The
implications of this trade off are captured in the following result.

Theorem 5.4 (Rates for NN training with boundary penalty). Let Q ¢ R? be a bounded
domain with C™*V! boundary for some r € N, f € H'(Q) and assume A € C"1(Q,R™?) is
symmetric, uniformly elliptic with ellipticity constant a > 0 and denote the solution to by
ug € Hé(Q). For every n € N, there is a ReLU network with parameter space ©,, of dimension

O(logg(n(”z)/d) -n) such that if A, ~ n° for o = 2;;3 one has for any p < % that
(5.16) llue, — ufllq) S Vo + 12 +n=F  forall 6, € ©,,

where 6, = Ep,,(ug,) — infgeg En,(ug).

Note that the solution uy € H'*2(Q) can be approximated at a rate of O(n~("+1)/4)
(see Theorem , which is a faster rate than the rate O(n~") obtained by the deep Ritz
method with successful training. In Subsection we discuss approaches how faster
rates can be achieved under stronger a priori estimates for Robin boundary value problems
or with approximation results that offer a finer analysis of the required boundary values
for approximation.

The error of the deep Ritz method decays at a rate increasing with the smoothness
of the problem. This fact can be especially useful in high spatial dimensions, which is
consistent with the empirical findings that the deep Ritz method can be effective in the
numerical solution of high dimensional problems [110]. Note that also finite element
methods can achieve rates increasing with the smoothness of data, however they require
the delicate construction of higher order elements.

Combination with different approximation results. In Theorem 5.4 we focus on the
ReLU activation in this section, whereas in practice often other architectures and activation
functions are used, see [110, [132]. However, our results from Section [5.4] can handle
arbitrary function classes and hence reduce the computation of error estimates to the
computation of approximation bounds. Therefore, they can be combined with other

approximation results for neural networks in Sobolev norm including the works of [127,
306, 262,138,106, |88]].

The boundary penalty method for FEM. The boundary penalty method has been
applied in the context of finite element approximations [27] and studied in terms of its
convergence rates in [27, 258, 34]. The idea of the finite element approach is analogue to
the idea of using neural networks for the approximate solution of variational problems.
However, one constructs a nested sequence of finite dimensional vectorspaces Vj, € H'(Q)
arising from some triangulation with fineness # > 0 and computes the minimizer u;, of
the penalized energy E, over Vj,. Choosing a suitable triangulation and piecewise affine
linear elements and setting A ~ 1~! one obtains the error estimate

lun —usllm) 3 h
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see [258]. Atthe core of those estimates lies a linear version of Céa’s Lemma, which already
incorporates boundary values. However, the proof of this lemma heavily relies on the fact
that the class of ansatz functions is linear and that its minimizer solves a linear equation.
This is not the case for non linear function classes like neural networks. Therefore, our
estimates require a different strategy. However, the optimal rate of convergence for the
boundary penalty method with finite elements can be recovered as a special case of our
results, see Subsection (5.4

Related works. There exist various results that estimate the error of the deep Ritz
method for elliptic equations in a similar setting to the one considered by us [306) (149,
106]. However, all these works consider the case where the variational energy of the
original PDE is coercive on the entire space H LQ), e.g., for example —Au + yu = f for
some constant u > 0. Thus, their analysis of the boundary penalty in the manuscripts
can immediately be deduced from classic results [194] and more importantly it fails to
capture the trade-off in the penalization strength. For Neumann boundary conditions
and under the assumption that the solution of the Poisson problem lies in the Barron
space the generalization error of the deep Ritz method has been studied in [174]. More
recently, error estimates for the deep Ritz method in the context of the p-Laplace and
the fractional Laplace operator have been established [155,125]. Further, error estimates
for a generalization of the deep Ritz method dealing with mixed boundary values is due
to [177]. Our main contribution (see Theorem is to relax the coercivity assumption
on the operator in the boundary penalty method, allowing operators that are coercive
only on the space H}(Q) and hence providing a result that covers the Poisson equation
—Au = f with Dirichlet boundary conditions u|yq = 0.

5.1.3. IMPLICATIONS OF EXACT BOUNDARY VALUES IN RESIDUAL MINIMIZATION. For the deep
Ritz method we obtained an error decay, which might be slower than the approximation
rate, which is due to a trade of in the penalization strength. Here, we study the effect of
exact boundary values for the ansatz of residual minimization. The situation is different
here as both function space problems corresponding to the case of exact boundary val-
ues and to penalized boundary values have the unique solution to the original
PDE as their minimizer. Hence, for both cases error estimates can be obtained by
standard arguments and under the assumption of successful training the error will scale
like the approximation error. However, there is a qualitative difference between exact and
penalized boundary values as for exact boundary values the H? error scales like the H?
approximation error where for penalized boundary values the H'/? error scales like the
H? approximation error. Whereas in for the deep Ritz method penalized boundary val-
ues resulted in a decrease in the approximation rate for residual minimization penalized
boundary values lead to estimates with respect to a weaker norm.

We consider again (PE), in particular, we assume that the problem is H? regular
meaning that there is a constant Cyg > 0, satisfying

lullp2q) < CregllAulli2q) forallu € H*(Q)Nn H&(Q).

Furthermore, we assume that ® is a parameter set of a neural network type ansatz class,
such that for every 60 € ©® we have up € H%(Q) and (ug)|go = . As our strategy is to
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minimize the residual we define the loss function
L:0—> R, L(Q) = ”AMQ +f||i2(Q)

This is for example satisfied when dQ € C!, f € L?(Q). Alternatively, one can replace
the assumption JdQ € Cl'! by requiring that the domain Q is convex. We refer to [124] for
a detailed discussion of the regularity properties of elliptic equations.

The following result is a direct consequence of the H? regularity we assumed and
a similar result is due to [283], although not exploiting the benefits of exact boundary
conditions. Albeit being of simple nature, we believe it can be of practical relevance due
to its easy and explicit error control.

Theorem 5.5 (H? estimate with exact boundary values). It holds for every 6 € © that

lluo — uf”HZ(Q) < Creg VL(Q)

For convex domains, we may estimate the reqularity constant explicitely. It holds

1
Ql\4
J d

where d is the dimension of (), wy denotes the volume of the unit ball in R? and Cp is the Poincaré
constant for functions in Hy(Q2).

Note that in contrast to the estimate for the deep Ritz method Theorem
establishes an a posteriori estimate, i.e., the right hand side can be evaluated during or at
the end of the optimization process.

Let us now turn towards the case of penalized boundary values. Again, by ©® we
denote the parameter set of a neural network type ansatz class, such that for every 6 € ©
we have ug € H%(Q), but make no assumptions on its boundary values. As our strategy
is to minimize the residual we define the loss function with boundary penalty

LT: R R/ LT(Q) = ”AM@ +f||%2(Q) + T“”@ - g”iZ(aQ)z

where 7 € (0, ) is a positive penalization parameter.

Theorem 5.6 (H° estimates with penalized boundary values). Assume that the domain
Q € R? has a smooth boundary dQ € C*. Then for s € R there is a constant ¢ > 0 such that

(5.17) lluo —urllgs) < cVLA(O) forall0 € ©

and all parametric classes and data f € L*(Q), g € H¥?(9Q) ifand only if s < 1/2.

Comparing this to Theorem5.5we see that (5.17) also provides an a posteriori estimate,
however with respect to the weaker H'/? norm.

Stronger estimates through stronger penalty. We have seen that the L?(dQ) penal-
ization can not lead to estimates in a stronger Sobolev norm than H 1/2(Q)). However,
inspecting inequality one could - at least in theory — penalize the boundary values
in the H32(dQ) norm and would then obtain H%(Q) estimates. Not that the H3>2(9Q)
norm is difficult to approximate in practice.
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Stronger estimates through interpolation. It is possible to bound the H® error for
s > 1/2 of residual minimization with L? boundary penalty for the expense of worse rates
and under the cost of an additional factor for which it is not clear whether it is bounded.
Similar to [53] one can use an interpolation inequality for s € [1/2,2] to obtain

2(2-s)/3 25-1)/3
lullersicy < ity -l forall u € HA(Q).

Together with the a posteriori estimate on the H'/? norm, this yields

2(2-s)/3 2s-1)/3 2s-1)/3 —
lug = wollisy < g = uolZarls -ty = wollizig) = llug —uolliag)” - L)

< (luf iy + luollag) ™7 - LO)PE.

Hence, if it is possible to control the H? norm of the neural network functions, one
obtains an a posteriori estimate on the H® error. Note however, that the H 2 norm of the
neural networks functions is not controlled through the loss function L and hence, this
estimates requires an additional explicit or implicit control on the H? norm in order to
be informative. Note, however, that the exponent of the a posteriori estimate decreases
towards zero for s — 2 and the estimate collapses to a trivial bound for s = 2.

Related works. Various theoretical analysis for physics informed neural networks
exist, however, none of these study the influence of exact boundary values. A very general
result showing the existence of uniform estimates without quantifying the uniformity is
due to [197]. Quantitative estimates on the L? error made by physics informed networks
for Kolmogorov PDEs and the Navier-Stokes equations are established in [89, 87|]. Error
estimates for physics informed networks with respect to the H'/? norm of the form of
Theorem have been shown in [261] and the generalization error of PINNs has been
studied in [201} [29] and the convergence for growing data has been shown in [260]. In
practice, ansatz functions with exact boundary values have become increasingly popular
as it has been observed to simplify the training process and produce more accurate
solutions, see for instance [47, 243, |185| 74]. The works of [74, 77] explicitly compare
penalized boundary conditions to exactly enforced ones in numerical studies and found
improved accuracy and a faster training process. This is in accordance with [161] that
illustrates the difficulties in the training process stemming from soft penalties in residual
minimization. It is also possible to encode Neumann or Robin boundary conditions in a
similar way, we refer the reader to [185]. However, we mention that the approximation
capabilities of such ansatz classes have not been studied so far.

5.1.4. OutrLook. Where have described our contributions above we highlight the follow-
ing directions for future research:

o Approximation theory for boundary values: When working with the boundary
penalty method, the boundary values required for the approximation of a func-
tion play an important role, see Assumption[(AT)land Theorem[5.3]as well as the
discussion in Subsection and in particular (5.15). This asserts that under
the assumption of perfect optimization the error can be estimated according to

* : 2 2 -1
”Un - uf”Hl(Q) 3 J’U?an (”V(U - u/\n)“LZ(Q) + Ai’l“v — Uy, ”LZ(BQ)) + /\71
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and hence it is natural to study the approximation error

inf (IV© =1,y + Anllo = 103,y )

for different neural network based classes. For example, although we have
shown in Theoremthat ReLU networks can approximate functions u € Hy(Q)
while maintaining exact zero boundary values the rate at which they are able to
do this is not known. Further, the approximation properties of function classes
with exact zero boundary values constructed from neural networks according
to (5.6) are unclear.

o Penalization strategies: Based on our theoretical guarantee in Theorem [5.3| we
have deduced suggestions for scaling of the penalization strengths, see also the
discussion in Subsection It would be interesting to investigate whether
these suggestions can be used as a general guidance in real world problems.
Note that the benefits of successively increasing the penalization strength have
been demonstrated [77].

o Theoretical analysis of optimizers: Our results decompose the error of the methods
into terms depending on the approximation error, the optimization error and
the penalization error in the case of the deep Ritz method. Hence, it is natural
to study the behavior of different optimizers for this problem. A first analysis
has been carried out in [184] using an NTK argument to show global conver-
gence of gradient descent for shallow networks under an overparametrization
assumption when working with a PINN approach. However, in contrast to su-
pervised learning problems global convergence is not observed in practice. We
believe the problems encountered in neural network based PDE solvers to be
fundamentally different to supervised learning problems as samples are easy
to generate. We believe that the theoretical understanding of the optimization
process requires the development of new theoretical tools rather than an appli-
cation of existing paradigms from the analysis of supervised learning problems.
Further, we believe that the development of efficient optimizers are required for
the advancement of neural network based approaches for the numerical analysis
of PDEs. Chapter [6]is devoted to the development of a natural gradient method
that achieves high accuracy for PINNs and the deep Ritz method.

5.2 PRELIMINARIES REGARDING SOBOLEV SPACES AND NEURAL NETWORKS

5.2.1. NOTATION OF SOBOLEV SPACES AND FRIEDRICH'S INEQUALITY. We denote the space
of functions on Q C R? that are integrable in p-th power by L?(Q), where we assume that
p € [1,00). Endowed with

lull?, ., = / jul?dx
17(Q) 0

this is a Banach space, i.e., a complete normed space. If u is a multivariate function with
values in R we interpret || as the Euclidean norm. We denote the subspace of LF((2)
of functions with weak derivatives up to order k in L (Q) by W*?(Q), which is a Banach
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space with the norm

k
1ll} 1 = DD 0l
1=0

This space is called a Sobolev space and we denote its dual space, i.e., the space consisting
of all bounded and linear functionals on W7 (Q) by W¥?(Q)*. The closure of all com-
pactly supported smooth functions C:°(Q)) in WEP(Q) is denoted by Wéc P(Q). Ttis well
known that if Q has a Lipschitz continuous boundary the operator that restricts a Lips-
chitz continuous function on Q to the boundary admits a linear and bounded extension
tr: WLP(Q) — LP(dQ). This operator is called the trace operator and its kernel is precisely
WO1 P(Q). Further, we write ||u]| 17(00) whenever we mean [|tr(u)|rr(5q). In the following
we mostly work with the case p = 2 and write H (ko)(Q) instead of W(IB’)Z(Q).

In order to study the boundary penalty method we use the Friedrich inequality, which
states that the L7 (€2) norm of a function can be estimated by the norm of its gradient and
boundary values. We refer to [121] for a proof.

Proposition 5.7 (Friedrich’s inequality). Let Q C R? be a bounded and open set with Lipschitz
boundary dQ and p € (1, c0). Then there exists a constant ¢ > 0 such that

(5.18) llull?

Wlr(Q) <cP. (HVUHP + ||u||p ) fOT alu € Wl’p(Q),

LP(Q) LP(9Q)

5.2.2. NEURAL NETWORKS. Here we introduce our notation for the functions represented
by a feedforward neural network. Consider natural numbers d,m, L, Ny, ..., Nr € Nand
let
0 =((A1,b1),...,(AL,bL))

be a tuple of matrix-vector pairs where A; € RN>XNi-1 b e RN and Ny = d, N = m.
Every matrix vector pair (A;, b;) induces an affine linear map T;: RNt — RN The neural
network function with parameters 0 and with respect to some activation function p: R — R is
the function

ug: RT = R", x> Ti(p(Tia(p(--- p(Ta(x)))))-
The set of all neural network functions of a certain architecture is given by {ug : 0 € O},
where © collects all parameters of the above form with respect to fixed natural numbers
d,m,L,Ny,...,Nr. If wehave f = ug for some O € ® we say the function f can be realized
by the neural network Tg . Note that we often drop the superscript p if it is clear from the
context.

A particular activation function often used in practice and relevant for our results is
the rectified linear unit or ReLU activation function, which is defined via x + max {0, x}.
[20] showed that the class of ReLU networks coincides with the class of continuous and
piecewise linear functions. In particular they are weakly differentiable. Since piecewise
linear functions are dense in H&(Q) we obtain the following universal approximation
result.

Theorem 5.2 (Universal approximation with zero boundary values, [102]). Consider an
open set Q C RY and let u € WO1 P(Q) with p € [1,00). Then for all ¢ > 0 there exists a function
Ue € WO1 P(Q) that can be expressed by a ReLU network of depth [log,(d + 1)] + 1 such that

lu = tellwir) < &
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Our proof uses that every continuous, piecewise linear function can be represented
by a neural network with ReLU activation function and then shows how to approxi-
mate Sobolev functions with zero boundary conditions by such functions. The precise
definition of a piecewise linear function is the following.

Definition 5.8 (Continuous piecewise linear function). We say a function f: RY — R is
continuous piecewise linear or shorter piecewise linear if there exists a finite set of closed
polyhedra whose union is RY, and f is affine linear over each polyhedron. Note every
piecewise linear functions is continuous by definition since the polyhedra are closed and
cover the whole space R? and affine functions are continuous.

Theorem 5.9 (Universal expression). Every ReLU neural network function ug: RY — Risa
piecewise linear function. Conversely, every piecewise linear function f : R* — R can be expressed
by a ReLU network of depth at most [log,(d +1)] + 1.

For the proof of this statement we refer to [20]. We turn now to the approximation
capabilities of piecewise linear functions.

Lemma 5.10. Let ¢ € CX(R) be a smooth function with compact support. Then for every & > 0
there is a piecewise linear function s, such that for all p € [1, o] it holds

Ise = @llwrirws < € and supp(se) C supp(p) + B:(0).
Here, we set B.(0) to be the e-ball around zero, i.e. B.(0) = {x e R: |x| < €}.

Proof. In the following we will denote by ||-||., the uniform norm on R?. To show the
assertion choose a triangulation 7~ of R? of width 6 = 5(¢) > 0, consisting of rotations
and translations of one non-degenerate simplex K. We choose s, to agree with ¢ on all
vertices of elements in 7. Since ¢ is compactly supported it is uniformly continuous and
hence it is clear that [|[@ — s¢|| < € if 0 is chosen small enough.

To show convergence of the gradients we show that also ||[Vg — Vs, ||« < ¢, which will
be shown on one element K € 7~ and as the estimate is independent of K is understood
to hold on all of R%. So let K € 7 be given and denote its vertices by x1, ..., x441. We set
v; = xi31 —x1,1 =1,...,d to be the vectors spanning K. By the one dimensional mean
value theorem we find &; on the line segment joining x; and x; such that

9o;5¢(01) = Ao, P(&).
Note that dy;s. is constant on all of K where it is defined. Now for arbitrary x € K
we compute with setting w = Zle a;v; for w € R with |w| < 1. Note that the a; are

bounded uniformly in w, where we use that all elements are the same up to rotations and
translations.
[Vp(x) = Vs (x)] = sup [Vo(x)w = Vse(x)w]

|lw|<1

d
< sup Y ] |95, p(x) = gy (x)]

lw|<1 57

=(x)
where again (*) is uniformly small due to the uniform continuity of V¢. Noting that the
W1 ®_case implies the claim for all p € [1, o) finishes the proof. ]

We turn to the proof of Theorem which we state again for the convenience of the
reader.
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Proof of Theorem Letu € WO1 ?(Q)and ¢ > 0. By the density of C®(Q)in WO1 ?(Q), see for
instance [65], we choose a smooth function ¢, € C°(Q) such that [[u — @.||yirq) < €/2.
Furthermore we use Lemma and choose a piecewise linear function u, such that
lpe — uellwirq) < €/2 and such that u, has compact support in Q. This yields

lu —uellwirq) < llu- q?e”wlm(()) +lpe - ue”WLP(Q) <€

and by Theoremwe know that u, is in fact a realization of a neural network with depth
at most [log,(d +1)] + 1. O

To the best of our knowledge this is the only available universal approximation results
where the approximating neural network functions are guaranteed to have zero bound-
ary values. This relies on the special properties of the ReLU activation function and it
is unclear for which classes of activation functions universal approximation with zero
boundary values hold.

The difference of this result to other universal approximation results [141), [79] is the
approximating neural network function are guaranteed to have zero boundary values.
This is a special property of the ReLU activation function and implies the consistency of
the boundary penalty method for arbitrary penalization strengths as we will see later. In
order to quantify the error that is being made by the variational training of ReLU networks
with boundary penalty, we use the following result from [126], where other results on
approximation bounds in Sobolev spaces have been obtained in [127, 306, [262} 263} 138,
107, 188].

Theorem 5.11 (Quantitative universal approximation, [126])). Let Q C R? be a bounded and
open set with Lipschitz regular boundariy?} let k € (1, 00), p € [1, o] and fix an arbitrary function
u € WEP(Q). Then, for every n € N, there is a ReLU network u, with O(logy(n*/4) - n) many
parameters and neurons such that

= tnllsriy < c(8) - Nullyyrpqy - n~* =

forevery s € [0, 1].
Proof. The approximation results in [126] are stated for functions with the unit cube [0, 1]¢
as a domain. However, by scaling and possibly extending functions to the whole of R this
implies analogue results for functions defined on bounded Sobolev extension domains
Q.

We examine the proof of [126] in order to see that the approximating network archi-
tectures do not depend on s. Let us fix a function u € W*?([0, 1]%). In their notation, for
M € N, there are functions (¢),,=1 .. v« and polynomials (pi),,=1 .4, such that

- Sonrs

and a ReLU network function uy; with N 5 M4 log(MF) parameters such that

_ —(k-s)
HZ PmPm uM“WS:P([O,ll”’) S clMullwerM

,,,,,

—(k=s)
Ws’p([O,l]d) = ”u”Wk’p([O/l]d)M

This follows from the Lemma C.3, C.4 and Lemma C.6 in [126] with ¢ = M~¥. Note that the
functions and networks provided by those lemmata do not depend on s, which is evident

3or more generally, that Q is a Sobolev extension domain
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as the estimates are first shown for s = 0,1 and then generalized through interpolation.
Now, by the triangle inequality, we have

llu - MM”ws,n([o,l]d) < 5(5)””||wk,p([o,1]d)M_(k_s)-
Now the claim follows by choosing M ~ n'/4. The additional square of the logarithm
appears since they are considering networks with skip connections and those are then

expressed as networks without skip connections, see also Corollary 4.2 in [126]. m]

5.3 PROOFS REGARDING CONVERGENCE GUARANTEES FOR THE DEEP RITZ METHOD
FOR NONLINEAR PROBLEMS

5.3.1. Prior oN I'-coNVERGENCE. We recall the definition of I'-convergence with respect
to the weak topology of reflexive Banach spaces. For further reading we point the reader
towards [83].

Definition 5.12 (I-convergence). Let X be a reflexive Banach space as well as F,,, F: X —
(=00, 00]. Then (F,)xen is said to be I'-convergent to F if the following two properties are
satisfied.

(i) Liminf inequality: For every x € X and (x,)sen with x, — x we have

F(x) < liminf Fj,(x;).
n—oo

(i) Recovery sequence: For every x € X there is (x,)yen with x, — x such that
F(x) = lim Fj(x,).
n—oo

The sequence (F)xen is called equi-coercive if the set

U{xeX:Fn(x)Sr}

neN

is bounded in X (or equivalently relatively compact with respect to the weak topology)
for all € R. We say that a sequence (X, ),en are quasi minimizers of the functionals (F,)nen
if we have

Fu(xn) < inf Fy(x) + 0y
xeX

where 6,, — 0.

We need the following property of I'-convergent sequences. We want to emphasize the
fact that there are no requirements regarding the continuity of any of the functionals and
that the functionals (F},),cn are not assumed to admit minimizers.

Theorem 5.13 (Convergence of quasi-minimizers). Let X be a reflexive Banach space and
(Fn)nen be an equi-coercive sequence of functionals that T'-converges to F. Then, any sequence
(xn)nen of quasi-minimizers of (F,)nen is relatively compact with respect to the weak topology of
X and every weak accumulation point of (x,)nen is a global minimizer of F. Consequently, if F
possesses a unique minimizer x, then (x,)nen converges weakly to x.
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5.3.2. ABSTRACT [-CONVERGENCE RESULT FOR THE DEEP Ritz METHOD. For the abstract
results we work with an abstract energy E: X — R. This reduces technicalities in the
proofs and separates abstract functional analytic considerations from applications.

Setting 5.14. Let (X, ||-||x) and (B, ||-||z) be reflexive Banach spaces and y € L(X,B) be a
continuous linear map. We set Xg to be the kernel of v, i.e., Xo = y7({0}). Let p: R — R be
some activation function and denote by (©y),en a sequence of neural network parameters. We
assume that any function represented by such a neural network is a member of X and we define

(5.19) Ay ={xp:0€0,} CX.
Here, xg denotes the function represented by the neural network with the parameters 0. Let
E: X — (—00,00] be a functional and (An)nen a sequence of real numbers with A, — oo.
Furthermore, let p € (1,00) and f € X* be fixed and define the functional F£ : X — (=00, 00] by
; E(x) + Aully()lly = f(x) for x € Ay,
Fu(x) =
00 otherwise ,

as well as Ff : X — (—o0, 00] by
E(x) = f(x) forx € X,
Fl(x) =
o0 otherwise .

Then assume the following holds:

(B.A1) Forevery x € X thereis x, € Ay, such that x, — x and A, ||y(xn)||]; — 0forn — oo.
(B.A2) The functional E is bounded from below, weakly lower semi-continuous with respect
to the weak topology of (X, ||-||x) and continuous with respect to the norm topology of
(X [1lx)-
(B.A3) The sequence (F{; Jnen is equi-coercive with respect to the norm ||-||x.
Remark 5.15. We discuss the Assumptions|(B.AT)|to[(B.A3)|in view of their applicability
to concrete problems.

(i) In applications, (X, ||-||x) will usually be a Sobolev space with its natural norm,
the space B contains boundary values of functions in X and the operator y is
a boundary value operator, e.g. the trace map. However, if the energy E is
coercive on all of X, i.e. without adding boundary terms to it, we might choose
y = 0 and obtain Xp = X. This is the case for non-essential boundary value
problems.

(i1) The Assumption compensates that in general, we cannot penalize with
arbitrary strength. However, if we can approximate any member of X, by a
sequence xg, € A, N Xp then any divergent sequence (1,),en can be chosen.
This is for example the case for the ReLU activation function and the space
Xo = Hj(€Q). More precisely, we can choose A, to be the class of functions
expressed by a (fully connected) ReLU network of depth [log,(d + 1)] + 1 and
width #, see Theorem

Theorem 5.16 (I'-convergence). Assume we are in Setting Then the sequence (F{; Jnen of
functionals T-converges towards Ff. In particular, if (5,)uen is a sequence of non-negative real
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numbers converging to zero, any sequence of 8,-quasi minimizers of F£ is bounded and all its
weak accumulation points are minimizers of Ff. If additionally F/ possesses a unique minimizer
xf € Xo, any sequence of 6,-quasi minimizers converges to x/ in the weak topology of X.

Proof. We begin with the limes inferior inequality. Let x, — x in X and assume that
x ¢ Xo. Then f(x,) converges to f(x) as real numbers and y(x,) converges weakly to
y(x) # 0in B. Combining this with the weak lower semi-continuity of || - ||Z we get, using
the boundedness from below, that

limiani(xn) > inf E(x) + liminf/\n”y(xn)llg — lim f(xy,) = oo.
n—o0 xeX n—oo n—oo
Now let x € Xp. Then by the weak lower semi-continuity of E we find
liminf F/ (x,) > iminf E(x,,) — f(x) > E(x) — f(x) = F/(x).
n—00 n—00

Now let us have a look at the construction of the recovery sequence. For x ¢ X, we can
choose the constant sequence and estimate

FJ(xa) = E(x) + Aally()llh = £(x).

Hence we find that Fﬁ” (x) = oo = Ff(x). If x € Xy we approximate it with a sequence
(x4) € X according to Assumption [(B.A1), such that x, € A, and x, — x in ||||x and
)\n||y(xn)||g — 0. It follows that
FJ(x) = E(xy) + Aullxallly = f(xn) = E(x) = f(x) = F/ (x).
O

A sufficient criterion for equi-coercivity of the sequence (F ,J,j Jnen from Assumption|(B.A3)
in terms of the functional E is given by the following lemma.

Lemma 5.17 (Criterion for Equi-Coercivity). Assume we are in Setting If there is a
constant ¢ > 0 such that it holds for all x € X that

E) + ly@lly = ¢« (Il = 1xlix - 1),
then the sequence (F£ )nen is equi-coercive.
Proof. It suffices to show that the sequence
Gi: X >R with  G(x) = E(x) + Aully(@)lly - £(x)

is equi-coercive, as G{; < P,J; . So let r € R be given and assume that r > G{;(x). We
estimate assuming without loss of generality that A, > 1

r > E(x) + Aully )|l = f(x)
> c - (|lxllf = lxllx = 1) = I llx - lxllx
> (llxll% = llxllx = 1).

As p > 1, a scaled version of Young's inequality clearly implies a bound on the set

U{xeX:G{;(x)Sr}

neN

and hence the sequence (1—",fZ )nen is seen to be equi-coercive. O
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5.3.3. ABSTRACT UNIFORM CONVERGENCE RESULT FOR THE DEEP R1Tz METHOD. In this sec-
tion we present an extension of Setting that allows to prove uniform convergence
results over certain bounded families of right-hand sides.

Setting 5.18. Assume we are in Setting Furthermore, let there be an additional norm |-| on
X such that the dual space (X, |-|)* is reflexive. However, we do not require (X, |-|) to be complete.
Then, let the following assumptions hold

(B.A4) The identity 1d: (X, |||lx) — (X, ||) is completely continuous, i.e., maps weakly
convergent sequences to strongly convergent ones.
(B.A5) For every f € X*, there is a unique minimizer xy € Xo of F/ and the solution map

S: X5 — Xo with f — x/
is demi-continuous, i.e. maps strongly convergent sequences to weakly convergent ones.

Remark 5.19. As mentioned earlier, (X, ||-||x) is usually a Sobolev space with its natural
norm. The norm |-| may then chosen to be an L?(Q) or W*”(Q) norm, where s is
strictly smaller than the differentiability order of X. In this case, Rellich’s compactness
theorem [65] provides Assumption [(B.A4)|

Lemma 5.20 (Compactness). Assume we are in Setting Then the solution operator
S: (X, |l)* = (Xo,||) is completely continuous, i.e., maps weakly convergent sequences to
strongly convergent ones.

Proof. We begin by clarifying what we mean with S being defined on (X, |-|)*. Denote by
i the inclusion map i: Xo — X and consider

L, 1d . 0 . S Id
X, )" — (X %) — Ko, [ 1x)" — Xo, [Illx) — (Xo, [-])-

By abusing notation, always when we refer to S as defined on (X, |-|)* we mean the
above composition, i.e., Id oS o i* o Id". Having explained this, it is clear that it suffices
to show that Id" maps weakly convergent sequences to strongly convergent ones since
i* is continuous, S demi-continuous and Id strongly continuous. This, however, is a
consequence of Schauder’s theorem, see for instance [9], which states that a linear map
L € L(X,Y) between Banach spaces is compact if and only if L* € L(Y*, X*) is. Here,
compact means that L maps bounded sets to relatively compact ones. Let X, denote
the completion of (X, |-|). Then, using the reflexivity of (X, ||-||x) it is easily seen that
Id: (X, ||-]lx) = X is compact. Finally, using that (X, |-|)* = X} the desired compactness
of Id" is established. O

The following theorem is the main result of this section. It shows that the convergence
of the Deep Ritz method is uniform on bounded sets in the space (X, |-|)*. The proof of
the uniformity follows an idea from [76], where in a different setting a compactness result
was used to amplify pointwise convergence to uniform convergence across bounded sets,
compare to Theorem 4.1 and Corollary 4.2 in [76].

Theorem 5.21 (Uniform Convergence of the Deep Ritz Method). Assume that we are in
Setting and let 5, ™\, 0 be a sequence of real numbers. For f € X" we set

Su(f) = {x eX:Flx)< in}f(Pg(z) + 5n},
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which is the approximate solution set corresponding to f and 6,,. Furthermore, denote the unique
minimizer of Ff in Xo by x/ and fix R > 0. Then we have

sup{|x£ - x| x£ € Su(f), Ifllx, ) < R} — 0 forn — co.

In the definition of this supremum, f is measured in the norm of the space (X, |-|)".
This means that f : (X, |-|) — R is continuous, which is a more restrictive requirement
than the continuity with respect to ||-||x. Also the computation of this norm takes place
in the unit ball of (X, |-|), i.e.

L fllx, -y = sup f(x).

[x]<1

Before we prove Theorem we need a I'-convergence result similar to Theorem
The only difference is, that now also the right-hand side may vary along the sequence.

Proposition 5.22. Assume that we are in Setting however, we do not need Assumption

(B.A5)|for this result. Let f,, f € (X, |-|)* such that f, — f in the weak topology of the reflexive
space (X, |-|)*. Then the sequence (Fﬁ”)neN of functionals T-converges to F/ in the weak topology
of (X, ||-x)- Furthermore, the sequence (F,{”)neN is equi-coercive.

Proof. The proof is almost identical to the one of Theorem but since it is brief, we
include it for the reader’s convenience. We begin with the limes inferior inequality. Let
xp, = xin X and x ¢ Xy. Then x, — x with respect to |-|, which implies that f,(x,)
converges to f(x). Using that y(x,) — y(x) in B combined with the weak lower semi-
continuity of || - ||g we get
lim inf FJ/ (x,,) > inf E(x) + liminf A, || y(x,)lI} = im f,(x,) = co.
n—oo0 xeX n—00 n—oo
Now let x € Xp. Then by the weak lower semi-continuity of E we find

nmgfpﬁ (xa) 2 liminf E(xy) - f(x) 2 E(x) = f(x) = F/ ().

Now let us have a look at the construction of the recovery sequence. For x ¢ X, we can
choose the constant sequence and estimate

F(x) > inf B0+ Aully Gl = fulloc oy - [l

As || full(x, - is bounded we find Fﬁ” (x) — oo = Ff(x). If x € X, we approximate it with
a sequence (x,) C X according to Assumption |(B.Al), such that x, € A, and x, — x in
|-]|x and /\nll)/(xn)Hg — 0. It follows that

FJ (xu) = E(xa) + Aullxallly = fulxn) = EG) = f(x) = F/(x).
The equi-coercivity was already assumed in|(B.A3)|so it does not need to be shown. O

Proof of Theorem We can choose (f;) € (X, |-])" and || full(x,})» £ R and xil(” € Su(fn)
such that

1
sup |x£ - xf| < |x£” - xf”| +o
Ifllx, .y <R
xheSu(f)

Now it suffices to show that |x£” — x| converges to zero. Since (f,)nen is bounded in
(X, |-])* and this space is reflexive we can without loss of generality assume that f, — f
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in (X, |-|)*. This implies by Lemma that x/» — x/ in (X, |-|). The I'-convergence result

of the previous proposition yields x;" — xf in X and hence x{;” — xf with respect to ||,

which concludes the proof. m]

5.3.4. A NONLINEAR PDE: THE p-LAPLACE. As an example for the uniform convergence
of the Deep Ritz method we discuss the p-Laplacian. To this end, consider the p-Dirichlet
energy for p € (1, ) given by

1
E: W'P(Q) - R, u|—>5/|Vu|”dx.
Q

Note that for p # 2 the associated Euler-Lagrange equation — the p-Laplace equation — is
nonlinear. In strong formulation it is given by
—div(|Vu|P2Vu) = f inQ
u=0 ondQ,

see for example [274] or [246]. Choosing the ReLU activation function, the abstract setting
is applicable as we will describe now. For the Banach spaces we choose

X =W (Q), B=LF(Q), |u|l= lullr

where the norms ||-||x and ||| are chosen to be the natural ones. Clearly, W7 (Q)
endowed with the norm ||-||y1, () is reflexive by our assumption p € (1, ). Note that it
holds

(W@, @) =L@ = F@),
which is also reflexive. We set y = tr, i.e.
tr: WP(Q) = LP(9Q) with u — u|yq

We use the same ansatz sets (A, )»env as in the previous example, hence Assumption|(B.A1)
holds. Rellich’s theorem provides the complete continuity of the embedding

(W@, Ilwiey) = (W@ Il

which shows Assumption As for Assumption Friedrich’s inequality pro-
vides the assumptions of Lemma Furthermore, E is continuous with respect to
-1y and convex, hence also weakly lower semi-continuous. By Poincaré’s and

Young’s inequality we find for all u € WO1 ?(Q) that

f :l Pdx —
F/(u) p/QIVLtl dx — f(u)

> C l1ully1y 0, = 1 Ity Nl

Z C ||u||€v'1,p(Q) - C

Hence, a minimizing sequence in W, ?(Q) for F/ is bounded and as F/ is strictly convex
on WO1 ?(Q) it possesses a unique minimizer. Finally, to provide the demi-continuity we
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must consider the operator S: WO1 Py - WO1 ?(Q) mapping f to the unique minimizer
ugof E— f on WO1 Q). By the Euler-Lagrange formalism, # minimizes Ff if and only if

/qulp_ZVu -Vodx = f(v) forallv e Wol’p(Q).
Q
Hence, the solution map S is precisely the inverse of the mapping
1,p 1Lp % _2
W, (Q) —» W,"(Q), uw (v — /Q|Vu|” Vu - Vodx
and this map is demi-continuous, see for example [246].

5.4 PROOFS REGARDING ERROR ESTIMATES FOR THE DEEP RITZ METHOD WITH
BOUNDARY PENALTY

5.4.1. A CtEa LemMA. The following proof of Céa’s Lemma is based on the curvature
properties of a quadratic, coercive energy defined on a Hilbert space. Note that in the
following proposition, V does not need to be a vector space.

Proposition 5.23 (Céa’s Lemma). Let X bea Hilbert space, V C X any subsetanda: XXX — R
a symmetric, continuous and a-coercive bilinear form. For f € X* define the quadratic energy
E(u) = Ya(u,u) — f(u) and denote its unique minimizer by u*. Then for every v € V it holds
that

2 1
o -l < \/—6 + < infl| - |2,
a  avev
where 6 = E(v) — infzey E(D) and ||u||? := a(u, u) is the norm induced by a.

Proof. As E is quadratic it can be exactly expanded using Taylor’s formula. Hence, for
every h € X it holds that

Bl + 1) = Ee) + 3 DB, ) = EGe) + 2a(h, ) = EGe) + 2 1],
where we used DE(u*) = 0. Inserting v — u* for 1 we obtain
* 1 * * a *[12
E(v)-E(u*) = Ea(v—u ,O—U') > Ellv—u II%-

On the other hand we compute

E(v) — E(u*) = E(v) — inf E(9) + inf(E(3) — E(u*))
eV eV
PN P
=0+ 5 infl[5 |},

Combining the two estimates and rearranging terms yields the assertion. m|

Proposition is all we need to derive error estimates for coercive problems with
non-essential boundary conditions. We give an example.
Corollary 5.24 (Neumann Problem). Let Q C R¥ be a bounded Lipschitz domain and let f be
a fixed member of H'(Q)*. Denote by u € H(Q) the weak solution to
-Au+u=f inH(Q)".
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Let © be the parameter set of a neural network architecture such that ug € H*(Q) for every 6 € ©.
Then for every 0 € © it holds

— < 1 — 2
luo u||H1<Q>_\/26+%g(gnun 4Py o

where
6 = lluolfs = fat0) = inf [l ) = S )|

Proof. The bilinear form corresponding to the above Neumann problem is
a: H(Q)x HY(Q) - R, a(u,v)= / VuVo +uvdx
Q

and therefore its coercivity constant is & = 1 and the associated norm ||-||, is the natural
one on H!(Q). Employing Proposition@yields the assertion. m]

Remark 5.25. Corollaryyields H'(Q) convergence of the Deep Ritz Method provided
the ansatz class possesses universal approximation properties with respect to the H!(Q)
norm. This is of course also a necessary requirement and fulfilled by a wide class
of network architectures and activation functions, see [141} 79] or for approximation
rates [126]. We stress that any (quantitative) universal approximation theorem for Sobolev
topologies can be combined with the above result, such as Theorem [5.1T| for ReLU neural
networks.

Furthermore, the form of the differential equation in the above corollary can easily
be generalized. One can for example consider general second order elliptic PDEs in
divergence form with non-essential boundary conditions as long as these are coercive
and can be derived from a minimization principle.

Remark 5.26 (Dimension Dependence and Adaptation to Smoothness). Assume the solu-
tion u to the Neumann problem is a member of H*(Q) for some k > 1. Then applying the
quantitative universal approximation Theorem we estimate

e = iy 3 /26 + ¢l gz =+,

where d € N is the spatial dimension. While this estimate is not dimension independent,
it indicates how smoothness mitigates the deterioration of error decay rates for high
dimensions. We see that the merit of neural networks to achieve approximation rates
increasing with the smoothness of the target function carries over to the error decay in
the deep Ritz method. In contrast, to achieve the approximation rate and an error decay
rate of (k — 1)/d with finite elements one needs to for example use P*1 elements [111],
which complicates the ansatz class and therefore the approach.

Remark 5.27 (Practical Realization of Rates). There is a gap between the theory and
the practice of neural network based methods for the solution of PDEs. Error decay
rates, as predicted by our results cannot be observed in practice due to the difficulties of
computing minima of non-convex functions. In practice, one observes moderate errors
that don’t decrease beyond a certain accuracy when the numbers of the parameters of
the neural network ansatz architecture are increased. We refer to [[170] and the references
therein for a more detailed description of this phenomenon.
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However, what one observes is that neural network based methods in general and the
Deep Ritz Method in particular are well suited for problems in high spatial dimensions or
a high dimensional parameter space. Practical evidence can already be found in the paper
introducing the Deep Ritz Method, see [110] and further high dimensional examples —
even of industrial scale — can be found in [132]. We propose to view our results as a
qualitative explanation of these observations.

5.4.2. AN ERROR ESTIMATE FOR THE BOUNDARY PENALTY METHOD. The treatment of Dirich-
let boundary conditions corresponds to a constrained optimization problem, as in stan-
dard neural network architectures zero boundary values cannot be directly encoded. We
use the boundary penalty method as a way to enforce Dirichlet boundary conditions. For
ease of presentation, we discuss our approach for the concrete equation

—div(AVu)=f inQ

5.20
( ) u=0 ondQ,

where A € L*(Q, R%) is a symmetric and elliptic coefficient matrix. The weak formula-
tion of this equation gives rise to the bilinear form

a: H(Q)xHY (Q) - R, a(u,v)= /AVu - Vodx
0

and the energy
E:HYQ) >R, E(u)= %a(u,u) — fu)

where f € H'(Q)*. Using the boundary penalty method as an approximation for (5.20)
leads to the bilinear form

a;: H(Q)x H(Q) — R, a;\(u,v):/AVqudx+/\/ uvds
Q oQ

for a penalty parameter A > 0 and the energy
Ex:HYQ) — B, Eaw) = saa(u,u) - ()

The central error estimation is collected in the following Theorem. Note that we require
H?(Q) regularity of the solution to equation (5.20).

Theorem 5.28. Let Q € R? be a bounded domain with C''! boundary, f € L*(Q) and assume
A € CONQ,R™) is symmetric, uniformly elliptic with ellipticity constant @ > 0. By u* €
Hy(Q2) we denote the solution of and by u, the minimizer of the penalized energy E, over
HY(Q). Fix an arbitrary subset V. C HY(Q) and denote the coercivity constants of ay by a,) > 0
and set 6 := E)(v) — infzey EA(D). Then there is a constant ¢ > 0, only depending on A and Q,
such that for every v € V and A > 0 it holds that

) 26 1 ... o
(5.21) lo = u'llmq) < @ + O %25”7) —upllz, + AT fllz )

where ||u ||§A = ax(u, u) is the norm induced by a,. Further, we can choose

¢ = cpCregV a1 llIT| £z )r(2))/
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where T: H2(Q)) — HY(Q) maps a function u to the A-harmonic extension o dau, c denotes
the Friedrich constant (see Proposition and cyeq is the operator norm of

(- div(AV-)": LX(Q) - HA(Q) N H}(Q).
Proof. The central idea of the proof consists of the error decomposition
o —ullmq) < llv —uallmq) + llua — w'llmq)-

The first error can be treated using Céa’s Lemma. Note that a, is in fact coercive on H L),
which is a consequence of Friedrich’s inequality, see Proposition[5.7] For the second term
one uses a Fourier series expansion in a Steklov basis. The latter is useful for weakly
A-harmonic functions, hence we investigate the equation satisfied by v, := u* — u,. Due
to the regularity assumption on Q and A we have div(AVu*) € L?(Q) and may integrate
by parts to obtain for all ¢ € H(Q)

(5.22) /fqodx:—/div(AVu*)qodxz/AVu*V(pdx—/ dau’pds.
Q Q Q oQ

Using the optimality condition of u, yields

/(AVuA)-V(pdx+A/ uA(pds:/f(pdx Vo € H(Q).
Q IQ Q

Subtracting these two equations we obtain that v, satisfies

/(AVU/\) -Vedx + / (Avy — dau)pds =0 Vo € H(Q).
Q oQ

This implies that v, is weakly A-harmonic, i.e.,
/(AVU/\) -Veodx =0 Ve € H&(Q),
Q

We claim that there exists a basis (¢});en of the space of weakly A-harmonic functions and
that v, can be written in terms of this basis as

1 (o]
(5.23) o) = X Z C(/\)]'e]'
j=0

for suitable coefficients c(1); € R. Further, we claim that this Fourier expansion leads to
the estimate

c
(5.24) oAl Q) < X”f”LZ(Q)

with ¢ as specified in the statement of the Theorem, which finishes the proof. The
remaining details are provided in the following Section. m|

We presented the proof in its above form to draw attention to its key elements and to
discuss possible limitations and generalizations.

Remark 5.29 (Limitations). Our proof requires crucially the H*(QQ) regularity of the so-
lution u* to the Dirichlet problem. This is in contrast with the error estimates for non-
essential boundary value problems that do not require additional regularity.

‘here dqu = v+ AVu and v denotes the outer normal of Q
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Remark 5.30 (Generalizations). The strategy of the proof of Theorem holds for a
broader class of elliptic zero boundary value problems. The essential requirement is that
the bilinear form a of the differential operator is coercive on Hé (QQ) and that a, is coercive
on all of H!(Q). Then, regularity of the solution u* of the zero boundary value problem
is required to identify the equation u* satisfies when tested with functions in H(Q) and

not only H}(Q), see (5.22).
Remark 5.31 (Optimality of the rate A~!). We demonstrate that the rat
lup — 'l A7

can not in general be improved. To this end we consider the concrete example
1
ay: H(0,1? - R, (u,0)— / u'v'dx + A(u(0)v(0) + u(1)v(1)).
0

The minimizer of E) with f = 1 solves the ODE
~u”=1 in(0,1)
with Robin boundary conditions
—u'(0)+Au(0)=0
u'(1)+ Au(1) = 0.

Its solution is given by

1, 1 1
up(x) = —5X X+ o

On the other hand the associated Dirichlet problem is solving the same ODE subject to
u(0) = u(1) = 0 and has the solution

. 1, 1
= —=x"+ =x.
u*(x) FX° X

Consequently the difference u, — u* measured in H'(0, 1) norm is precisely %

A solution formula based on Steklov eigenfunctions. The Steklov theory yields the
existence of an orthonormal eigenbasis of the space

H(Q) = {w e H(Q) : a(w,v) =0forallv € HS(Q)}.

of weakly a-harmonic functions, which we can use for a Fourier expansion of v, in order
to obtain the desired estimate. For a recent and more general discussion of Steklov theory
we refer to [23]. The Steklov eigenvalue problem consists of finding (1, w) € R x H(Q)
such that

(5.25) a(w, @) = y/ weds forall ¢ € HYQ).
Q
We call i a Steklov eigenvalue and w a corresponding Steklov eigenfunction.
Lemma 5.32 (Orthogonal decomposition). We can decompose the space H(Q) into
H'(Q) = H(Q) @, Hy(Q)
with the decomposition being ay-orthogonal.

SWe write 5 and % if the inequality < or > holds up to a constant; if both < and % hold, we write ~.
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Proof. By the definition of a1 and H(Q2) the two spaces are a; orthogonal. To see that it
spans all of H!(Q) let u € H(Q) be given. Let u, be the unique solution of a(u,,-) = 0 in
Hé (Q)* subject to tr(u,) = tr(u). Then the decomposition is given as u = u, + (u — u,) =
U, +u”. O

Theorem 5.33 (Steklov spectral theorem). Let Q C R¥ be open and a be a positive semi-definite
bilinear form on HY(Q) and H(Q) — L?(dQ) be compact. Then there exists a non decreasing
sequence (iij)jen C [0, 00) with pj — oo and a sequence (ej)jex S H () such that y; is a Steklov
eigenvalue with eigenfunction e;. Further, (e;)jen is a complete orthonormal system in H () with
respect to a;.

Proof. This can be derived from the spectral theory for compact operators as for example
described in [101} Section 8.10]. In the notation of [101]], set X = H(Q2) with inner product
a1 and let Y = L?(9Q) equipped with its natural inner product. Then this yields a divergent
sequence 0 < fi; < fip < ... growing to co and (¢)jen S H(Q) with ai(e;, ej) = 6;; and

(5.26) a1(ej, w) = ﬂj/ ejwds forallw € H(Q).
2Q

For ¢ € HY(Q), let ¢ = ¢, + ¢o be the orthogonal decomposition of the preceding lemma
and compute

a1(ej, ) = ai(ej, po) + ar(ej, a) = ai(ej, pa) = [i; /,99 ejpads = i /aQ ejpds.
Using the definition of a; we obtain
alej, ) = (fij - 1)/ ejpds forall p € H'(Q).
2Q

Setting u; = [i; — 1 and noting that the above equality implies u; > 0 concludes the
proof. m]

As a direct consequence we obtain the following representation formula.

Corollary 5.34 (Fourier expansion in the Steklov eigenbasis). Let w € H(Q). Then we have

w = Z C]‘Ej,
j=0
where
(5.27) cj=(1+ yj)/ wejds.
0

Proof. Using that ¢; is a Steklov eigenvector, we can compute the Fourier coefficients

cj =a(w,ej) = a(w,ej) +/

wejds = (1 + yj)/ wejds.
o0 90

Lemma 5.35 (Solution formula). Let vy € H(Q) be the unique solution of

(5.28) a(vy, @) + / (Avy = dau™)pds =0 forall p € HYQ).
2Q
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Then we have
1 o0
oy = X ]E_O C(/\)jej,

where
L+ .
c(A)j = r / (dau*)e;ds.
1+ Joa

Proof. Note that v, is weakly harmonic and hence, we can apply the previous corollary to
compute the Fourier coefficients of v;. Using that v, solves (5.28) and that ¢; is a Steklov
eigenfunction we compute

vpejds = 1 (dau*)ejds — la(v;\,e]') = 1 (dau*)e;ds — ) vpejds.
A A A A
2Q 2Q 2Q 2Q

Rearranging this yields the following equation, which completes the proof

1 1
vyeids = — - : / (dau*)ejds.
/80 U 144 Jag !

O

Proof of Theorem We use the explicit solution formula from Lemma for
vy = u* — u) to provide the missing claims in the proof of Theorem
Completing the proof of Theorem We have already convinced ourselves that the dif-
ference v = uy — u* indeed solves (5.28). By the means of Lemma it suffices to
bound

[o¢]

Z c(A)]'ej

=0

HY(Q)

independently of A > 0. Let us denote the A-harmonic extension of dau* with w, we
obtain

2
c(A)F < (1+p))? (/QQ(aAu*)ede) = m(w, ¢))*.

Now we can estimate

00 2 (o)
Z(l + yj)z (/ (8Au*)e]-ds) = Z zzl(w,e]-)2 =a1(w, w)
=0 9Q =0
j j
2
< larll 1012,
< Nl 1871, I T g2

< Manh gl f 12y 1T iy

where T: H?> — H! is the mapping that assigns a function u the harmonic extension of
dau. Consequently, we obtain by Parseval’s identity

CF = CF
oAl < cellvoalla, = T Z C(A)]2 < 7\/||111|| Cregll f 12| T 1l £(r2()s11 ()
j=1
which finishes the proof. O
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Estimates under lower regularity of the right-hand side. If f ¢ L2(Q), Theorem
cannot be applied as the estimation of the term ||u) —u"|| 1) requires that u* is a member
of H%(Q)). The next Lemma shows that at the expense of a worse rate and norm, we can
still estimate this term for distributional right-hand sides f € H!(Q)".

Lemma 5.36. Let Q C R? be a bounded domain with C' boundary, assume that A €
CONQ, R™4) is symmetric and uniformly elliptic, f € HY Q)" and let u* and u, be as in
Theorem[5.28] Then it holds

llup = Iz < € - I gy A2

Proof. We set vy = uy — u* and denote by w € Hj(Q) the solution to the equation
—div(AVw) = v, in HS(Q)*. Then, by our assumptions on €2 and A, the function w
is a member of H%(Q). This yields upon integration by parts and the fact that v, is weakly
A-harmonic that it holds

sl = [ AV Vords = [ dawosds
Q 0Q

—/ dawu,ds
Q

cllwllmz)lluallizon)

IA

IA

clloallrzlluallrzaq)-

It remains to estimate [|u; ||;2(5)- Note that u, satisfies

0= /AVu;\ -Vu,dx + /\/ u%ds — f(uy).
Q oQ

We get after rearranging and using Young’s inequality
2, =2 AV, - Viydx + 2
luallzo0) = 3 (£ (1a) - AV Vindx + 5 lallzoa)

2
< < (Il lualline = anpliin )

1120
< 7

20()\/2/\ ’

which completes the proof. m|

5.4.3. PENALIZATION STRENGTH AND ERROR DECAY. We have seen that the distance of an
ansatz function can be bounded in terms of the optimization error, the approximation
power of the ansatz class and the penalization strength. In this section we discuss the
trade off of choosing the penalization strength A too large or too small and discuss the
implications of different scalings of A in dependecy of the approximation capabilities
of the ansatz classes. We combine our general discussion with Theorem to obtain
Theorem however, our discussion can be combined with any result guaranteeing
approximation rates of a sequence of ansatz classes.

We consider a sequence (V,)nen € H 1(Q) of ansatz classes and penalization strengths
An ~ n?. Further, we denote the minimizers of the energies E,, over V,, by v}, € V,,. Itis
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our goal to choose ¢ € R in such a way that the upper bound of ||v;, — u”||1 () in (5.21)
decays with the fastest possible rate. Neglecting constants, the bound evaluates to

* * 1 . -1
(5.29) lloy — u'llm@q) 3 \/(X—M UlgvanU —up, llz, + AL

We can assume without loss of generality that ¢ > 0 and hence A,, > 1, because otherwise
the upper bound will not decrase to zero. Note that in this case we have oy, > a1 > 0
and hence the we obtain

%

(530) I} - uw'llenoy S \/ inf (IV(0 = 11, )l + 17110 = 01, ) + 177

Here, the trade off in choosing o and therefore A,, too large or small is evident. We discuss
the implications of this upper bound in three different scenarios.

Approximation rates with zero boundary values. Consider the case where there is
an element v,, € V;; N Hé (Q) such that

lon —u ) sn".
Using the Euler-Lagrange equations a,(uy, ) = f(-) and a(u*, ) = f(-) we can estimate

1. . .
5 nf ||o — u;\llﬁA = inf E (v) — Ex(uy) < inf E,(v) — E(uy)
eV, veV, )

veV, 0eV,NH,

1
< inf E@-Ew)== inf |o-u'|?Pzsn¥
0eVuNHA(Q) 2 vev,nH Q)

independently of A. Hence, the estimate (5.29) yields
10}, = 'l s Va2 + A  sn™7,

whenever A, % n". Note that in this case, no trade off in A exists and the approximation
rate with zero boundary values can always be achieved up to optimization. However, the
curvature ay, of E,, increases with A,. Thus, it seems reasonable to choose A, as small
as possible, i.e.,, A, ~ n". Approximation rates with zero boundary values have not been
established so far for neural networks to the best of our knowledge.

Approximation error of u, independent of A. Now, we consider the case, without an
approximation rate with exact zero boundary values, but where the sequence (V;,),en of
ansatz classes admits approximation rates in both H'(Q) and L?(9Q). More precisely, we
assume that there are real numbers s > r > 0 such that for every (sufficiently big) A and
every n € N there is an element v,, € V), satisfying

" and  |lvn —uallizoq) < cn”,

lon —urllq) < en™
for some ¢ > 0 independent on A. Then the estimate in (5.30) yields
oy, — u* ) S V2" + no=2 + 17,

The resulting rate of decay of the upper bound of the error is then

1
p(0) = min 5 min(2r,2s — o), 0) = min (r, s — %, 0) .
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which is maximized at ¢* = 25 /3 with a value of

(5.31) p" = min (%s, r) .

In this case, the upper bound does not necessarily decay at the same rate as the approxi-
mation error, which decays with rate r. Note that because H'(Q) embeds into L?(9Q) we
can assume without loss of generality that s > r.

We made the assumption that the approximation rates of r and s holds with the same
constant independently of A. This is for example the case, if the solutions u, are uniformly
in A bounded in H*(Q) for some s > 1.

Approximation rates for u*. Now we want to discuss the case, where we weaken
the approximation assumption from above, which is uniformly in A. More precisely, we
assume that there is a constant ¢ > 0 and elements v,, € V,, satisfying

lon —u'llg) < cn™ and  ||v, — u*||290) < cn™°.

By (5.24) (or equivalently Theorem with V = H(Q) and v = u;) and the triangle
inequality we have

lon — uallimqy < o — 'l + 10 = uallmq) S cn™ +c'n™7 <én”’

and similarly
lon —urllizoq) S cn™ +c'n™? < én”®,

where 7 = min(r, 0) and 5 = min(s, 0). Hence, we have reduced this case to the previous
case and find that the right hand side of (5.30) decays at a rate of

530 p(0) = min(min(r, ), min(s, 0) — /2, 0) = min(r, min(s, o) — 0/2)

(532) = min(r, min(s — /2, 0/2)) = min(r,s — 6/2,7/2).

This function is maximized at 0* = s with a value of p* = min(s/2, r). Like before, we can
without loss of generality assume thats > r.

Remark 5.37. Note that in general the decay rate p* = min (s /2, r) of the upper bound
can be smaller than the approximation rate r. This is in contrast to problems with non-
essential boundary values for which the error decays proportional to the approximation
error by Cea’s lemma. We stress that the defect in the decay rate of the right hand side
of is not an artefact of our computations but in fact sharp.

Let us now come back to the original problem of the Dirichlet problem (5.20). For a
right hand side f € H"(Q), standard regularity results yield u* € H+?(Q). Theoremm
provides rates for the approximation in H*(Q) for s € [0, 1], which lead to the following
result.

Theorem 5.38 (Rates for NN training with boundary penalty). Let Q C R? be a bounded
domain with C™* boundary for some r € N, f € H'(Q) and assume A € C"1(Q,R¥™4) is
symmetric, uniformly elliptic with ellipticity constant a > 0 and denote the solution to by
u* e Hé (Q). For every n € N, there is a ReLU network with parameter space ©,, of dimension

O(logs(n"*?/?) . ) such that if A, ~ n° for o = 223 one has for any p < 22 that

(5.33) lug, — gy S Vou +n720 +n™P  forall 6, € O,
where 6, = Ep, (up,) — infseg En,(4g)
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Proof. For ¢ > 0 it holds that H/2*¢(Q) < [%(dQ). Thus, Theorem guarantees
the existence of ug, with 0, € ®, and the claimed number of parameters such that
llug, — 1l s n~"V/? = n~" and

||u9n _ u*“LZ(aQ) 5 ||u6n _ u*||Hl/2+S(Q) 5 n_(f’+2—(1/2+€))/d — n—gl

where § = (2r + 3 — 2¢)/(2d). By (5.32), the estimate (5.33) holds for

r+1 2r+3—4¢e 2r+3 _27+3—4£
d ’ 4d " 4d B 4d '

p =min(7,§ - 0/2,0/2) = min
m]

Remark 5.39 (Adaptation to Smoothness). The discussion from Remark carries over
to the case of Dirichlet boundary values and boundary penalties, i.e., the error of the deep
Ritz method decays at a rate increasing with the smoothness of the problem. This fact
can be especially useful in high spatial dimensions, which is consistent with the empirical
findings that the deep Ritz method can be effective in the numerical solution of high
dimensional problems [110]. Note that also finite element methods can achieve rates
increasing with the smoothness of data, however they require the delicate construction
of higher order elements.

Remark 5.40 (Combination with different approximation results). We focus on the ReLU
activation in this section, whereas in practice often other architectures and activation
functions are used, see [110,(132]]. However, our results from Section 3 can handle arbitrary
function classes and hence reduce the computation of error estimates to the computation
of approximation bounds. Therefore, they can be combined with other approximation
results for neural networks in Sobolev norm including the works of [127, 306, 262, (138,
106/, |88].

Remark 5.41 (The boundary penalty method for FEM). The boundary penalty method has
been applied in the context of finite element approximations [27] and studied in terms of
its convergence rates in [27, 258, 34]. The idea of the finite element approach is analogue
to the idea of using neural networks for the approximate solution of variational problems.
However, one constructs a nested sequence of finite dimensional vector spaces V, € H!(Q)
arising from some triangulation with fineness & > 0 and computes the minimizer u;, of
the penalized energy E, over Vj,. Choosing a suitable triangulation and piecewise affine
linear elements and setting A ~ 1! one obtains the error estimate
lun — |l S h,

see [258]. Atthe core of those estimates lies a linear version of Céa’s Lemma, which already
incorporates boundary values. However, the proof of this lemma heavily relies on the fact
that the class of ansatz functions is linear and that its minimizer solves a linear equation.
This is not the case for non linear function classes like neural networks. Therefore, our
estimates require a different strategy. However, the optimal rate of convergence for the

boundary penalty method with finite elements can be deduced from our results. In fact,
one can choose a suitable triangulation and an operator rj,: H*(Q2) — V}, such that

7w = ullgq) 3 llullag),

where the approximating functions uj, have zero boundary values as they arise from inter-
polation. By the general discussion from above for the ansatz classes with approximation
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rates with exact zero boundary values, choosing A > Kl yields an error bound decaying
like the approximation error [uy — u*||g1q) 3 h.

5.5 PROOFS REGARDING THE IMPLICATIONS OF EXACT BOUNDARY VALUES IN
RESIDUAL MINIMIZATION

In this section we show the theoretical benefits of using neural network type ansatz
functions that satisfy Dirichlet boundary conditions exactly in the residual minimization
method for the Poisson problem

—Au=f inQ

5.34
(-39 u=g ondQ,

where f € L*(Q) and g € H%/?(9Q)). We see that the exact boundary conditions improve
the mode of convergence from H'/? to H2. Although being formulated for the Laplace
operator, those results hold for any elliptic operator, which is H? regular.

5.5.1. H? ESTIMATES FOR RESIDUAL MINIMIZATION WITH EXACT BOUNDARY VALUES. We start
by considering the case of exact boundary conditions and present two main results, one
that allows to quantify the H? error using the value of the loss function and the other, an
estimate based on Céa’s Lemma that allows to link the approximation capabilities of the
network class to the error made by residual minimization.

Setting 5.42. We consider again (5.34), in particular, we assume that the problem is H? regular
meaning that there is a constant Cyeq > 0, satisfying

lullr2q) < CregllAutlli2q)  forall u € H2(Q)Nn Hé(Q).

Furthermore, we assume that © is a parameter set of a neural network type ansatz class, such
that for every O € © we have ug € H*(Q) and (ug)|yq = g As our strategy is to minimize the
residual we define the loss function

L:0— R, L(Q) = ”AMQ +f||i2(Q)

Remark 5.43. Setting is for example satisfied when dQ € CU!, f € L*(Q). Alter-
natively, one can replace the assumption dQ € C!'! by requiring that the domain Q is
convex. We refer to [124] for a detailed discussion of the regularity properties of elliptic
equations.

The following result is a trivial corollary of the H? regularity we assumed and a similar
result is due to [283], although not exploiting the benefits of exact boundary conditions.
Albeit being of simple nature, we believe it can be of practical relevance due to its easy
and explicit error control.

Theorem 5.44. Assume we are in the situation of Setting then it holds for every 0 € © that
lluo — uf”HZ(Q) < Creg V-L(e)

For convex domains, we may estimate the regularity constant explicitely. It holds

1
d

wg
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where d is the dimension of Q, w4 denotes the volume of the unit ball in R and Cp is the Poincaré
constant for functions in Hy(C).

Proof. The difference ug — uy lies in H*(Q) N Hé(Q) and solves —A(uy — ug) = Aug + f.
The H?(Q) regularity theory then implies the desired estimate. Let us now assume that
Q is convex and derive the explicit estimate on Creg. We expand the H*(Q) norm of
ug € HA(Q) N HY(Q)

||”f||i[z(g) = ||uf||i2(Q) + ”Vuf”iZ(Q) + ”Dzuf”iZ(Q)
Due to the zero boundary values and the convexity of Q) we have

1D, = 180l 0y = 1122

and we refer the reader to [124] for details. The first two terms can be estimated jointly
using the a priori estimates of the Lax-Milgram Theorem, this yields

010+ V1 0y < CRIFIZ ) < CRI Iy
This is due to the fact that Cljl is the coercivity constant of the Dirichlet Laplacian bilinear
form, see [112]. The explicit estimate of the Poincaré constant Cp can be found in [151]. O

Remark 5.45. Some remarks are in order.

(i) The zero boundary conditions are essential. If one instead resorts to a L2(9Q)

penalty of the boundary values the best convergence one can hope for is H'/2(Q).
We elaborate this in Section

(ii) The theorem allows to compute an explicit upper bound on the error made by
residual minimization, once the training returns a parameter 0 via computing
the (continuous) loss. In particular, no access to the solution i is required. This
means that if boundary conditions are encoded in the ansatz functions, the loss
itself is a consistent a posteriori error estimator for the residual minimization
method.

(iii) The root in the estimate above does not indicate a slow convergence. In fact, the
loss itself is a squared L?(Q2) norm and the root accounts for that.

The next theorem allows to quantify the error made by the residual minimization
method using the optimization quality and the expressiveness of the ansatz class. It is an
application of the non-linear Céa Lemma as formulated by [213].

Theorem 5.46. Assume we are in Setting then for any 0 € © it holds
(5.35)

ey — wolliry < \/czegé + Chy inf Ay — )l < \/cr%gé + Ch inf lug — ufl, ),

0c® 0cO

where 6 = L(0) — infz.g L(0).
Proof. We define the energy

E: HX(Q) >R, Eu)=|Au +f||§2(0).
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Note that E is defined on a different domain than the loss function £, which is why we
reserve an own symbol for it. The energy E is a quadratic energy

||Au +f||i2(Q) =/(Au)2dx+2/fAudx+/f2dx
Q Q Q

= %a(u, u)—F(u) +c,

where the bilinear form a : H*(Q) x H*(QQ) — R, the functional F € H?(Q)* and the
constant c are given by

a(u,v):Z/QAuAvdx, F(u):Z/Qf(—Au)dx, c:/szdx.

The unique minimizer of E in the affine subspace H*(Q2) N H;(Q) is precisely the solution
uy to the Poisson problem (5.34). The bilinear form a is coercive on the subspace H*(Q2) N
Hy(€2), which follows from elliptic regularity theory, see for instance [124]. This allows
to exploit a Céa Lemma for non-linear ansatz spaces, as described in [213} in Proposition
3.1]. To transfer this to the affine space H*(Q) N H;(Q) we choose 1y € H?(Q) such that
—Aug = 0 and (ug)|sq = g. For an arbitrary ug we then expand

luo — urllpz) = (ue — ug) — (uf — ug)llm2(q)-

Now note that 1y — ug solves —A(us — ug) = f with zero boundary values, hence 1y — ug
is the unique minimizer of E over the subspace H%(Q2) N Hcl) (Q) and we can apply Céa’s
Lemma with the ansatz set {ug —uy : 0 € O}

20 1
luo — ufllpeq) < \/— + — inf[lug — ugll3,
a & fec®

where |||, denotes the norm induced by a. Using that the coercivity constant a of a is
2/Cr2eg and the norm |||, = 2[|A-||;2() we conclude. O

Remark 5.47 (General Elliptic Equations). The discussion of this chapter can be extended
to more general elliptic equations. For coefficients A € C 0'1(0, Rdx"l), a right-hand side
f € L*(Q) and boundary values g € H¥?(dQ) consider the equation

—div(AVu) = f inQ,
u=g ondQ.

If we assume that dQ € CU! (or that Q is convex) and the coefficients are uniformly
elliptic, i.e., for a constant c4 > 0 satisfy A(x)& - & > calél? uniformlyinx € Qand £ € RY,
the problem admits a unique solution uy € H 2(Q) and we can estimate
sl < reg (Il + ey -
Arguing as in the proof of Theorem we obtain
o — ufllmz(q) < cregVL(O).
Similarly, Theorem can be transferred to this setting.
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5.5.2. FAILURE WITHOUT EXACT BOUNDARY VALUES. In this section we show that not enforc-
ing exact boundary values in the neural network ansatz functions leads to considerably
weaker error estimates. Throughout this subsection, we work under the following as-
sumptions.

Setting 5.48. We consider again (5.34). We assume that © is a parameter set of a neural network
type ansatz class, such that for every O € © we have ug € H*(Q), but make no assumptions on
its boundary values. As our strategy is to minimize the residual we define the loss function with
boundary penalty

-LT: R R/ LT(Q) = ”AM@ + f”iZ(Q) + T“L[@ - g”iZ(aQ)/

where T € (0, o) is a positive penalization parameter.

Without exact boundary values, the penalization of the deviations of the boundary
values is required in order to enforce them approximately. Note that if ug has exact
boundary values, it holds that £:(0) = £(6). With the penalization introduced above,
we obtain a similar result to Theorem but only with respect to the weaker H'/?-norm,
which is to the estimate by [261] is sharp. However, we sharpen this result by showing
that 1/2 is the largest exponent for which such an estimate can hold in general.

Theorem 5.49. Assume that we are in Setting and that the domain Q C R® has a smooth
boundary Q) € C*. Then for s € R there is a constant ¢ > 0 such that

(5.36) llue — urllgs) < cVLA(O) forall 0 € O
and all parametric classes and data f € L*(Q), g € H¥?(9Q) ifand only if s < 1/2.

Proof. First, we show that the estimate holds for s < 1/2, where it suffices to show it for
s = 1/2. For this, we use the estimate

(537) el < ¢ (Il=Aullse-aiey + o)
forall u € C Oo(ﬁ) and s € R, see Theorem 2.1 in [247] or Lemma 6.2 in [261]. Setting
s = 1/2 and noting that it extends to functions u € H2(Q) yields
el < € (I1Aull-m) + lellizgo)) < & (1Au 20 + lull2p0) -
Setting u = ug — uy yields
g = ufllgingy < 1+ Y2V L(0).

To show that the estimate (5.36) can not in general be established for any stronger
norms, we assume that it holds for some s € R. As in the proof of Theorem we define
the energy, this time penalising boundary values

E:: HZ(Q) — R, E(u):=[lAu+ f”iz(g) +Tllu - g”iz(ag)-
If the estimate (5.36) holds for general parametric classes, this yields
o = usllfq) < ¢ - E<(v) forallv € HX(Q), f € L*(Q), g € H32(0Q)).

Choosing f = 0 and g = 0 yields

ol

<c-E(v)=c- (||Av||§2@) 4 T||v||§2m)) for all v € H2(Q).
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For h € H®/ 2(9Q) let uj, € H*(Q)) denote the unique harmonic extension, i.e., the solution
of

—Aup =0 inQ
u,=h ondQ.
Now we have
(538) Iy < clmnlBygy < & (18l )+ Tllunlapg ) = - 110,

for all h € H3?(9Q). In order to see that this implies s < 1/2 we assume the contrary
and set ¢ := s —1/2 > 0. Then, the embedding H*?(dQ) — H(dQ) is dense and
hence (5.38) extends to h € H(dQ). This yields that all norms ||-||ys(9q) for 6 € (0, ¢) are
equivalent to ||-||;2(9q), which implies that all spaces H %(9Q) agree, which constitutes a
contradiction. O

Remark 5.50 (Stronger estimates through stronger penalty). We have seen that the L?(9Q)
penalization can not lead to estimates in a stronger Sobolev norm than H 1/2(Q)). However,
inspecting inequality one could — at least in theory — penalize the boundary values
in the H%/2(9Q) norm and would then obtain H%(Q) estimates. As the H*>2(dQ) norm is
difficult to approximate in practice, this is no feasible numerical approach.

Remark 5.51 (Stronger estimates through interpolation). It is possible to bound the H?
error for s > 1/2 of residual minimization with L? boundary penalty for the expense of
worse rates and under the cost of an additional factor for which it is not clear whether it is
bounded. Similar to [53] one can use an interpolation inequality for s € [1/2, 2] to obtain
2(2-5)/3 25-1)/3
lullersicy <l - Il forallu € HA(Q).

Together with the a posteriori estimate on the H'/2 norm, this yields

2(2-s)/3 2s-1)/3 2s-1)/3 —
lug = wolliey < Mg = uolZarls - ey = wollizig)” = llug —uolliag) - L)

2s-1)/3 _
< (”Mf”HZ(Q) + ||u9”H2(Q))( s-D/f3 L(Q)(Z s)/3‘

Hence, if it is possible to control the H? norm of the neural network functions, one
obtains an a posteriori estimate on the H® error. Note however, that the H 2 norm of the
neural networks functions is not controlled through the loss function L and hence, this
estimates requires an additional explicit or implicit control on the H2 norm in order to be
informative. Note, however, that the power of the a posteriori estimate decreases towards
zero for s — 2 and the estimate collapses to a trivial bound for s = 2.

5.5.3. HIGHER ORDER SOBOLEV NORMS AS A RESIDUAL MEASUREMENT. We discuss the
potential benefit of using (higher order) Sobolev norms to measure the residual, as was
already proposed by [271]. We are again supposing the exact enforcement of boundary
conditions. Our precise setting is the following.

Setting 5.52. Let p € (1,00) and k > 0 be fixed. Assume that QO C RY is a bounded, open domain
with C¥11 boundary and let f € W*P(Q) and g € W2K=1/PP(9Q2). Denote by uy the solution
to (5.34). Furthermore, let © be a parameter set of a neural network class, such that for every
0 € © we have ug € W27(Q) and u|yq = g. We define the loss function

(5.39) L:©0-5R, L(O)=|Aug + fllzvk,p@).
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In total analogy to Theorem we obtain the following result.
Theorem 5.53. Assume we are in the situation of Setting then it holds for every O € © that

lluo — ”f“w"’fer(Q) < Creg(p/ k) L(6).
Proof. The essential ingredient is the L” regularity theory that holds under the assump-
tions made in Setting see for instance chapter 2.5 in [124]. The relevant result is
that
1,
—A: WP (Q) n W, 7 (Q) > WHP(Q)

is a linear homeomorphism, where Cis(p, k) denotes the operator norm of its inverse. O

Remark 5.54. The above result might be interesting if approximation of higher derivatives
is desired. Furthermore, the empirical findings of [271] suggest that measuring the
residual in a Sobolev norm might lead to fewer iterations in a gradient based optimization
routine.

5.5.4. ESTIMATES FOR PARABOLIC EQUATIONS. The same observation made for the Poisson
equation can be exploited for linear parabolic equations when both initial and boundary
values are satisfied exactly by the ansatz class. Here, the key is maximal parabolic L?
regularity theory. We begin by describing our setting.

Setting 5.55. We consider again a domain Q C R? that is H? regular for the Laplacian and a
finite time interval I = [0, T. For f € L*(I, L*(Q)), g € H3*(9Q) and ug € H}(Q) we consider
the parabolic problem

diu—Au=f inIxQ
(5.40) u(t)loo =g foralltel

u(0) = up.

Let © be a parameter set of a neural network class such that for every 6 € © the function ug is a
member of the space

X = H'(I, L2(Q)) N L*(I, H(Q) N Hg(Q)),  Nullx = lldeullizg iz + ll2a 12

with ug(0) = ug. This means that both initial and boundary conditions are satisfied exactly. For
an introduction to vector-valued Sobolev spaces we refer the reader to [59|]. Then we define the loss
function

L(G) = ||dfu9 — Aug — f”izu/p(g))
The following theorem is analogue to the case of the Laplacian and relies on a parabolic
regularity result.

Theorem 5.56. Assume xwe are in Setting[5.55 Then it holds for all O € © that
lug — usllx < C.L(0)

Proof. We denote by Hj(I, L*(C2)) the vector-valued Sobolev space with vanishing initial
values. Maximal parabolic L%(Q) regularity theory tells us that

dy — A: Hy(I, L*(Q)) N L*(I, H*(Q) N Hy(Q2)) — L*(I, L*(Q))
is a linear homeomorphism and this implies the assertion, see for instance [19] for more
information on maximal parabolic regularity. The constant C is then the operator norm
of (d;y — A)_l. O
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Remark 5.57. Of course this result is not limited to the heat equation. Indeed one can
replace —A by a self-adjoint, coercive operator that satisfies H2(Q2) regularity, we refer
the reader again to [19] for the corresponding regularity theory. For information on the
dependency of the constant C on data, we refer to [12]], especially Theorem 4.10.8.

Remark 5.58. [202] report error estimates for parabolic equations not enforcing initial and
boundary conditions in the ansatz architecture. We stress that even though the solutions
there are assumed to be classical, smooth solutions the error is only estimated in the
L%(I x Q) norm, which is weaker than the estimates presented here. This is again due to
advantage of exact boundary and initial conditions.
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CHAPTER 6

Energy natural gradients for neural network based PDE solvers

Neural network based PDE solvers have recently experienced an enormous growth
in popularity and attention within the scientific community following the works of [109}
129, 269, 110, 237, [176]. Like in Chapter |5/ we focus on methods, which parametrize the
solution of the PDE by a neural network and use a formulation of the PDE in terms of a
minimization problem to construct a loss function used to train the network. The works
following this ansatz can be divided into the two approaches: (a) residual minimization
of the PDEs residual in strong form, this is known under the name physics informed neural
networks or deep Galerkin method, see for example [100, (164, 269, 237]; (b) if existent,
leveraging the variational formulation to obtain a loss function, this is known as the deep
Ritz method [110]], see also [43}295] for in depth reviews of these methods.

One central reason for the rapid development of these methods is their mesh free
nature, which allows easy incorporation of data and their promise to be effective in high-
dimensional and parametric problems, that render mesh-based approaches infeasible.
Nevertheless, in practice when these approaches are tackled directly with well established
optimizers like GD, SGD, Adam or (quasi-)Newton methods, they often fail to produce
accurate solutions even for problems of small size. This phenomenon is increasingly well
documented in the literature where it is attributed to an insufficient optimization leading
to a variety of optimization procedures being suggested, where accuracy better than in
the order of 1073 relative L? error can rarely be achieved [264, 292} 293, 161, 84, 314].
The only exceptions are ansatzes, which are conceptionally different from direct gradient
based optimization, more precisely greedy algorithms and a reformulation as a min-max
game [264,314].

Contributions. We provide a simple, yet effective optimization method that achieves
high accuracy for a range of PDEs when combined with the PINN ansatz. Although we
evaluate the approach on PDE related tasks, it can be applied to a wide variety of training
problems. Our main contributions can be summarized as follows:

e We introduce the notion of energy natural gradients. This natural gradient is
defined via the Hessian of the training objective in function space, see Defini-
tion[6.1] When the same discretization of the function space is used for both the
computation of the objective and the natural gradient then the energy natural
gradient can be interpreted as a generalized Gauss-Newton method.

e Weshow that an energy natural gradient update in parameter space corresponds
to a Newton update in function space. In particular, for quadratic energies the
function space update approximately moves into the direction of the error u*—ug,
see Theorem
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e We demonstrate the capabilities of the energy natural gradient combined with
a simple line search to achieve an accuracy, which is several orders of mag-
nitude higher compared to standard optimizers like GD, Adam and Newton’s
method. These examples include PINN formulations of stationary and evo-
lutionary PDEs as well as the deep Ritz formulation of a nonlinear ODE. The
numerical evaluation is contained in Section 6.2l

Related works. Here, we focus on improving the training process and thereby the
accuracy of PINNSs. It has been documented in various works that direction optimization
of the parameters rarely achieves high accuracy [264} 292, 293, 161, 84, 314] with quasi-
Newton methods regarded as being among the most efficient optimizers [191, 52]. After
our work on energy natural gradients a Gauss-Newton method has been suggested and
theoretically analyzed for the deep Ritz method, however, without providing accuracy
greater than 1073 [130].

It has been observed that the magnitude of the gradient contributions from the PDE
residuum, the boundary terms and the initial conditions often possess imbalanced mag-
nitudes. To address this, different weighting strategies for the individual components of
the loss have been developed [292,|197,293]. Albeit improving PINN training, non of the
mentioned works reports relative L? errors below 107%.

The choice of the collocation points in the discretization of PINN losses has been
investigated in a variety of works [183, 215, 85| 313,291} 303]. Common in all these studies
is the observation that collocation points should be concentrated in regions of high PDE
residual and we refer to [85,303|] for an extensive comparisons of the different proposed
sampling strategies in the literature. Further, for time dependent problems curriculum
learning is reported to mitigate training pathologies associated with solving evolution
problems with a long time horizon [291, 161]. Again, while all aforementioned works
considerably improve PINN training, in non of the contributions errors below 10~ could
be achieved.

Different optimization strategies, which are conceptionally different to a direct gradient
based optimization of the objective, have been proposed in the context of PINNs. For
instance, greedy algorithms where used to incrementally build a shallow neural neuron
by neuron, which led to high accuracy, up to relative errors of 1078, for a wide range of
PDEs [264]. However, the proposed greedy algorithms are only computationally tractable
for shallow neural networks. Another ansatz is to reformulate the quadratic PINN loss
as a saddle-point problem involving a network for the approximation of the solution and
a discriminator network that penalizes a non-zero residual. The resulting saddle-point
formulation cab be solved with competitive gradient descent [314] and the authors report
highly accurate — up to 1078 relative L? error — PINN solutions for a number of example
problems. This approach however comes at the price of training two neural networks and
exchanging a minimization problem for a saddle-point problem. Finally, particle swarm
optimization methods have been proposed in the context of PINNs, where they improve
over the accuracy of standard optimizers, but fail to achieve accuracy better than 1073
despite their computation burden [84].

Natural gradient methods are an established optimization algorithm and we give an
overview in Section (6.1 and discuss here only works related to the numerical solution
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of PDEs. In fact, without explicitly referring to the natural gradient literature and ter-
minology, natural gradients are used in the PDE constrained optimization community
in the context of finite elements. For example, in certain situations the mass or stiffness
matrices can be interpreted as Gramians, showing that this ansatz is indeed a natural
gradient method. For explicit examples we refer to [252, 253]]. In the context of neural
network based approaches, a variety of natural gradients induced by Sobolev, Fisher-Rao
and Wasserstein geometries have been proposed and tested for PINNSs [223]. This work
focuses on the efficient implementation of these methods and does not consider energy
based natural gradients, which we find to be necessary in order to achieve high accuracy.

Notation. To keep this chapter self contained we present all notation used here.

We denote the space of functions on Q C R that are integrable in p-th power by L?(Q)
and endow it with its canonical norm.

For a sufficiently smooth function u we denote its partial derivatives by dju = du/dx;
and denote the tensor associated by the [-th derivative by (D! Wiy, = i ...0;5u. We
denote the gradient of a sufficiently smooth function u by Vu = (d1u, ...,dau)" and the
Laplace operator A is defined by Au = Z‘le 81.2u.

We denote the Sobolev space of functions with weak derivatives up to order k in L”(Q)
by WkP(Q), which is a Banach space with the norm

k
. I
1ll} 1y = 21D 0l
1=0

In the following we mostly work with the case p = 2 and write H*(Q) instead of W*2(Q).

Consider natural numbers d,m, L, Ny, ..., N and let 6 = ((A1,b1),...,(AL, b)) be a
tuple of matrix-vector pairs where A; € RN>XNi-1 b e RN and Ny = d, Np = m. Every
matrix vector pair (A, b;) induces an affine linear map T : RNi-1 — RNi. The neural network
function with parameters O and with respect to some activation function p: R — R is the
function

ug: R S R™, x> TL(p(Te-1(p(: - - p(Ta(x)))))).

The number of parameters and the number of neurons of such a network is given by Zle_Ol (n;+
1)n;51. We call a network shallow if it has depth 2 and deep otherwise. In the remainder,
we restrict ourselves to the case m = 1 since we only consider real valued functions.
Further, in our experiments we choose tanh as an activation function in order to assume
the required notion of smoothness of the network functions 1 and the parametrization
0 — ug.

For A € R we denote any pseudo inverse of A by A*.

6.1 ENERGY NATURAL GRADIENTS

Before we introduce natural gradients and in particular energy natural gradients that arise
from the Hessian geometry in function space we provide a general setup for variational
problems that covers PINNs and the deep Ritz method.

6.1.1. NorATION AND SETUP. Various neural network based approaches for the approx-
imate solution of PDEs that cast the solution of the PDE as the minimizer of a typically
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convex energy over some function space and use this energy to optimize the networks
parameters have been suggested [43| 295, 160]. We present two prominent approaches
and introduce the unified setup that we use to treat both of these approaches later.

Physics-informed neural networks (PINNs). Consider a general partial differential
equation of the form

Lu=f inQ

6.1
1) Bu =g ondQ,

where Q C RY is an open set, £ is a — possibly non-linear — partial differential operator
and 8 is a boundary value operator. We assume that the solution u is sought in a Hilbert
space X and that the right-hand side f and the boundary values g are square integrable
functions on Q and JQ respectively. In this situation, we can reformulate as an
minimization problem with objective function

(6.2) E(u) = /Q(Lu — fPdx +1 /ao(Bu — ¢)ds,

for a penalization parameter 7 > 0. A function u € X solves (6.1)) if and only if E(u) = 0. In
order to obtain an approximate solution, one can parametrize the function ug by a neural
network and minimize the network parameters 0 € R? according to the loss function

(6.3) L(O) = ‘/Q(Lug - f)zdx +1T ./aQ (Bug — g)zds.

This general approach to formulate equations as minimization problems is known as
residual minimization and in the context of neural networks for PDEs can be traced back
to [100} 164]. More recently, this ansatz was popularized under the names deep Galerkin
method or physics-informed neural networks, where the loss can also be augmented to en-
corporate a regression term steming from real world measurements of the solution [269,
237]. In practice, the integrals in the objective function have to be discretized in a suitable
way.

The deep Ritz method. When working with weak formulations of PDEs it is standard
to consider the variational formulation, i.e., to consider an energy functional such that
the Euler-Lagrange equations are the weak formulation of the PDE. This idea was already
exploited by Walter Ritz [242] to compute the coefficients of polynomial approximations
to solutions of PDEs and popularized in the context of neural networks in [110] who
coined the name deep Ritz method for this approach. For example for the Poisson equation
—Au = f the variational energy is given by

U = /|Vu|2dx—/fudx

compared to the residual energy (6.2). In particular, the energies require different smooth-
ness of the functions and are hence defined on different Sobolev spaces.

Incorporating essential boundary values in the Deep Ritz Method differs from the
PINN approach. Whereas in PINNs for any 7 > 0 the unique minimizer of the energy is
the solution of the PDE, in the deep Ritz method the minimizer of the penalized energy
solves a Robin boundary value problem, which can be interpreted as a perturbed problem.
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In order to achieve a good approximation of the original problem the penalty parameters
need to be large, which leads to ill conditioned problems [213, 77].

General Setup. Both, physics informed neural networks as well as the deep Ritz
method fall in the general framework of minimizing an energy E: X — R xor more
precisely the associated objective function L(0) := E(ug) over the parameter space of a
neural network. Here, we assume X to be a Hilbert space of functions and the functions
ug computed by the neural network with parameters 0 to lie in X and assume that
E admits a unique minimizer u* € X. Further, we assume that the parametrization
P:RP — X, 0 — ug is differentiable and denote its range by Fo = {ug : 0 € RF}. We
denote the generalized tangent space on this parametric model by

(6.4) ToFe =span{dgug:i=1,...,p}.

6.1.2. ENERGY NATURAL GRADIENTS AND NEWTON’S METHOD IN FUNCTION SPACE. The con-
cept of natural gradients was popularized by Amari in the context of parameter estimation
in supervised learning and blind source separation [13]. The idea here is to modify the
update direction in a gradient based optimization scheme to emulate gradient in a suitable
representation space of the parameters. Whereas, this ansatz was already formulated for
general metrics it is usually attributed to the use of the Fisher metric on the representation
space, but also products of Fisher metrics, Wasserstein and Sobolev geometries have been
successfully used 153,175 223]. After the initial applications in supervised learning and
blind source separation, it was successfully adopted in reinforcement learning [153, 232,
28, 206]], inverse problems [223]], neural network training [249, 230} |192] and generative
models [257, [178]]. One sublety in the natural gradients is the definition of a geometry
in the function space. This can either be done axiomatically or through the Hessian of a
potential function [15} |14} 290, 209]. We follow the idea to work with the natural gradient
induced by the Hessian of the convex function space objective in which the natural gradi-
ent can be interpreted as a generalized Gauss-Newton method, which has been suggested
for neural network training for supervised learning tasks [240,66,(119}/192,128]. Contrary
to existing works we encounter infinite dimensional and not strongly convex objective in
our applications. Further, we develop a function space perspective rescribing the function
space update directions as projections of the Newton update direction in function space
onto the tangent space of the model.

Here, we consider the setting of the minimization of a convex energy E: X — R defined
on a Hilbert space X, which covers both physics informed neural networks and the deep
Ritz method. As an objective function for the optimization of the networks parameters
we use L(0) = E(ug) like before. We define the energy Gram matrices by

(6.5) GE(0)ij := D*E(ug)(do; 1, o, o).

Definition 6.1 (Energy Natural Gradient). Consider the problem mingegrr L(60), where
L(0) = E(ug) and denote the Euclidean gradient by VL(0). Then we call

(6.6) VEL(0) = G}(O)VL(0),
the energy natural gradient (E-NGJ|

Note that this is different from the energetic natural gradients proposed in [279], which defines natural
gradients based on the energy distance rather than the Fisher metric.
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It is possible to choose other inner products in the function space X for the definition
of the Gram matrix and hence the natural gradient. For example if X = H*(Q2) one can
use the Sobolev inner product to obtain a Gram matrix

Gs(0)ij = (do;ue, do;uo{ms()

as it was proposed in [223]. We refer to this approach as Hilbert or Sobolev natural
gradients.

For a linear PDE of the form the residual yields a quadratic energy and the energy
Gram matrix takes the form

(6.7) Ge(0)ij = /Qﬁ(aeiue)ﬁ(ae,ue)dx +1 /30 B(do;u0)B(do;ug)ds

On the other hand, the deep Ritz method for a quadratic energy E(u) = %a(u, u)—f(u),
where a is a symmetric and coercive bilinear form and f € X" yields

(6.8) Ge(0)ij = a(do;ue, do;uo)-
For the energy natural gradient we have the following result relating energy natural
gradients to Newton updates.

Theorem 6.2 (Energy natural gradient in function space). If we assume that D*E is coercive
everywhere, then we hav

6.9) DPVEL(6) = Hg%”")(DzE(ug)‘1VE(u9)).

Assume now that E is a quadratic function with bounded and positive definite second derivative
D?E = a that admits a minimizer u* € X. Then it holds that

(6.10) DPyVEL(6) = T4 7 (g — u").
For the proof of this result we follow an analogue approach to [226], which addresses
finite dimensional spaces.

Lemma 6.3. Let X be a vector space with a scalar product (-,-): X X X — R and consider a linear
map A: RV — X for some p € N. Let G € RP*? be given by G;j := (Ae;, Aej) and consider the
adjoint operator A*: X — RP given by

4
(6.11) A%y = Z(y,Aei>ei.
i=1

Then it holds that
(6.12) AGTA*x = Ira)(x),

where Tg(a)(x) denotes the projection of x onto the range R(A) = {Av : v € RP} of A, which is
the unique element satisfying

(6.13) (ITg(ay(x),z) ={x,z) forall z € R(A).

2Here, we interpret the bilinear form D?E(ug): H X H — R as an operator D?E(ug): H — H; further
D?E(ug)

HTe Fo

denotes the projection with respect to the inner product defined by D2E(ug).
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Proof. It is elementary to check that the adjoint satisfies (A*x, v) = (x, Av). Picking some
orthonormal basis (b;);=1,.. 4 of R(A), the orthogonal projection of x € X to R(A) exists and
is given by :;(x, b;)b;. Without loss of generality we can assume x € R(A) and otherwise
replace x by its projection onto R(A) since A* vanishes on R(A)*.

Let us use the notation v; = Ae;. Note that clearly AG*A*x € R(A). Hence, it
remains to show that (AG*A*x,v;) = (x,v;) forall i = 1,...,p. It holds that A*v; =
2j(Aei, Aej)ej = Ge; and we can express x = }}; a;v;. Using the symmetry of G we can
compute

(AG*A*x,v;) = (GTA*x, A™v;)
= Z LZ]‘(G+A*U]', Ge;)
j

= Zaj(GG+Gej,ei>
j
(6.14) = Zﬂj<G€j,€z‘>
j
= > aj(Avj, )
j

= Za]-(v]-,Aei>
j

= (x, Ui)/

which completes the proof. m|

Theorem 6.4. Let (M, g) be a Riemannian Hilbert manifold with model space X, where for
any x € M the Riemannian metric g, defines a scalar product on the tangent space T, M =
X rendering T, M complete. Consider a differentiable objective function E: M — R and a
differentiable parametrization P: RV — M and define the Gram matrix in the usual way G(0);; =
8p(6)(o, P(0), do,P(0)) and consider the objective function L: RP — R given by 6 + E(ug).
Then it holds that

(6.15) DPoG(6)"VL(0) = Iy, prr)VE(P(O)).
Proof. This follows directly from Lemmal6.3by setting X := Tp(g)M and A = DPy, where
by the gradient chain rule it holds that VL(0) = DP(0)*VE(ug). O

Proof of Theorem The case of strongly convex energy E is a falls into the setting of
Theorem by defining the Riemannian metric via g, = DE?(u). It remains to show
that the Riemannian gradient with respect to the metric induced by the second derivative
D2E is given by D?E(u)"'VE(u). This follows from

(6.16) D?E(u)(D?E(u)"'VE(u),v) = (VE(u),v) = DE(u)v.

Consider now the case of a symmetric quadratic function E with positiv definite second
derivative D?E and assume that E admits a unique minimizer u* € X. Lemma [6.3| with
A = DPg implies

(6.17) DPyG(6) DP;"(u — u*) = Mg (1 — u”),
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where DP;’“ denotes the adjoint of DPg with respect to the inner product a. Hence, it
remains to show VL(0) = DP;’”(u — u*). Note that E(u) = %a(u —u,u—u*)+cfora
suitable constant c € R. This follows from the computation
(DPy"(u —u*), ei)rr = a(ug — u", DPge;)
=a(ug —u*, dg,up)
= DE(ug)do,uo
= dg,L(0),

(6.18)

where we used the chain rule in the last step. m]

In particular, we see from and (6.10) that using the energy natural gradient
in parameter space is closely related to a Newton update in function space, where for
quadratic energies the Newton direction is given by the error ug — u*.

Interpretation as a generalized Gauss-Newton method. For an objective function
L(O) = %ll f (6)||§ for f: R? — R” the entries of the Gauss-Newton matrix are given by
AcN(0)ij = do, f(0)T dg, f(0). Typically, as a motivation for this choice the decomposition

90,90,L(0) = 9o, f(0) 9, £(6) + >, fe(0)99,96, f(6)
k=1

of the Hessian of the objective is used to argue that the Gauss-Newton matrix approxi-
mates the Hessian. For a general loss L(0) = E(P(0)) entries of the Hessian of the objective
function is give by

(6.19) 00,00,L(0) = 9o, DE(ug)de;ug = D*E(ug)(dg, e, do;1t9) + DE(ug)de,do; 10,

where the first term equals the entry Gg(60);; of the energy gram matrix. In analogy to
the classical Gauss-Newton method the first term can be interpreted as a generalized
Gauss-Newton matrix [249, 192, 230]. Therefore, the energy natural gradient — and in
general any natural gradient induced by the Hessian of the function space objective — can
be interpreted as a generalized Gauss-Newton method. Recently, a generalized Gauss-
Newton method that coincides with the energy natural gradient has been proposed and
analyzed for the special case of a quadratic deep Ritz energy [130].

However, we do not refer to the proposed method as a generalized Gauss-Newton
method since we do not see it as an approximation of Newton’s method. Much rather,
by Theorem |6.2| we see it as a better choice of the update direction as in function space it
corresponds to a Newton update.

6.1.3. VISUALIZATION OF THE FUNCTION SPACE UPDATE DIRECTIONS. In order to demon-
strate Theorem |6.2| we visualize the update directions in function space for the energy
natural gradient as well as the update directions of Newton’s method and the vanilla
gradient and compare them to the actual error. Recall that when updating the parameter
0 € R? in direction v € R?, i.e,, 0" = 0 + no, the resulting update direction in function
space is approximately D P(0)v since by Taylor’s theorem ug: = ug +tDP(0)v + O(t?||v||?).
Hence, we plot the push forwards

DP(0)Ge(0)*VL(0), DP(0)H(0)*VL(0) and DP(6)VL(6)
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of the energy natural gradient, the Newton update direction and the vanilla gradient for
a random initialization of 6. Here, as a preconditioner for the Newton update direction
we choose

H(0) = D®L(0) — min(0, Apin(D>L(O))I,

where A, (D?L(0)) denotes the smallest eigenvalue of the Hessian D2L(0). This is to

ensure that preconditioner is positive semi-definite. When plotting the update directions

in function space we normalize them to have values in [-1, 1] to allow for a better visual

comparison. As a reference for the update directions, we plot the error ug — u* the model.
We first consider a two-dimensional Poisson equation

-Au(x,y) = f(x,y) = 27? sin(mx) sin(mty)

on the unit square [0, 1]*> with zero boundary values and use a shallow network with 32
hidden neurons and the hyperbolic tangent tanh as an activation function. The solution
is given by
u*(x,y) = sin(rnx) sin(mty).

We draw a parameter vector 6 from a Gaussian distribution and in Figure[6.1 we plot the
error ug — u* as well as the push forwards of the energy natural gradient, the Newton
update direction and the vanilla gradient. Visually, the energy natural gradient update
direction matches the error ug — u*, which is in accordance with Theorem that states
that the update direction of energy natural gradients corresponds to the projection of
the error ug — u* onto the generalized tangent space of the neural network model. In
contrast, the push forwards of the Newton update direction and the vanilla gradient are
very different to the error ug — u".

ug —u* Energy NG Newton’s method Vanilla gradient
1.0 1 1
-0.25
0.5 1 —0.50
—0.75
0.01: ~1.00

0.0 05 1.0 00 05 1.0 00 05 1.0 00 05 1.0

Ficure 6.1. Shown are the error ug—u" and the push forwards of the energy
natural gradient, the Newton update direction and the vanilla gradient; all
functions normed to lie in [-1, 1] to allow for a visual comparison.

As a second example we consider the one-dimensional heat equation

oru(t,x) = iaiu(t, x) for (t,x) €[0,1]?
u(0, x) = sin(7mtx) forx € [0,1]
u(t,x)=0 for (t,x) € [0,1] x {0,1}.

with solution
2

u*(t,x) = exp (—T(Tt) sin(7tx).
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Again, we use a shallow network with tanh activation and 32 hidden neurons and draw
a parameter 0 according to a standard Gaussian distribution. Just like in the case of

ug —u* Energy NG Newton’s method Vanilla gradient
1.0 1 1 1 1
—0.25
05 —0.50
—0.75
0.0, : AL : AL , woh - : ~1.00
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0

Ficure 6.2. The firstimage shows ug—u", the second image is the computed
natural gradient and the last image is the pushforward of the standard
parameter gradient. All gradients are pointwise normed to [-1, 1] to allow
visual comparison.

the Poisson equation, the push forward of the energy natural gradient matches the error
ug — u* very well. Again, Newton’s direction and vanilla gradient descent fail to provide
update directions in function space that lead to updates proportional to the error.

6.2 EXPERIMENTS

We test energy natural gradients on four problems: the PINN formulations of two two-
dimensional Poisson equation, a PINN formulation of a one-dimensional heat equation
and a deep Ritz formulation of a one-dimensional, nonlinear elliptic equation. We evalu-
ate its performance against gradient descent, Adam and Newton’s method.

6.2.1. DESCRIPTION OF THE EXPERIMENTS. For all our numerical experiments, we realize
an energy natural gradient step with a line search as described in Algorithm @ We
choose the interval [0, 1] for the line search determining the step size since a step size of 1
would correspond to an approximate Newton step in function space. However, since the
parametrization of the model is non linear, it is beneficial to conduct the line search and
can not simply choose the Newton step size. In our experiments, we use a grid search over
a logarithmically spaced grid on [0, 1] to determine the learning rate n*. The assembly of

Algorithm 4 Energy Natural Gradient Descent with Line Search (E-NGD)

Input: initial parameters 0y € R”, maximum number of iterations Ny, functions
Ar: RP = Ry
fork=0,...,Nyu.x—1do

Compute VL(6k) € R?

GE(G)Z']' — DZE(agiue, ag].ug) + /\k(e)éi]’ for i,j =1,..., p

VEL(O) « GE(O)VL(0) > Compute the natural gradient

Nk < arg min,cjo,1) L(6 — nVEL(9)) > Choose step size via line search

Ok+1 = O — nkVEL(Gk) > Update parameters
end for
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the Gram matrix Gg can be done efficiently in parallel, avoiding a potentially costly loop
over index pairs (7, j). Instead of computing the pseudo inverse of the Gram matrix Gg(6)
we solve the least square problem
(6.20) VEL(0) € argmin ||G(0)y — VL(O)|l5.

PeR?
Although naive, this can easily be parallelized and performs fast and efficient in our
experiments.

Further, we introduce a scaling parameter A;(0) > 0 for a Levenberg—Marquardt type
modification of the energy natural gradient, i.e., we use the preconditioner Gg(0);; «
DzE(agiug, do jug) + A(0)djj. In our experiments we test both the performance of energy
natural gradients for Ax(6) = 0 as well as for A;(0) o L(6) as we observed this to be
yield good results, see also [307]. For the numerical evaluation of the integrals in the
loss function as well as in the entries of the Gram matrix we experiment both with fixed
integration points on a regular grid and repeatedly and randomly drawn integration
points.

Tested optimizers. We compare energy natural gradient to vanilla gradient descent,
Adam and Newton’s method. Here, we describe these baselines in more detail. First, we
consider vanilla gradient descent (denoted as GD in our experiments) with a line search
on a logarithmic grid. Then, we test the performance of Adam with an exponentially
decreasing learning rate schedule to prevent oscillations, where we start with an initial
learning rate of 1073 that after 1.5 - 10* steps starts to decrease by a factor of 107! every 10*
steps until a minimum learning rate of 10~ is reached or the maximal amount of iterations
is completed. Further, we chose not to include the Hilbert space natural gradient induced
since we found it to not yield competitive results and sometimes even failing to reduce
the error at all.

Further, we test Newton’s method, which for a strongly convex produces the updates

(6.21) Ok+1 = Ok — NiH(0k)"VEL(6)),

where H(0y) = D?L(6y) is the Hessian of the objective. Since the objective is non convex
in our settings, we follow [222] and choose

(6.22) H(6k) = D*L(6x) — min(0, Apin(D*L(0)))],

where Ain(D2L(0k)) denotes the smallest eigenvalue of the Hessian D2L(0). This en-
sures that H(0y) is positive semi-definite. Finally, we conduct a line search to choose the
step size 7).
Overall, we compare the following optimizers in our experiments:
Gradient descent with line search (GD)
Adam
Newton’s method (Newton)
Energy natural gradient (E-NGD)
Energy natural gradient with Levenberg-Marquardt modification (E-NGD-LM)

We chose not to include gradient descent with fixed step size as we found it to perform
inferior to gradient descent with line search. We also did not include the Sobolev natural
gradients proposed in [223] as we did not find them to yield competitive performance
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when compared to energy natural gradients or Newton’s method. Further, we did not
include Newton’s method with a Levenberg-Marquardt modification as we found this to
offer no benefit over the Newton method used here; note that we add a multiple of the
identity matrix to the Hessian whenever the Hessian is has a negative eigenvalue (6.22),
which was in practice almost always the case. We report the relatiV L? errors during
and after the optimization process.

Computation details. For our implementation we rely on the library JAX [60], where
all required derivatives are computed using JAX” automatic differentiation module. The
JAX implementation of the least square solve relies on a singular value decomposi-
tion. The code used in order to assemble the Gram matrices and compute the natu-
ral gradients can be found in the repository https://github.com/MariusZeinhof
er/Natural-Gradient-PINNs-ICML23. For the implementation of Newton’s method
we use the function jax.hessian to compute the Hessian of the objective and employ
jax.numpy.linalg.eigvals to compute its eigenvalues.

6.2.2. Two-DIMENSIONAL PoissoN EQuaTiON. We consider the two-dimensional Poisson
equation
—Au(x,y) = f(x,y) = 272 sin(mx) sin(1ty)
on the unit square [0, 1]?> with zero boundary values. The solution is given by
u*(x,y) = sin(nx) sin(my)
and the PINN loss of the problem is
Noo

Na
1 2 1 b b2
6.23 = - ) e STCL o
( ) L(Q) NQ - (AM@(.X'Z, yl) +f(xl/y )) + N3Q - u@(xl yl)

.....

note the collocation points on dQ. In this case the energy inner product on H*((Q) is given

by
(6.24) a(u,v):/AuAvdx+/ uwvds.
Q Fle)

Note that this inner product is not coercivef{on H(Q2) and different from the H%(Q) inner
product. The integrals in (6.24) are computed using the same collocation points as in the
definition of the PINN loss function L in (6.23).

Algorithmic choices. To approximate the solution u* we use a shallow neural network
with the hyperbolic tangent as activation function and a width of 32, thus there are 129
trainable weights. We choose 900 equi-distantly spaced collocation points in the interior
of ) and 120 collocation points on the boundary. The energy natural gradient descent
and the Hilbert natural gradient descent are applied for 10° iterations each, whereas we
train for 10° iterations of GD and Adam. For all methods apart from Adam we conduct
a line search evaluating the objective for the step sizes {27 : k = 0,...,30}. For the
Levenberg-Marquardt type modification of the natural energy gradient descent we add
Ak(O) =107 L(O)I if k € {100m, 100m +99} to the respective gram matrix. We initialize

%i.e., normalized by the norm of the solution
sthe inner product is coercive with respect to the H1/2(Q) norm, see [214]
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Median | Minimum | Maximum
GD 1.2-1072| 2.6-1073 | 2.3-1072
Adam 1.3-107%| 7.7-107* | 1.9-1073
E-NGD [13-107 | 1.7-10°8 | 2.5-1077
E-NGD-LM | 9.3-10%| 1.9-10°% | 5.8-1077
Newton |1.7-107%| 7.2-1077 | 1.0-107°

TaBLe 6.1. Median, minimum and maximum of the relative L2 errors
for the Poisson equation example achieved by different optimizers over 10
initializations. Here, the energy natural gradient methods and Newton’s
method are run for 10% and the other methods for 10° iterations.

the network’s weights and biases according to a Gaussian with standard deviation 0.1
and vanishing mean.

Evaluation and discussion. In Table we report the minimum, median and maxi-
mum error of the different optimized over ten random initializations. Further, in Table[6.2]
we report the wallclock and CPU time required per iteration as well as the total wall clock
time of the different optimizers in our experiments. In Figure[6.3we present the evolution
of the relative L? error for the different optimizers during the optimization.

1004 & 11
= ! Teae
S N
Ep2l N e
o~ L N A I S S—
’4 I: ............
S1074 |
s |
& 1064 !
0 500 1000 0 50000 100000
Iterations Iterations
---- E-NGD E-NGD-LM —— Newton - GD -+ Adam

FIGURE 6.3. Median relative L? errors for the two dimensional Poisson
equation example over 10 initializations for the five optimizers; the shaded
area denotes the region between the first and third quartile; note that
GD and Adam are run for 100 times more iterations and GD, Adam and
Newton’s method are given more computation time than NGD, see Table

From Table and Figure we deduce that energy natural gradient with and
without Levenberg-Marquardt type modification requires relatively few iterations to pro-
duce a highly accurate approximate solution of the Poisson equation. Newton’s method
achieves also solutions of high accuracy, which are around one order of magnitude less
accurate than the ones obtained by the energy natural gradient methods while taking
significantly more iterations and computation time. Further, the error decreases slower
when compared to the two variants of energy natural gradient descent, see Figure
On the other hand vanilla gradient descent and Adam don’t achieve high accuracy and
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Iteration CPU time | Iteration wall clock time | Full wall clock time
GD 1.5-107%s 9.7-1073s 16min 6s
Adam 3.1-1073s 3.0-1073s 5min 3s
E-NGD 4.6-107's 5.9-107%s 59s
E-NGD-LM 49-1071s 6.8-107%s 1min 8s
Newton 1.8s 29-1071s 4min 50s

TaBLE 6.2. Median computation times for the optimizers for the two di-
mensional Poisson example. The experiments were conducted on a Apple
M2 CPU with 16GB of RAM.

seem to saturate around a relative L? error of 1072 and 1072 respectively. Their computa-
tion time per iteration is faster compared to the natural gradient methods and Newton’s
method; here, an iteration of gradient descent takes more time compared to Adam be-
cause of the line search. Note however, that we run gradient descent and Adam for 100
times more iterations and hence allow them to take more absolute wall clock time, see
Table In this example one natural gradient update is around one order of magnitude
more expensive as one iteration of gradient descent or Adam when compared in wall
clock time, see Table Overall, we find that energy natural gradient with and without
a Levenberg-Marquardt modification yields converges in very few iterations for different
initializations to approximate solutions of accuracy several orders of magnitude higher
compared to the other methods.

6.2.3. A HIGHER FREQUENCY Po1ssoN EQUATION. Next, we test the energy gradient method
on a two-dimensional Poisson equation where the solution has high frequency parts. Usu-
ally such problems are regarded as being harder to solve with physics informed neural
networks [191]. Here, we adapt the example from above and consider the Poisson equation

—Au(x,y) = f(x,y) = 2k?m? sin(kmx) sin(kmty)
on the unit square [0, 1]*> with zero boundary values where the solution is given by
u*(x,y) = sin(kmx) sin(kmy),
where in our experiments we consider k = 4.

Algorithmic choices. We make the same choices as in Subsection for the dis-
cretization of the integrals, the line search, the number of iterations and the Levenberg-
Marquardt type modification. The only thing we change is the network architecture where
we choose to work with a shallow network with 64 hidden neurons. We stick however to
the choice of the hyperbolic tangent as an activation function and initialize the network’s
parameters according to a Gaussian with standard deviation 0.1 and vanishing mean.

Evaluation and discussion. In general, our evaluation is analogue to Subsection
In Table [6.3{we report the computation times, in Figure|6.4| we show the relative L? errors
during training and we omit the table with the errors at the end of training.

When comparing the energy natural gradient methods and Newton’s method we find
that the two energy natural gradient methods yield higher accuracy. At the beginning
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Relative L2 error

0 500 1000 0
Iterations Iterations
---- E-NGD E-NGD-LM —— Newton

GD

25000 50000 75000 100000

-+ Adam

FiGURre 6.4. Median relative L? errors for the two dimensional Poisson
equation example over 10 initializations for the five optimizers; the shaded
area denotes the region between the first and third quartile; note that
GD and Adam are run for 100 times more iterations and GD, Adam and
Newtons method are given more computation time than NGD, see Table

Iteration CPU time

Iteration wall clock time

Full wall clock time

GD
Adam
E-NGD
E-NGD-LM

Newton

2.9-107%s

7.4-1073s
1.4s
1.6s
3.5s

1.5-1072s
6.1-1073s
2.5-1071s
3.3-1071s
1.1s

25min 45s
10min 14s
4min 10s

5min 28s
18min 57s

TaBLE 6.3. Mean computation times for the optimizers for the two dimen-
sional Poisson example. The experiments were conducted on a Apple M2
CPU with 16GB of RAM.

of training however energy natural gradient without Levenberg-Marquardt type modifi-
cation and Newton’s method both exhibit a plateau for the first few hundred iterations.
This is not the case for the energy natural gradient with Levenberg-Marquardt type mod-
ification that achieves similar accuracy compared to the plain energy natural gradient
and suffers from less plateaus. Again, we see that gradient descent with line search and
Adam fail to produce high accuracy even when given significantly more computation

time compared to the energy natural gradient methods.

6.2.4. HeaT EQUATION. Let us consider the one-dimensional heat equation

duu(t, x) = }La,%u(t,x) for (£, x) € [0, 1]

u(0, x) = sin(mx)

u(t,x)=0

The solution is given by

for x € [0,1]

for (t,x) € [0,1] x {0, 1}.

2

u*(t,x) = exp (—nTt) sin(7tx)
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and the PINN loss is

1 Noy 1 2
L(O) = N (9tu9(ti,xi) - zaiue(ti,xi)
Qr i
1\ . 2
+ Ne ; (1e(0, x™) — sin(rx"))
1 Noo
boby2
I LG

i=1

where {(t;, x;)}i=1,.., Noy denote collocation points in the interior of the space-time cylinder,
{(tz.b , xz.b )}i=1,..,N,, denote collocation points on the spatial boundary and {(xin)}izll,,.,Nin
denote collocation points for the initial condition. The energy inner product is defined
on the space

a: (Hl(I, 12(Q)) N LA, HZ(Q)))Z SR

1
a(u,v) = / / (Qtu - i&%u) (atv - %8}%0) dxdt
0o Jao

+/u(0,x)v(0,x)dx+/ uv dsdt.
Q Ix0Q

In our implementation, the inner product is discretized by the same quadrature points as
in the definition of the loss function.

and given by

Algorithmic choices. The network architecture and the training process are identical
to the previous example of the Poisson problem, i.e., we use a shallow network with 64
neurons and the hyperbolic tangent as activation function. We run the energy natural
gradient methods as well as Newton’s method for 2 - 10% iterations and gradient descent
and Adam for 10° iterations. We use the same choice for the strength of the Levenberg-
Marquardt type modification as for the two Poisson equations. We initialize the network’s
parameters according to a Gaussian with standard deviation 0.1 and vanishing mean.

Evaluation and discussion. Again, we present the computation times in Table[6.4]and
the relative L? error during training in Figure

For the heat equation observe a very similar behavior of the different optimizers:
both versions of the energy natural gradient descent achieve am accuracy of around one
order of magnitude better compared to Newton’s method while taking less time. We see
that also in this example the Levenberg-Marquardt type modification removes the initial
plateau of the energy natural gradient. Note again the saturation of gradient descent and
Adam above 1072 and 1072 relative L? error respectively although they are given more
computation time.

6.2.5. A NONLINEAR EXAMPLE WITH THE DEEP RITZ METHOD. Finally, we test the energy
natural gradient method for a nonlinear problem utilizing the deep Ritz formulation.

189



Relative L2 error

1076 - - : : :
0 1000 2000 0 25000 50000 75000 100000
Iterations Iterations
---= E-NGD ENNGD-LM ~ —— Newton GD -~ Adam |
FIGURE 6.5. Median relative L? errors for the heat equation example

throughout the training process for the five optimizers. The shaded area
displays the region between the first and third quartile of 10 runs for
different initializations. Note that GD and Adam are run for 100 times
more iterations and GD, Adam and Newton’s method are given more
computation time than E-NGD, see Table

Tteration CPU time

Iteration wall clock time

Full wall clock time

GD
Adam
E-NGD
E-NGD-LM

Newton

7.6-1073s

4.9-1073%s

7.2-1071s
1.3s
1.3s

5.1-
4.9-
1.1-
2.3
3.0-

1073s
1073s
107 1s
107 1s
107 1s

8min 33s
8min 12s
3min 37s
7min 47s

10min 8s

TaBLE 6.4. Mean computation times for the optimizers for the heat equa-
tion. For the time per iteration we averaged over 100 iterations. The
experiments were conducted on a Apple M2 CPU with 16GB of RAM.

Consider the one-dimensional variational problem of finding the minimizer of the energy

(6.25)

with Q = [-1,1] and f(x) = 7% cos(nx) + cos’(nx). The associated Euler Lagrange

E(u) ::%/Q|u’|2dx+}1/0u4dx—/gfudx

equations yield the nonlinear differential equation

(6.26)

and hence the minimizer is given by u*(x) = cos(mx). Since the energy is not quadratic,
the energy inner product depends on u € H!(Q) and is given by

D?E(u)(v,w) = /Qv’w’ dx + 3/

~u”"+ul=f inQ
dyu =0 ondQ
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Algorithmic choices. To discretize the energy and the inner product we use trape-
zoidal integration with 2 - 10* equi-spaced quadrature points, which we found to be nec-
essary in order to achieve high accuracy. We use a shallow neural network of width
of 32 neurons and a hyperbolic tangent as an activation function. For all methods
apart from Adam we conduct a line search evaluating the objective for the step sizes
{27¥: k =0,...,30}. For the Levenberg-Marquardt type modification of the natural en-
ergy gradient descent we choose A¢(0) = 1078 L(0) if k € {10m, 10m +9}. Both versions
of energy natural gradient descent and Newton’s method are applied for 10° iterations,
whereas we train GD and Adam for 10° iterations. Again, we initialize the network’s
parameters according to a Gaussian with standard deviation 0.1 and vanishing mean.

Evaluation and discussion. Once more, we observe that the energy NG updates effi-
ciently lead to a very accurate approximation of the solution, see Figure|6.6|for a visual-
ization of the training process and Table [6.5|for the computation times for the individual
methods.

107 | ;
5.5k T,
2% 10707 | N e
: || — <
£10 5
] 1
079 L
0 500 1000 0 25000 50000 75000 100000
Iterations Iterations
---- E-NGD E-NGD-LM —— Newton - GD - Adam

FIGURE 6.6. Relative L? errors for the nonlinear example throughout the
training process for the five optimizers. The shaded area displays the
region between the first and third quartile of 10 runs for different initial-
izations. Note that GD and Adam are run for 100 times more iterations
and GD, Adam and Newton’s method are given significantly more com-
putation time than E-NGD and E-NGD-LM, see Table

Tteration CPU time

Iteration wall clock time

Full wall clock time

GD
Adam
E-NGD
E-NGD-LM
Newton

2.4-1071s

2.1-1072s
1.3s
1.5s
5.8s

1.0-107's
1.8-107%s
3.0-1071s
3.2-1071s
3.0s

2h 49min 40s
30min 45s
5min 1s
5min 19s
49min 50s

TaBLE 6.5. Median computation times for the optimizers for the nonlinear
example; experiments were conducted on a Apple M2 CPU with 16GB of RAM.

In this example both versions of the energy natural gradient achieve very high accuracy
in very few iterations often converging in less than 50 iterations. Again, Adam and
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standard gradient descent saturate early with much higher errors than the natural gradient
methods. In comparison, Newton’s method does not seem to saturate but only achieves
an accuracy two orders of magnitude larger compared to the energy natural gradients.

6.3 CONCLUSION AND OUTLOOK

We propose to train physics informed neural networks with energy natural gradients,
which is a natural gradient based on the geometric information of the Hessian in function
space and can be interpreted as a generalized Gauss-Newton method. We show that
the energy natural gradient update direction corresponds to the Newton direction in
function space, modulo an orthogonal projection onto the tangent space of the model.
We demonstrate experimentally that this optimization achieves highly accurate PINN
solutions, well beyond the the accuracy that can be obtained with standard optimizers
even if these methods are allowed several order of magnitude more computation time. The
proposed method is compatible with arbitrary discretizations of the integrals appearing
in the objective and the gram matrix as with arbitrary network architectures.

Important steps in the pursue of efficient neural network based PDE solvers that can
be applied at an industrial scale include the following:

e Lfficient implementation: An efficient implementation of energy natural gradients
— possibly in matrix-free fashion — would vastly improve the applicability of
physics informed neural networks to large scale and industrial problems.

e Initialization schemes: Since the convergence of energy natural gradient descent
is sensitive to the initialization we believe that it is important to gain a better
understand the behavior of different initialization schemes.

o Levenberg-Marquardt schemes: We observed Levenberg-Marquardt type modifi-
cations of energy natural gradient to reduce the plateaus of the energy natural
gradient. Where our choices seemed to work well in practice a systematic proce-
dure for the choice would improve the applicability of energy natural gradients.
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